MATHA4023
Tutorial 1 - Complex Numbers, Polar Form
February 25/27, 2020 Notes by Ivan So

1 Review

Definition 1.1. (complex numbers) Complex numbers is the ring (field) C = {z =a +bi : a,b € R,i*> = —1}.
e q is the real part of z, denoted by Re (z).
e b is the imaginary part of z, denoted by Im(z).
Definition 1.2. (conjugate and modulus) Given z = a + bi € C, we denote and define:
e Z :=a — bi as the conjugate of z;
e |z| := Va2 +b? as the modulus of 2.
Remark 1.3. Useful identities: zz = [z[, Z = 2, |z] = |2|, Re (2) = 252, Im(2) = %55, 21 £ 22 = 21+ %3, 2122 = 71 22,
(2)=%

Proposition 1.4. (triangle inequality) Let 27, 20 € C we have

|21 + 22| < [21] + |22].
Definition 1.5. (polar form and principal argument) Given a complex z, it’s polar form is defined to be
z = |z|(cos By + isinby).

The principal argument denoted by Arg(z) is defined to be the angle 6y € (—m, 7] representing the angle between
the origin-z line and the real axis.

Im
A

Definition 1.6. (argument map) The argument map is the map defined on C\ {0} by
arg(z) = {Arg(z) + 2kmi : k € Z}.
Proposition 1.7. (De Moivre’s Theorem) For any 6 € R and n € Z, we have
(cos@ +isin @)™ = cos(nh) + isin(nd).
Proof sketch: Induction and product to sum formula.

Definition 1.8. (roots of complex number) Given any z € C\ {0} and n € N, the n-th roots of z is given by
A 2k A 2k
A { T <COS (fg@HW) +isin (fg@%ﬂ)) he{l. ,nl}},
n

n
Remark 1.9. Notice that z# is multivalued and different from Wz
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2 Problems

1. True or False

(a) For any 6 € R and g € Q, we have (cosf + isin0)? = cos(qf) + isin(q8).
False. For any q € Q, ¢ = p/r for p € Z and r € Z \ {0}. Suppose r # 1, then (cosf + isin6)? is
multivalued. O

(b) Suppose a € R, {/a = a.
False. {/a is denoting the n-th root of a in the real number system, which is single valued. While av is a
set of n values. O
2. (a) Let 2 = cos@ + isin, where § € R. Find the four values of z such that Im(2% + z) = 0.
(b) Let z1, 22 be two values of z obtained in (a) such that Im(z;) < 0 < Im(zz). For any positive n, define
Sp =3, w", where w = 2.
(i) Prove that w? = 1.
(ii) If n is a multiple of 3, prove that S, = 0.
(iii) Does there exist an integer m such that (Sa009 + S2010 + S2011)™ = 2?7 Explain.
(iv) Find all positive integers k such that (S,)* + (S,11)¥ + (Sni2)® = 2 for any positive integer n.

Solution:
(a) From De Moivre’s theorem, 22 +Z = (cos 26 + isin 26) + (cos @ — isin ). So Im(z? + Z) = 0 implies

sin26 —sinf =0
(2cosf —1)sinf =0
5
:Ozoorﬁorgor §7r.

So the corresponding z’s are

1 V3.

zl:1andzgz—landz3:§—|—7iand24:§— i.
(b) (i) From our notation in (a),

w=—= —
z4 cosy —ising

T 4 i6in X
23 cos 3 +1sin 3 :<
3

2 2
cos g +isin g) = cos % + isin ?ﬁ (De Moivre’s)

3 27r,,27r3 6r . . 6w .
= w’ = cos?Jrzsm? :cos?Jrzsm? (De Moivre’s)

(i) Let n = 3k. Since w3 =1,
Sy = k(w + w? + w?).
From the geometric sum formula,

1
k(w+w2—|—w3)=kw1_w

(iii) Notice that 2010 divide 3. By (b)(ii),
(S2009 + S2010 + S2011)™ = (W + (W + w?))" = (w —1)™.

lw—1| = \/(cos n _ )2 +sin® 2F = /2 — 2cos & = /3. For any positive integer m, (v/3)™ cannot

be equal to m. This disproved the claim.

(iv) For 3 consecutive integers, one of them must be divisible by 3. Without loss of generality, assume n + 2
is divisible by 3. So

(Sn)* + (Sn1)* + (Sn42)* = (W + (w+w? +1-1)*+0
=wh 4+ (-1)*

|w| = 1 implies w* 4+ (—1)* = 2 if and only if k is even and w* = 1. The least positive integer for which
wk = 11is 3. Therefore, the set of all k in which (S,,)* + (Sn11)* + (Sn12)* = 2 will be 6Z.
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O

3. Prove that ) ) g
1+ cosf +cos20 + -+ cosnb = 2+81112[(gn+(9/2))]

Solution: From de Moivre’s formula,

(cos@ +isin®) + -+ (cosf + isinh)™ = (cos@ +isinf) + - - - + (cosnd + isinnf)
1 — (cos® + isin @)1
1 — (cosf + isinf)

= (cosf + -+ cosnb) + i(sinf + - - - + sinnh)

Therefore,

— ’ Qi n+1
cos9+---+cosn9:Re(1 (cosf + isinf) )

1 — (cosf +isind)
1 (1 —(cos(n+1)8 +isin(n+1)0) 1 — (cos(n+1)8 —isin(n+ 1)0)>

2 1 — (cosf +isind) 1 — (cosf —isind)
_ 1+cos(n+1)0cos6 +sin(n + 1)fsin — cos € — cos(n + 1)0
B 2(1 — cosf)
= 1+ cosnf — .COS 6 — cos(n +1)6 (compund angle formula + half angle formula)
48in“(0/2)
2 cos? 2)0] — 2 cos 241 3 2
_ 2008 [(n/2)0] cc')s[2(n/ + 1)6] cos{(n/2)] (half anle formula + product to sum formula)
4sin*(6/2)
2)6](si 2+1/2)0
= cos{(n/2) }(sm[(n/ +1/2)6) (sum to product formula)
2sin(0/2)
_1 + sinl(n +1/2)6] (product to sum formula)

2 2sin(6/2)

4. Suppose P is a polynomial with real coefficients. Show that P(zp) = 0 iff P(z5) = 0.

Solution: Let P(z) = agz? + ag_124 " + - + ag with a; € R. If P(2) = agzd + aq_120" + -+ ap = 0, then

P(zo):adzg—l—ad%zg*l—|—---+a0:ad%d+ad,170d_1+-~-+ao:P(To)zﬁzo

This showed Zg is also a root of P(z). The prove in the other direction is similar.
Significance: Complex roots for a polynomial comes in a conjugate pair. So, anything special regarding roots
of odd degree polynomial based on this property? O

5. (a) Show that the n-th roots of 1 (other than 1 itself) satisfy the cyclotomic equation
Tl 224 1=0.

(b) Suppose we consider the n — 1 diagonals of a regular n-gon inscribed in a unit circle obtained by connecting
one vertex with all the others. Show that the product of their lengths is n.

Solution:
(a) Suppose ¢ is a n-th root of 1 not equal to 1, then

1-¢" 1-1

¢ 1_520.

R e e T

(b) Represent each vertex of a regular n-gon by an element of 1w
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Im

Our target will be to evaluate |¢; — 1|---[¢]'~" — 1|. Notice that

M el=(—&) (-1
= (z-&) (- =214 g2 41
S0 -6) (-G =14+ 1=

This proved the claim.



