MATH 4033 e Calculus on Manifolds

Spring 2019, HKUST

Solutions to Exercises in Lecture Notes

Disclaimer: The solutions are provided by former students of MATH 4033. The correctness
are not absolutely guaranteed. You are welcomed to discuss them with the lecturer or the
TA if you have any doubt.

Chapter 1

Exercise 1.1.
(1) Since sinz, sin2r and x are C* Vk, F is smooth.

(3) 2€ = (cosu, 2 cos 2u, 0)

ou
9E = (0,0,1)
%—Zx‘g—f%o

(2) Yo, = v € (0,1), let u, = 2 — . Now, {(uy,v,)} is trivially a diverging sequence
according to the domain (0,27) x (0,1). But lim, o F(un,v,) = (0,0,v), which
means F(u,,v,) is convergent. Hence, F~! maps convergent sequence F(uy,,v,) to
divergent sequence {(u,,v,)}. By theorem, F~' is not continuous and F is not a
homeomorphism.

|
Exercise 1.2.
o Left: Fy(u,v) = (—v1 —u2 —v2,v,u) : B;(0) — Sfeft ={2?+y*+ 22 =1z <0}
e Right: Fy(u,v) = (v1—u2 —22,v,u) : B;(0) — Sfight ={2>+ >+ 22 =1z > 0}
e Front: F5(u,v) = (u, —v/1 —u2 —v2,v) : B;(0) — Sfcmm ={?+y*+22 =1y <0}

e Back: Fy(u,v) = (u,vV1—u?—0v2,0): B1(0) = S, = {a® + y* + 22 = 1|y > 0}

[ |
Exercise 1.3.
. U U u2 ’U2—
Since F—l—(u? U) = (u2+2v2+1’ u2+2v2+1’ uzivhr})’ thus
OF, <2(1—u2+v2) duw 4u )
Ou (e +1)27 (et 1) (u o 1)
OF. ____dw _Aied-) 4
dv (W v+ 1) (w0 12 (0 4 0 1)
OF, OF, 8u 8v 4(u* +0* = 1)

- - )

— T x — (—
du v ( (w2402 +1)3" (w2+0v2+1)3 (W +0v24+1)3



If 86% X 88% = 0, then it is necessary that

u =
v =
w402 —-1=0

which is impossible.
.. Condition (3) is satisfied.

To find F', we set (x,y,2) = Fy(u,v) and solve for (u,v) in terms of x,y, 2.

2u 2
T = 53771 T=1U* 55
_ e vy r=u(l-2z) U=
y_u2+1)2+1 — y:U.u2+v2+1 — . e Ty
2Tt y=uv(l—2) v
Z_u+v 1 1— 2= 2 1—z
T w4241 u?4v2+1
z )
Fl(z,y, 2) =
@y =G5 )

Exercise 1.4.
Denote F be the ellipsoid. Let F,(u,v) : R* = E\ {(0,0,¢)} and F_(u,v) : R* —

E\A{(0,0,—c)}.

For F,, we let F(u,v) = (£,1,¢). Then similar to stereographic parametrization of
sphere in notes, assign each point (u,v,0) on the xy-plane of R? to a point where the line
segment joining (u, v, 0) and the north pole (0,0, ¢) intersects the ellipsoid. So we consider

v

u o __

~
|3 | |mm|:
[e)

|
Q
o~
|
Q

These implies
2a%b*u 2a%b%v (b*u? + a*v? — a®b?)c

$= b2u? + a2v? + a2b?’ = b2u? + a2v? + a2b?’ ¢ = b2u? + a2v? + a2b?

Hence
2a%b%u 2a%b%v (b*u? + a*v? — a®b?)c
F+(u,v):(22 2,12 2127 12,2 2,12 2127 12,2 2,12 22)
b2u? + a?0v? + a?b?’ b2u? + a?v? + a?b b2u? + a?0v? + a?b

Since a, b are positive constants, both F, is trivially smooth. It is surjective according

(b?u?+a%v?—a?b?)c 2a2b%c
to the range E \ {(O, O, C)} Note that Pl ta?ita2? | 1— P22 +aZo?+ab? If Elul, Uo, U1, U2,
2a2b%u; _ 2a2b%us
b2u?+a2vi+a2b? — b2ui+a2v3+ab?
2a2b2v;1 — 2a%b%vy
b2u?+a?v?+a2b? b2uZ+a?vi+a2b?
2a%b?%c _ 1 _ 2a%b%c 2,2 2,,2 212 _ 72,2 2,,2 27,2
1 P a2 et 1 Pt g b ui + a*vi + a*b® = b*u; + a*vy + a°b
U = Ug
—
V1 = V2



