
Lebesgue Integrals da pies seem
.

O . Measurable Functions
-

We restrict attention on IR
. though the theory

works for IR "

,
even a general measure space .

sample Functions ) E ER . IE i R → to ,B
.

XE E

IE = To
x & E

.

simple function : ¥5
,

as Izu
.

E measurable
.

Of Example) a = Xo CX , c - L X "
-

- b
.

y Stop functions .

Eke [ Xm
.
XD

Are fix . , ,
k 't "

i N
.

This is used inTex
Riemann integral .

* (Measurable Fun E EIR measurable see .

f- i E → R measurable if f- ' fo .a) is

measurable for Ka ER .

Tsdenoeed Sfax a }

OLE xample) Simple functions .
Continuous functions.



DC Prop) .Cistus measurable .
then

Sunp fu
. innffn .

Enmfh
.

Laffin measurable
.

vis f . G measurable ⇒ fig . fk
. fg measurable .

PI Ci ) Let En = Sfn > a }
. then

{sunPfn > a } = Un En
.

similar for asf .

{ lanifn s a } = line En
.

Similar for tan
.

Cci) Lftgsa } = Yeahf sa - Borg >B) .

for fk
.

divide into cases Koddleven .

f-g = If#gk If -85 )
.

I

DC Ahmose Everywhere) Rx: Statement
.

XEIR .

Px holds ae.EE/uKxeR : Px 's false :3) so .

Example : f measurable , f- of a. e. ⇒ g measurable

A be of statements still hold in the sense of a e
.



* l key ApproximationResults
Measurable functions can be approximated

by simple functions .

Namely ,

f : R → Rso measurable ⇒ I seen} ↳ ,

simple sit
.

6h EH ,
and 4k → f pointers -

ely .

PI .

For ke Zso
. 5=0 .

I .

.  -

,
KE - I

.
let

Eas = Six ER : fixe . ¥ ) }
Eh

. he = Ex ER : fad 3k }
These sets are mutually disjoint measurable ,

and EE Ens -

- R
. Define

4ham TEEN Her CH
.

EYE:}flea satisfies I

O ( Cor ) f : R→RmeasartahbeaProperties we need
.

⇒ I 89ns ↳ , simple . sit . 194 E Klatt 9n→f .

PI ft Et max Ef . 03
.

f
- Et max I - f ,

03 .

Then ft
,

f
'

so
,

f = ft- f
-

I

Mostly this trick reduces discussions of a

general function to the case of nonnegative

functions .



At Egovov) E ER measurable . µ TEK to

* he,
measurable functions on E

.
fnP

fae
.

⇒ HE so ,
I AEE closed s . t.ME - AKE

and fu on A .

PI EXE E : fy* fad } has measure o

I.DIIn HEE : Ifn - fads . I3 .
⇒ Abel

,

tag
.

Tinka GEE : Huns - fast > fasho ⇒

I Nk s .

t.lu/nYvnSxeE:ffacxtfcxds-L3)szEn.
,

Let ere the Exe E : tfncx - fast
.

E- II er

Then Me ) EE .
and fu on E - e

( To see this
. the E - e ,

not en for the ⇒

when n 's Nk
. If next - ftxskf for all XEE - e ⇒

uniform convergence . )

Finally .
take a dosed set A E E - e s . t .

µ CE - e - AKE
.

I
.



I.IntegratGhS_ partition

Your previous approach : E = LEE Et
.

XIE Et

consider the limit of E±fcxEyu CED

in the direct system of partitions .

← Direct generalization of Riemann integral .

Another approach : step by step .

¥1 . Sample functions .

Okano meal form) 4 : simple function on IR

The way of writing 4- Era ⇐ is not
unique .

It is called canonical if Ein EN mutually disjoint,

Aran are distinct . There I I canonical form .

PI Since 9 is simple .
Im 9 is a faire see .

Let it be 9 a
.

. .

.
Gus

.

let Eic 94cal
.

Then U = ¥2
,

cite is canonical .

Uniqueness : If there are two canonical forms

⇐
,

aide = ¥ab's IF .
Ea , and= Ebi ; b Nk Imf

⇒ we can write Ea attic TEI atIfi

The rest is clear . D



& Q = Es ai I canonical . define

She dx = Ea ayu CEH
.

For E ER measurable

define Sell DX = Spe 4Id still sample .

* CProperties ) l is For any representation
4=72

,
GIE Choe necessarily canonical )

we have S4 = Ee
. Oyu Cfd .

Cii ) Linear City fcaatb41=89 t bS4 .

Ciii ) Additivity Ehf -

- lo
. feoff = felt Sff .

Civ) Monotonicity UE 4 See 54 .

us Triangle Inequality IScel E full .

I vis 4=0 a. e .  ⇒ Saw
.

PI Ci ) For an arbitrary representation ¥
,

CIE
.

first write
.

