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PROBLEM # I

(a) Theorem 3.15 (Liouville 's Theorem)

(b) We need to show f-
C"" '

Cz) = o :

For any at E , higher - order Cauchy 's integral formula
shows

f-Go
" 'G7=2zoI¥⇒fzq, DZ where R SKI .

On {HIER) .

I " I ⇐
EEaH
(Itt - 121/2021

E EiIettEiis¥Eplp
(R-121)2021

letpcts-j.IE?ajz2o2o-'EzsIIpfffF#.EIowlajlR2o2o→
(R-12122021

" life o.dz/EfIIetffE#.E7lajlR2-.zaR
(R-Kc)202

'

--

↳ as R-so I

0 • ZTT - 92020 = 0
.

.

.

.
IfComcast E 2oI÷ 1¥,.ie#IIzoudtf → 0

as Rites.

⇒ fG02° ' = o OLE G
.

" f is a polynomial of degree E 2019 .



PROBL.EU#--2

(a) cotuz =
Cost-2

z←=o Es ZEZ .

÷ Any integer NEZ is a pole of fez) .

Also 0 is a pole of g ⇒ o is also a pole of f .

To find residues :
ht NEZ ,

into
,
note that

zlimn G--Mfa) = tim KCZ-n)gtz3.cosTsin Tu't

= lim gcz) .

→ °

cos TZ

2-→n C-Dnsiufhz- Tin)

= gcn) -tf - I - cos na
-

= C-s)
"

= gin) to

i. nezlsos is a simple pole of f- and

Res (f. n) = gun .

Now consider o :

f-Cz) = gcz) tcottz = JAIL tzcottt
= 9(Tritt oB÷ (2Kiz)

" ) from HWK Q2

= ( I⇒cmzm) ( tie -EgB÷czxiiz" ' )
= ⇐*anti En t B÷cm⇐i5zm

"- '

We need to find the coefficient of ¥ :

is

£ Curtiz" = C
-wait

"
t - - - t + - - - .

w=-K

For the second term , -2M"" = tz Cas mtn-o.es m= - n .
-

" Coefficient of ¥ in the second sum

" I. '⇒ enczaii .
-

'
- Rest

,
o) = Tie, + NE ÷ Einheit

=o



(b) Consider the rectangular contour VN as in Example 4.11

Then VN encloses 0 , II , -22, . . . .IN (which are poles of f- 7
.

⇒ z÷g § Feldt =

µ
Redfin)

"

= gtn> * - - - + go- D
+ gust . . - + gen)

+ Tic
-it '¥B÷c-nczaign
-

Res (f. o)

It suffices to show nliuf.us/&wfczidz/--oi
On rn CN large) , we have :

Hush algal Kotah e ⇐
.

"4
TC from HW4 Q2

" ' /§nfc⇒dZf E .÷g4(zntD→ O as N-- eco .
-

length

-

'

- align
. ( JTN

) t - - - + go,
The

+ gust . . - + gen)
+ Tic

-it '¥B÷c-nczai," ) - o
⇒ ¥¥ogcn¥ rice, - I.BI.aeiic.no



PROBLEM # 3

" ÷=÷÷÷.es;÷:÷=m÷=÷⇒= .

'

'

- en e ca-i Man c ca- z (Ma)
'

e . . . e c
, (Im)

""

V-Eso , we consider the ball Bm 67 :

a-
-E

(and Ecma)

b- 2- C- Brem- eco) . we have

lentil E c.CI)
" -'

(ma - e)
"

= (Inez .es/=eiIG-EE5
-

I
,
414- Edt)

"

converges .

' '

By Weierstrass M- test :

II.Itn converges uniformly on Bing -eco) V-E> o
.

Lolo .
functions

⇒ I.cuz" is holomorphic on Bin - eco) be> o
.

⇒ II. Cut
"

is holomorphic on ¥Baguio) = Byz lo) .

(b)
VEE-10.13

,
ZED

,
we note that I -Ttt o otherwise

we would have 2- = 'T E [loco] , contradict to FEEL ;

By extreme value theorem ,

iuf { Ii -tzl : Lt
,⇒ c- To.Dx K } is achieve at

- -

continuous compact some ⇐*
,
#7EErBxK .

function
.