Hence F is 1-1. Again using the stereographic parametrization of ellipzoid, we find that
FiY(z,y,2) = (7, %) and both F; and F,' are continuous. Finally,

z—c’) z—c
2120 12,2 | 2,2 | 272 274 274
L _ _
OF _(2ab(bu+av+ab) 4da*b*uv 4a*b*cu )
o (0202 + a20? + a202)2 " (b2 + a20? + a2b?)2’ (22 + a2 + a2b?)?
oF, ( —4a*b*uv 2a20*(V?u? — a*v? + a?b?) 4att?cv )
ov  (b2u? + a2 +a2b?)2" (b2u2 + a?v? + a2b?)? 7 (b2u? + a?v? 4 a2b?)?
and % X aF* # 0. Hence F, is a smooth local parametrization. Similarly,
Fo(u) = ( 2a2b%u 2a%b%v (b*u? + a*v? — azbz)c)
(u,v) = _
’ b2u? + a?v? + a2b?’ b2u? + a?v? + a?b?’ b2 + a?v? + a2b?
is another smooth local parametrization. [ |

Exercise 1.5.

yw-1 _ 1
() q 7% " = y(u) = -2 41

(b) Tmage of F} = {(z,y,2) € R®\ {(0,1,h)|Vh}|x* + y* = 1}.

_ 2u ui-1 : : :
(c) Fy = (u2+1, pE v) which is smooth and continuous.

(uQZil)Q—i-(zz—jr})Q = 1so (2%, zz;}) maps u to every point on the unit circle Vz = v € R

and F} is surjective.

2u1 _ 2uso
v e U =u ,
If Fi(up,v1) = Fi(ug,v9), {éﬂ B ugi - { ! > Thus Fis 1-1.

T RV | o =
_ 2u
L= u§+1
3 _ u—1 -1 _ T : ; :
Next, consider ¢ y = 150 . We have Fy ' (z,y,2) = (15, 2)Vy # 1 which is contin-
Z =

uous on O;.

u u 2 u2—
%il X 8;;1 = ((?4_1%2)27 (1+u2)2a0) x(0,0,1) = (—liuz ,—(iuz%, 0) # 0V(u,v) € R% In short,

F} is smooth.

(d) Fy = (25, 25, 0)V(z,y,2) € R\ (£,-1,0)

Exercise 1.6.
flz,y,2) = (x +y+2—1)> = cis a level surface of f~!(c). Then

Vf(aﬁ,y,z) = [ f(‘giry’z), f(xaiyy7z>, f(‘g;ya Z)]

=R4+y+z-—Dy+2),2x+y+z—1(z+2),2(x+y+2z—1)(y+ 2)]
=2c+y+z—Dy+z,x+ 29+ 7]

r=—y
=0 iff r+y+z=1 or y=—z
r=—z



e Case [: if Ip = (x0, Yo, 20) such that zo + yo + 20 = 1 and ¢ = f(=o, Yo, 20) = 0, then
£71(0) is non-empty level surface.
Consider ¢ = 0,

Sr+y+z=1
= 710) ={(z,y,2)|lz+y+2z=1}

£7(0) is a plane in 3D which can be parametrized locally by F(x,y) = (z,y,1—z—y).
Thus f~1(0) is a regular surface even though Vf(z,y,2) =0

T =—y
e CaseIl: Kk y = —2
rT=—z

The only case for satisfying the equations is x =y = 2z = 0.

c= f(0,0,0) = (0+0+0—1)2=1. Then f~'(1) is a non-empty level surface. As
Vf(0,0,0) = 0, and (0,0,0) € f~'(1), thus Theorem 1.6 fails to give any conclusion
that f~1(1) is a regular surface.