Fu into mutually disjoint parts

Ea's .

then A- Ea b's Ias .
and Edsaask.IE#cEs

Then we merge
the terms b's Ias with the

same bj .

the Sam is still not changed .
and

the resulting representation is canonical . I

lie ) Use Ci )
.



Ciii ) If ETF  = of ,
then IE of = IE t IF

. Use CCD
.

Civ) 4- Uso ⇒ in its canonical form Eci IE .

each ouzo ⇒ Set- 4) so .

C V ) Use Ci )

C vis In the canonical form ZALE
,

each Ec has

I
measure O .

¥2.
Bounded functions supported on a set of

fiancee measure '

def
Of : measurable . Supp f = Ex ER : fix to } .

f is supported on E EF Supp f EE
.

We say f is S2 if f is bounded and suppf

has finite measure .

DC Lem ) f is S2
. Supp f EE

. HCE) Cto
.

Mn3nsa simple . supported on E
.

bounded by M .

Un → f a. e . ⇒ Egg

Seen
exists . If f ⇒ a e ,

this limit is 0 .

PI Use Egorov . HE > o
.

I closed A EE s - t .

4N on A and ME - AKE .
Thus

Iffhs-films Seven - 4mFSatan - Cem HSE
. Allen

- 4mL

E SA Ken - Um It 2 ME
. Uniform can v

.
⇒ Cauchy

IN
,

when m . n > N . I Un - clonk E
.

Thus



when m . n > N
.

I Sean - film le MAI et 2 ME

s µCEHZM ) E . ¥4SEED converges .

If f=o a e .

I Searls Sakhi t 2 Me .
On o

⇒ IN .
when n > N

.

I lent a E a e
.

⇒ ISecede HEH2M ) E ⇒ Seen → o I

* f : RMR S2 - function . By previous result .

I Klubi simple bounded
. supported on suppf .

By the Lem . Esg Sean exists . Define

fzfdx= EYE feck .

This is well - defined by the

second part of the Cem .

For EER measurable . f.IE is still Sz
.

Define Sef dx = SfIE dx .

I If f is itself simple , thisdefinition

coincide with the defn .

in Step I
.



* (Properties) f. G : RNR S2 functions .

C is Linear Cityflaftbg)

=afftbSg" is Additivity En F -

- f
.feoff=Sef -1SefCiii ) Monotonicity fEgIsSf eSg .civilian.gk Inequality I

SfI E
Sift

.

W ) f so a. e .  ⇒ ff=o .

PI Obvious from defer .

II

Of > o is S2
.

Sf  ⇒ ⇒ far a. e .

Pfe f kid take Eh = Ex ER : fade ¥3
.

Then f- 3 f- IEN ⇒ D= Sf 3¥ µ En )

⇒ Mento .
like Zo ⇒ µ C E.Er ) -0

Eh = Ex ER : fad so } I

Step3 Non - negative
Functions .

* f : IR - SIR > o
measurable . Define

Sirfdx =

g?o÷gB¥sf8 }
.

If frfdx at a
,

we say f is CLebesgue) integrable .

For E ER measurable . f.IE So
.

Define

S-efdx-eff.IE dx .



* lProperties) f. G : R →

Rso
measurable .

C is Linear Cityflaftbg)

=afftbSg" is Additivity Ehf -4
.feoff=Sef -1SefCiii ) Monotonicity fEgIISfegg.civilian.gk Inequality I

SfI E
Sift

.

W ) f so a. e .  ⇒ ff=o .

PI Ci ) Clearly Saf = asf . To see

Sftfg = Sffeg)
, fast for Osce Ef . 054 Eg .

4.4 52
,

we have OE9+4 Eftg . 4+4 Sz

⇒ Sags -

- Sgp 57359+41=54+54 . Take

sup gives Sf  t Sg s Steg) . for the other

direction ,
Kosh Eftg . D Sz ,

Lee

be min #D) .

172=17 - D , .

then b , . th S2
.

OED , Ef . Os th Eg
⇒ Sftfg > S tht Six -

- Stg .

Take sup -

Cii ) n LV ) obvious . I

Of 30
. Sf -0 ⇒ f to a . e .

PI
.

Same as previous .

II



¥4 .
General case .

* f : R -412 measurable . If 130 . Say f is

CLebesgue) integrable if Ifl is integrable .

Recall ft = Max Cf . 03
.

f-
'

= lnaxff ,
03

.
then

o E ft s Ifl .
thus integrable . Define

Spfdx = fipftdx - fpf -

dx .

Of integrable . f -

-
fi - fz

.

fi .
fz Zo and

integrable .
Then Sf  = Sfi - ffz .

PI f = f ,
- fz = ft - f

-

⇒ f ,
t f

-

= fat ft
,

Both sides 30 integrable ,

thus

Sf ,
t Sf -

= ffztfft ⇒ Sf - ffz = fft - ff -

.