'

. inf IL - tzl = It -I# I > o .

-

Eo.C]xK to



(c)
We need to show :

① F- is holo
. on R

② Ices =fc⇒ Tze Bien co) .

To prove ① , we use Morera's Theorem
First argue I is well-defined on SL : it is because VZ ER,

I- tzto (otherwise z = ¥ It C-To.D ⇒ z #r) .

b- TECO
,
l) w

Zl
or

nudes ion R .

hi¥¥n÷h:{that. -1¥ season--¥Consider jkysfczjs-tggoff.tt?Tjdt
Let 8 > o small such that

Beto) CR ( e.g .
take 5=1242-21 ) .

then E := int fl -tzl > o
-

← by Cb)
to ,DtB¥

5. compact
For large j s .t . zjEBdzo) , we have /¥y. I e- My

⇒ § I Idt ez

↳a ⇒ fins'Ig.de -- ftp..FI#jde--&IIT..dt
-

- Iko ) .§czj)
t . fhczj)→ Iho) ht sequence {2- j}

→ Zo

⇒ I is continuous at to
;

As Zo is arbitrary in S2 , fiscoutinuous.cn#



Next show § Iczsdz =o V- triangle Tcr :
-0

-
we argue that § §

"

dtdz = {
'

§ de de .= o

-

Kolo . fat.
To justify this , we use Fubini 's Theorem / ht fixed tetons .

Note that T is compact ,
r

'

. y:=inf{ Ii- tzl : ec-to.is ,
⇐ T ) >

by Cb ) .

§ & I fdeldzl E §§M_ de @HE §§FdHdH11 - tze
IMso

= My length CT) cos .

It justifies § & = § §
,

and hence §fc⇒dz=o
FT Cr

Morera 's Theorem ⇒ fish triangle .

To prove ③ ICH -- fcz) on Bento) :

we consider 1- note that Ital E l - Fr Cl V-zc-Bmz.co)
I -Ez

'

: Fez -- Io# = I. EE .

⇒ Ice -
- j
.

de = & E. them zndt
It" acts -51 E M HI

"

V-tE-o.is
.

-

indeep .

oft
II.MEE!Imago,w-yes Ffs, Io-49Mt

"

converges uniformly
en Ecco . I] t fixed tc-B.mu/o7 .

i
. II.Eyes Edt -- Io 'S

.

Eek)Edt
= II ⑤

'

teeth dt) E = fees .

Hence I :b E is the analytic
- D2

continuation of f : Buymco>→G .

= Cn



-

{Easy Version-1
PROBLEM # I
-

Ca) daz Logczec) = ¥, holds or f) C- as .-I] only .

the contour '
3

(this ¥2 passes through Ces . -i]

Theorem 3.4 cannot be used .

(b) ¥, is not complex differentiable at - l which

is enclosed by 12423 . Cauchy- Goursat 's Theorem

cannot be used .

Cc) That Laurent series expansion is for the region
{ 1¥14 } only .

The contour Gt3 does not

lie inside SKIER .

PROBLEM *2
-

ca) # = # - ¥2 = ¥2 - ¥4 = ¥2 - I

Since I I -i , we have

¥¥=i - +¥5 -⇐Pt . - - = ?
n
-

⇒ ¥=¥¥zEo"I = .

= #¥- fat #G-2)
- -

- -

on 042--2124 .

Cbs 1-
=
+ I = ¥IoC¥Y= Is '¥ntz .

-22-4 ZZ l - ¥,
I

III.¥ -E -
- i

Froude ,
Res#4.2) = I .



PROBLEM #3
⑧

Ca) Theorem 3.15 (Liouville's theorem)

(b) txt G ,
R SKI

, by 1st - order Cauchy 's integral formula
:

f-Cz)
f-
'

G) = § - dz

12-1=12 CE
- g)
2

⇒ H'casts # § Ifczstldz
HER

12--212

iE¥EeH¥I← ⇐ § a LDH
-

HER flail
'

II.pe/ffI/.r-.2*R← I -

Ey CR-Kl)
'

length
of th--R .

