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1. (a) Show that any complex manifold (i.e. transition maps are holomorphic) must be
orientable. [Note: Please fix my calculation of determinant in class.]

(b) A smooth manifold M2n is called a symplectic manifold if there exists a smooth 2-form
ω such that dω = 0, and for any p ∈ M , the only vector Xp ∈ TpM such that iXpωp = 0
is the zero vector. Show that any symplectic manifold must be orientable.

2. Let Mn be a smooth manifold. For each p ∈ M covered by local coordinates (u1, · · · , un),
we denote

∧nT ∗
pM := span{du1|p ∧ · · · ∧ dun|p}.

Denote the n-form bundle of M by ∧nT ∗M :=
󰁞

p∈M
{p}× ∧nT ∗

pM .

(a) Show that the n-form bundle of M is a smooth manifold. What is its dimension?
(b) Show that if Mn is orientable, then ∧nT ∗M is diffeomorphic to M × R.

3. Let ω be the n-form on Rn+1\{󰂓0} defined by:

ω =
1

|󰂓x|n+1

n+1󰁛

i=1

(−1)i−1 xi dx
1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn+1

where 󰂓x = (x1, . . . , xn+1) and |󰂓x| =
󰁴

x21 + · · ·+ x2n+1.

(a) Show that ω is closed.
(b) Let Sn = {󰂓x ∈ Rn+1 : |󰂓x| = 1}. Given a smooth function f : Sn → (0,∞) and denote

Σf := {f(󰂓x)󰂓x : 󰂓x ∈ Sn}

i. Show that Σf is an n-submanifold of Rn+1\{󰂓0}.
ii. Denote ιf : Σf → Rn+1\{󰂓0} the inclusion map. Show that the absolute value of

integral

󰀏󰀏󰀏󰀏󰀏

ˆ

Σf

ι∗fω

󰀏󰀏󰀏󰀏󰀏 is independent of the function f : Sn → (0,∞).

iii. Find the value of the above integral. (Hint: It may be difficult to compute it
directly, but you may pick a particular nice function f , and also find a nicer n-
form η on Rn+1 such that ι∗fω = ι∗fη, then find the integral of ι∗fη over Σf ).

4. Exercises 5.1 and 5.2

5. [Source: HKALE1 - Year 1991, Pure Mathematics Paper 1 Q13]

Let u ∈ R3 be a unit vector. A relation ∼ on R3 is defined by:

v ∼ w if and only if v − w = ku for some k ∈ R.

(a) Show that ∼ is an equivalence relation.
(b) Denote by [v] the equivalence class containing v. Let f : R3/ ∼→ R3 be defined by

f([v]) = v − (v · u)u.
i. Show that f is well-defined and injective.

ii. For any non-zero w ∈ R3, show that w is perpendicular to u if and only if w is in
the image of f . Hence deduce that f is not surjective.

(c) Now given that u = (0, 0, 1) and v = (0, 1, 2), describe (or sketch) the set [v].

1HKALE was known as the Hong Kong Advanced-Level Examination. It is the former local university entrance
exam before 2012.
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