~
3 —~
S *
. - ..“l N
-~ ‘_W&M /\- m
._.m =t - v \ B
T L =4 ® -~ =T
) 1
N S o= SRR
3 T b =+ X
A X
5 g 3 §
8 - R g
— /.% d < e
n ~ Q o g 0 m B
. . 3 g o0
3 3 N 1= OM { ! m
— < J Ny T E -
5 3 il® S R T g
3 3 o~ " 3 _ N3
b \.zw .W\ \ = W M 44 M
B B S S S N T3
LEETIESE BF R s SNEEELS SN UREIE
BENE N ® Y T
M o._” an - ] — 1 . 0
(e \
-~ —_— nl: -l—,
am X i AN . — 9
$ 8 3 3 < - < J 3 =®
NI § 3 x5 3 3 R :
Q) & “+ 0
% \ .’M /Wad v \_ /\N.J ~
.M .w m 3 M_ ..m ¥ % M/ ‘_NM
3 = /W = 3 3 8w o= 3 S
3 09 % 3 3 = 3= & 3 3 - 8 3
A = > A +L
S I = . I R Q@ = s oL =2
N + /.\w [y .UW‘
I
JORCRCRCHCREE G I
K 3 - :
[ .




S motinations £ Chapter | O4

Recall that,
_ >
‘hﬂ Yige s Qa eqwilibr; Do - (¢
< |
-
=) Kk 15 A tot tonar solutio <
Y \
1€ . ‘pf, ( %y ) = ™ J'-‘N“ L
A\
Or % %”ww W v o
N/
Yo Fx) = bret (Kub " 3
/
A €Il>ﬂciu-( se na ib U eg( ! Soluts
C ruioé r i a\rm.o(l'e,n{’/ Sys 7?
W
.T.l [ M; Q r)ev«'oa&'c Soluttore
(1% c+) x bl y
'Hl-e/t. we A&‘VQ
O = 4 (Ret+ T - —_ﬂ
ANteT a/_ 0
= 2 Zﬁ— J- -4‘5 )
f-ttT i
= - \/-f \Y4 (i(s
[
2 U:le(’z) = E; on.
\
2 Tty = X
. Cx USinre TAE’ o ‘ ne(‘c_




A More Greneral Regul t.

Exercise 4.2. Let F : R — R be a C'! vector field. Suppose f : R? = Risa C!

scalar function such that for any solution curve x(t) of the system x’ = F(x), we
have

d(—if(x(,)) <0 foranyt e R.

Prove that any periodic solution (if there is any) must lie on a level set of f.

Ans | - Note | +hat | : %e:ﬂw?ct)) = vaﬂ . x’ v;ﬂ- f < o v t el

;IQE there  existe a fe»-‘oo[«‘c Solation X t) |, aithe /)er:oo@'(, solution

Then, Jco&tﬂ = O(’(o’ictff)) V £t e R
=) 50((—?/700?61:)) = @ % \’7 ‘ﬁltl's Solution Curwe Xeeh .
=1
2 ’Voﬂ- F = o o, \'7 this  solyution cavwe | Fced

Since Voﬂ s the nermal ecter b | the  Move| set aad oﬁ :
OJﬂcfys ‘f:atﬂ]eﬁ:b to the. »éefv@[ set. o?ﬂ vﬁ

=) LACH) st | Aie | on | the | lorel coe of 'g.
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Theorem 4.6 (Bendixson-Dulac’s Theorem). Let F : R? — R? be a C'! vector field on
R2. Denote the components of F by:

F(z,y) = [Fl(:r?y)] :

Ey(z,y) Duae  Rinction
If there exists a C'* scalar function h(z,y) : 2 — R defined on a simply-connected region
Q C R?, such that
= +——= = V:.(LF) > o
ox dy
is positive in €, then the system x’ = F(x) does not have any non-trivial periodic solution
inside €.

Proa:ﬁ : (é] C—O't:tyv.oé,'yt«‘om )
5!4,/9/7052 Q_ZC‘b) 1S o n»n.tr?m:‘ml /5‘9*('00[1'0 Sal . Wl"bé‘/ f)@r«'wg T =0
then it o[lwms or closed orbit . derted. as C
:4{;9, p&uuote, *tﬂe, Vﬁ;‘am evu;lote,ofklﬂy C' ts  be /'L
é)j éﬂ'&e/\:s T/k%orem-
f dhF ) . Ry oy -j/ QChE) | ¢ -hE) vy
o2 o ) 0 o>
R L—’ﬁ/—\]\/ R x \]
>0
= 34CC~/LF2)0& + b F )59 > o

Bt  nte | that | dx = o Mo = F, ot
0&7 = J%f/ r Fz%@

=) géc_ (’AFz'F: t AF - Foy ot = o

—
= O

Lontrad:etion, L
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Theorem 4.8 (Poincaré-Bendixson’s Theorem). Let F : R? — R2 be a C? vector field in
R? and consider the system x’ = F(x). Suppose K is a set in R? such that:

(1) K is closed and bounded;
(2) the system has no equilibrium point in K; and

(3) K contains a forward trajectory of the system, i.e. there exists xo € K such that
¢vt(x0) € K for any t > 0. Here . denotes the flow of the system.

Then, the system has a non-trivial closed orbit in K.

Iat J ) is  a bowwfeo@ solution to  the fféten . adf,

it dhhes ot a,/)/w U a\"j %u'/(/an‘w /’»irt{’,. .

K st '7?;4 inmle. K .

wol Fo:s;ue, ,Lby tl«e_j;,u% Conlition

Figure 4.4. The solution curves inside the trapping region K in Example 4.4.
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