* lProperties) f. G : R → R
.

measurable .

C is Linear Cityflaftbg) =

afftbfg" is Additivity En F -

- f
.feoff=Sef tSefCiii ) Monotonicity fEgSf eSg .

eius Triangle Inequality I
SfI E f if I

.

w ) f so a. e .  ⇒ ff=o .

Note that as means when one modify f on a

set of zero measure .
both the integrability and

the value of  the integration.
remains unchanged .



Summary
¥1 Simple Fane

f  = ZALE
.

Sf = E Cynics .

canonical form ⇒ well-defined .

.

Sep2 Bounded Fane Speed on Far
.
Meas .

See .

Use 9nef simple . define Sf  = EmoSeen

Egorov ⇒ well - defined .

EEP3 Non . negative Fano .

Sf = gose.IE#zSS83 .

f integrable if Sfuo .

¥4 General Fano .

f- = ft - f
-

. Sf  = fft . ff -

A cis Properties Chepeated) .

Cic ) Observation : one can always modify on a

see of areas O which does hot affect .

Ciii ) f so .
ff=o ⇒ fo a. e .

* CA confusing example) fad = I
,

EIIem .nl

Then f is NOT Lebesgue integrable
but Riemann integrable !



2.conrergencyThavems-I.ir
Riemann integration theory , if fu f

then ffn → Sf . But uniform. our
.

is a very

strong condition which is hard to achieve .

OCA simple example . ) fi n

Ico . ⇒

fu EE
o .

fu 's o
.

Ant
.

* C Bounded Convergence Th m )
.

Has measurable ,
bounded by M

, speed on E
.

µ CEK to
, f n Eff .

⇒ f is measurable
.

bounded
.

speed on E a e , and Sfu → Sf
.

PI Similar to the Lem in Step 2 before .

By Egorov .
HE > o . 7- A SE

.

. .
.

on A . uniform con v ⇒ IN . no N
. If - fix , KE

the A .

Then feffu - ft E SA Hu - ft tf . Alfa - fl .

← EM CEI t 2 Me

II



A CFatou 's Lemma ) . fn 30 measurable
,

fu Eff . then Sf E EET Sfm
.

igkm
PI V 0585¥

. gnktminsg.fr .

E- sptg
Then Gn S2

.

I Gulam . Gn speed on E .

Gn 8 .

Bounded on v ⇒ Sgu → Sg
.

But Gns fu
.

58ns Sfu ⇒ k¥58n sK÷# I

Rink : for a general series faso measurable
,

Shigeofu E liftoff n
.

Pf similar
.

O ( Cor ) f so
.

fu 's o measurable fu Ef

.ae
.

fu ¥zf ⇒ ffn → Sf .

PI Fast .

fnsf  ⇒ Sfu Eff ⇒ Eso Sfu Eff
.

Then by Fatou 's hem Sf EETs Sfu II

* (Monotone Convergence Than ) fnzo measurable

fu Etna ,
fu " f  ⇒ ffn → Sf  .

PI By Con . I

OCAD An 's o measurable SEE
,

an = far .

If RH Seto
. E.

,
are converges a e .

The

point
is that our theory of Lebesgue

integration works for extended functions

f : CR → Ex to ] .
In this sense

. obviously

a function is integrable ⇒ it is a. e . finite
.



D f : R→ R integrable . Then V-E > o

Ci ) IN > 0 s - E . SIR
. EN , ng

Ifl s E .

Cii ) IS

so
Sit . Se Ifk E for Vinea savable E

With MEEKS Cabsolutely continuity)
.

PI W Gg suppose f > o .

Ci ) the Z > o .

let fu = f I Eh
.

n ]
.

Then OfferEfhti
.

fu f
. By Monotone

cow .
than

, Sfu → Sf a to

.

By defn of Can't .

⇒ NS.t
. Sf - Sfa CE .

C i 'D the Zso
.

let En -

- Ex : fxknb

fu = f IEN
.

Then off n
E fat ,

.

for # f .

By monotone cow .

thin
, ffn → Sf ⇒ IN

.

fief-

Senf
LE

.

Take f- ¥ .
then

for V-E ER with IUCEKS .

Sef =
Senf

t SE
.

Ewf ENNEN ) + ftp.quf

E € t I = E
. I



B CDominated Guv
.

Than) fu measurable

fu f
.

If 7=8 integrable St . Hwkg .

then Sfu → Sf .

PI the Zoo let En = Ex : HKn
. SKIEN }

.

Take NS.t . SEE g a E181¥98
) .

Then fn IEN are bounded by N , speed on EN
,

bounded cow .

thin ⇒ few Hn - ft → o ,
Fond No

S- t h s No ⇒ SEN Ifn - ft a E . Then when n > No
,

Stfu - ft = few Ifa - ft t f Ifn - ft

E E t f of ESE
.

I


