MATHA4023
Tutorial 11 - Residue Calculus
May 5/7, 2020 Notes by Ivan So

1 Review

Definition 1.1. (singularity) A point 2 for a function f is said to be a (an):
e isolated singularity if there exists € such that f is holomorphic on A, ¢(20);
e removable singularity if f can be redefined such that f is holomorphic over ;
e essential singularity if the c_,, is non-zero for infinitely many n € N.

Definition 1.2. (zero and pole) zg € C is a zero of a holomorphic function f if f(z9) = 0. zo € C is pole of a
holomorphic function f is a point such that 1/f(zp) =0 and 1/f is holomorphic in a neighborhood of z.

Proposition 1.3. If f has a pole of order n at zp, then there exists some holomorphic function G(z) in a neighborhood

of zs such that a a
f(Z)Z;n-‘r"'-f— -1

(z — 2z0)™ z— 2

+ G(2).
Definition 1.4. (residue) Given a pole z, of a function f, the residue is defined to be a_;, the coefficient of
(2 —29)7 L.

Definition 1.5. (order of pole) Suppose zj is a pole of f. Then the order of z; as a pole is the largest nonnegative
integer such that c_j of the Laurent series based at zy is nonzero.

Proposition 1.6. Suppose f has a pole at 2, then

Res(f, 20) = lim — ( d )n_l (2 = 20)"f(2).

a5z (n—1)! \ dz

Theorem 1.7. (residue theorem) Suppose f is a holomorphic in a open subset 2 C C containing a circle C' and
IntC, except for a pole zy in IntC. Then

/ f(z)dz = 2mi - Res(f, z0).
c

Proof sketch:

Corollary 1.8. Suppose f is a holomorphic in a open subset {2 C C containing a circle C' and IntC', except for a poles
Z1,+++ , Zm in IntC. Then

/ f(z)dz = ZWiZRes(f, Zj).
c =

Application: Evaluation of real integral.

Definition 1.9. (meromorphic function) Let © C C be an open subset. f is said to be meromorphic if f is
holomorphic on Q2 \ S, where S is a discrete set of isolated singularities in € which are all poles of f.

Theorem 1.10. (argument principle) Suppose f is meromorphic in an open set ) containing a circle C and its interior.
If f has no zero and no pole on C, then

2 " 3
i b dz = Zord(aj) - Zord(ﬂk),
j=1 k=1
where {aq, -+ ,apn} and {51, -, BN} are respectively zeros and poles of f and ord means the order of zeros and
poles.

Proof sketch:
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e A meromorphic function can be written as

M ord(a;)
Hj:l(z — ) ! . I .
f(z) = F(z), where F(z) is nonvanishing and holomorphic over §2.

[T, (= — B)era)

e Recall that f+— f/f’ sends product of functions to sum of function.
e Apply Cauchy’s integral formula to get the concerned evaluation.

Theorem 1.11. (Rouché’s theorem) Suppose that f and g are holomorphic in an open set containing a circle C' and
its interior. If |f(2)| > |h(2)| for all z € C, then

f’ (2) + h' f 2)
(2) (=)
Proof sketch:
e Consider the function g(z) = f(z}g)l(z) then the function maps =y into a curve in Bq(1).

e g o~ does not enclose zero, implying

1
7{ —dw = 0.
goy W

The resulting statement just follow from recalling the definition of g.
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2 Problems

1. True or False

(a) The function f(z) = z/z has an isolated singularity at z = 0.

(b) The function f(z) =log(1 + z) — log z has a essential singularity at z = 0.

2. (a) Let z1,---,2, be distinct complex numbers. Determine the explicit partial fraction decomposition of
1

(z—21)(2—2zn) "
(b) Let P(z) be a polynomial of degree <n — 1 and aq,--- ,a, be distinct complex numbers. Assume there is
a partial fraction decomposition of the form

Prove that

and find similarly other coefficients c;.
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3. (Open Mapping Theorem) Prove that if f is holomorphic and non-constant in a region 2, then f is open (mean-
ing the image of f is open).

4. Let f be meromorphic on C but not entire. Let g(z) = e/(*). Show that g is not meromorphic on C.
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5. Let {z,} be a sequence of distinct complex numbers such that > ﬁ converges. (a) Prove that the series

defines a meromorphic function on C on Bgr(0). (b) Where are the poles of this function?