As R
'

⇒a
→ L as Rates ,

R2
¥2,

is bounded Gay by C) .

(fez's )
then If 'cool E C. sup z

→ o as Recs .

Http

.

'

. f' cat =o
As x is arbitrary , f

'
Io ⇒ f is a constant .

PR0BCEMt

Cos For any
recoil)

,
httEBR co) , we have

Iznl = Hln < r
" ⇐or" =# converges

as record
.

-

Ma
'

By Weierstrass M- test
, E.oz" converges uniformly an Bran .

"' KEE -EET -

- IE..,El=lEI

B%P, /F1=0 since I a sequence fi - Ifn:c B.
ios

s -t . dig. " =cs
.



" BYE, I !EoI - Egil -- es * o as Nau .

i. Iot" does nil converge uniformly by definition .

PROBLEM #5
-

tI 0

VZ
,

REGI > o , Reet) > o

f

I = e
.

I de -- Cantone?
= Iz < co .

co
- et

.

'

. f e- is well-defined on { Rect> Sol .
o
left

To check f is continuous : take a sequence zj → toEff
{Read > oh .

We need to justify

jigs de -

- Itis. de
.

I IsI
'
e

T
as Rett;) >

o

§¥zdt=I co - ezo .

↳CT ⇒ jimasfctj) - fig.I de -

-5. gin. de

= I de - feed .

!
- Lim fcz) = fczoz f- 2- o ,

Rec-203 So .

2-→ Zo

Next we show §fa→dz=o I triangle Tcr
.

-
we claim that I#
§§Idedt=%§ d- de- cast-

÷
Refs> Do .

To justify this ,
we check that

§ ! I Ideates ! ii. Ee § :*.de#i=..ue,
-

=I Ccs
.

2



By Fubini 's Theorem

t.se#.aeee..sDiiie'..cF:::::
-

tf entire

Morera's Theorem ⇒ f-G) is holomorphic on R.

PROBLE.int#
Orr encloses only one singularity of ¥zz : namely .

"
.

@
§
,

Izzdz = Zari Res (Izz ,) 2-ui.pt.
= Tl

fig, Ct
- is . = ¥7;¥ = Ii

: .
i is a simple pole .

¥e÷?¥.÷*t¥i÷d
.

.

t.sn#dZ/ '¥
.

¥,
HH = → o as Ras .

÷ a = his.#
.

oh- + II dx )

-

- o + Is#di ra



PROBLEM #7
-

4022

ca) 24023 - I = Cz- 1) (z-w) - - - Cz - w
4022

) = Tl (z-WI )
j- o

#(z40" -1) = ° (z- c) . . . ⇒z-WI ) . . . Cz -w-4024
-

= I

↳ (2- 40
"
- l) 4oz, CFD - - -(z ' ) . I .cz#Jt' ) . . .cz#022)
- = Z
-

£4023- l j- o GID 5€Z-wQ
only survivor

4022
= I 1-
j=o z-wi

4022 he
(b) Let pcz) = Aqozz 2-40

"

t - - - ta
,
2- tao = Z aft .

k=o

⇐ fo PG' de -- So 7¥.dz =p
pass -

HII I 12-1=2

I
enclose La) Cauchy's integral formula .all roofs

off :# :=z4023-1

On the other hand
,

in.§
. .

"¥÷5"dt= if.EE?aeatk.4ozsE#dzz4023- I

4022
40239gzk

-14022

= -2 ÷. §-de
Feo 124=2 z4023- I

zkt4022
By HWZ #7lb>cc)

, § fdt to only when
124=2

4023 (⇐4022741
for OE k£4022

,
the only survivor is 4=0 .

pczsf
'

Cz) go . 40232-4022
-
: a÷& '

- II. Soz12-1=2

12-1--2=4023
do }efam=Iii?p -*⇒

i. Combining CA .HN we get pcoj-fz.FI?opCwi )


