MATH 4033 e Spring 2021 e Calculus on Manifolds e Tutorial #1

1. Let S? be the unit sphere x? + 32 + 22 = 1 in R3. Suppose f : S? — (0,00) is a smooth,
positive-valued function. Consider the set ¥ defined by:

Y= {f(x)r:2z €S}
(a) Suppose F(u,v): U — S? is a smooth local parametrization of S?. Show that:

G:U—X
(u,v) — f(F(u,U)) F(u,v)

is a smooth local parametrization of . Hence, show that ¥ is a regular surface.

[We now call this G the parametrization of ¥ induced by F.] Let F;(u,v) : U; — S?,
where i = 1,2, be two overlapping smooth local parametrizations of S?, and G; : U; —
¥, be the parametrization of ¥ induced by F;. Show that G{' 0 Gy = F{ ' o Fy.

(b) Show that S? and ¥ are diffeomorphic. Write down the diffeomorphism explicitly.

2. Consider a regular surface ¥ in R3. Denote v : ¥ — R? be a smooth map of unit normal
vectors to X. Let f : ¥ — (0, 00) be a C*° function on ¥, and consider the set:

Y= {p+ f(p)v(p) :p €S}

(a) Suppose F'(uj,u9) is a C* local parametrization of .

(p) € T,%.

i. Show that ov
8ui

ii. Consider the linear map % : T,,5 — T,,¥ defined by:

L oF\  Oov

8ui T 8“1

and extends linearly to all of 7,3. Show that A is self-adjoint with respect to the
standard dot product, i.e.

(MX),Y)=(X,h(Y)) forany X,Y € T,%.

(b) From (a), we denote h(g—i) => y h{ g’%. Consider the map F defined on the same
domain as F':

F(uy,ug) = F(uy, ug) + f(F(ur, u))v(F(u, uz)).
Suppose F' is a homeomorphism onto its image. Show that if the linear map:
id+ fh:T,% — T,%

is invertible for any p € ¥, then F is a C* local parametrization of 3.
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2. Consider a regular surface ¥ in R. Denote v : ¥ — R? be a smooth map of unit normal
vectors to ¥. Let f : ¥ — (0,00) be a C*° function on ¥, and consider the set: *=

Si={p+ f(p)v(p) :p € T}.

(a) Suppose F(u1,uz)is a C* local parametrization of . Y3 ) A D V-
0 =" = M ——
i. Show that ;—V(p) € TpX. wo 20,
ou;
ii. Consider the linear map % : T,,¥. — T,% defined by: =X 2 1
200
oF ov -
h (()—“I) = 5 O ,

and extends linearly to all of 7),¥. Show that £ is self-adjoint with respect to the
standard dot product, i.e.
(h(X),Y) =(X,h(Y)) forany X,Y € T,%.
(b) From (a), we denote h(%) = Z}. hjgz—f Consider the map F defined on the same
2 o a2
domain as F"

ﬁ(ub ug) := F(ur,u2) + f(F(ur,u2))v(F(u1,u2)).
Suppose F is a homeomorphism onto its image. Show that if the linear map:
id+ fh:T,% = T,%

is invertible for any p € ¥, then F' is a C* local parametrization of 3.
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