However, As

1) ={(z,y, )z +y+z=00rz+y+2=2}
={(z,y,2)|lr+y+2z=0}U{(z,y,2)|x+y+2z=2}

both x +y+ 2z =0 and z + y + 2z = 2 are planes in 3D as both can be parametrized
as F(x,y) = (x,y,—x —y) and F(z,y) = (z,y,2 — x — y) respectively.
So f71(1) is also a regular surface

e Case III: for ¢ # 0,1,

f(m,y,z)z(x—i—y—i—z—lfzc
=z+y+z=14£c#0
= ) ={(z,y,2)|r+y+z=1+corz+y+z=1—+/c}

S V(z,y,2) € f1(e), Vf(z,y,2) # 0. By theorem 1.6, f~1(c) is a regular surface.
Therefore, for any ¢, f~!(c) is a regular surface. |

Exercise 1.7.
Let g(z,y,2) = R?> — (/22 +y2 —r)? — 22 = 0. Then ¢g~1(0) is a level surface. Then

d9(x,y,z) 0g(x,y,z) 0g(x,y,z

[—Qx(\/xQ—l—yQ—r) —2y(\/2?2+y2 —r) 2]

- ) y T4R
/x2_|_y2 /x2+y2

Vg(x,y,2) = 0 only when z = 0 and /22 +y2 =1 = 22 +y? = rZ.

As given r > 0, 22 + y? = r? # 0 = at least one of z or y is not zero.

But when 2% +4*> =%, 2 =0, g(2,9,0) = R> #0. Asgiven R>r >0=R*>1?>0=
(z,9,0) ¢ g~*(0) given 2* + y* = r2.

Hence g 1(0) is a regular surface as V(z,y, z) € ¢71(0), Vg(z,y,2) # 0. [ |




Exercise 1.8.
Given any point p € g7(c), we assume 5 9 (p) #£ 0.

Since %5 (p)><—( ) # 0is parallel to Vg(p), then by writing F'(u, v) = (z(u, v), y(u,v), 2(u,v)),
we have
OF OF
0# (2 x X,

8.:1: 0z 0z 0x

= (%% - %%)(P)

_ 0, 2)

= det@(u, %) (p)

Define 7 : R?* — R? by 7(z,y,2) = (z,2), from the above we see that the map 7 o F has
nonzero Jacobian determinant at p. Thus by the Inverse Function Theorem 7 o F' has a

smooth local inverse near p. In particular (7 o F)~! is continuous near p. Therefore we
conclude that F~! = (7o F)~! o 7 is continuous near p. |

Exercise 1.9.
a) Domain is R%. Range is S? \ {(0,0,+1)}

b) cosw, sinw, sinhu, coshu are smooth in the domain and F' is smooth.

oF OF
[EE— X [EE—
ou  Ov
i j k
_ | _(_cosv : _ (_sinv 1
_ (coshi u,) sinh (coshi ) sinh cosh? u
~ sinw cosv
coshu coshu
Ccos v sinv sinh u
= (- — - )#0 Yu,v € R

bl )
cosh®u’  cosh®u’ cosh®u

Let FF : U — O. Let g(z,y,2) = 2* + y* + 2%, which is trivially smooth with
O C g(l) # ¢ Vg = (22,2y,22) and yg = 0 < z =y = z = 0 but
(0,0,0) € g7 1(1) = g # OY(z,y,2) € g~'(1). Hence by proposition 1.8, F' is a
homeomorphism and F' is a smooth local parametrization.

|
Exercise 1.10.
F is trivially smooth.
OF " OF
ou  Ov
i J k
= —7sinu cos v —7rsinusin v T COSU
—(rcosu+ R)sinv (rcosu+ R)cosv 0
= (—r(rcosu + R) cosucosv, —r(rcosu + R) cosusinv, —r(rcosu + R)sinu).
If r(rcosu+ R)sinu = 0, then rcosu + R = 0 or sinu = 0, which implies cosu = —£ or

u=r.

e Case I: u=m, cosu = —1. Then 2£ = (r ( T—I—R) cosv,r(—r + R)sinv,0). Since
cosv,sinv cannot equal 0 at the same time, 25 x 2 75 0.

bt



e Case 2: cosu = —5 < —1as R >r > 0. Hence not possible.

Therefore, 25 x 95 —£ 0V(u,v) € (0, 27) x (0,27).

(R — +/[(rcosu + R) cosv]2 + [(r cosu + R) sinv]2)? + (rsinu)? = r?
= g(2,9,2) — Va4 y?)? 2

Let F:U - Oand ¢ # 0 C g_l(rQ). g is trivially smooth.

Vo= QR - VTP N
< 2z=10

= (r—ya2+y2)?=r?

CL‘T2 9 yr
P4+ R4+ R

)22)20

2

0)

— vg=(-2

=0
<

But z, y cannot equal 0 at the same time so /g # 0V(x,y, 2) € g~ *(r?). By proposition 1.8,
F'is a homeomorphism and hence F' is a smooth local parametrization.
|

Exercise 1.12. ) . )
Let W = F((0,27) x R) N F((—m,7) x R). Then V(0,2) € F~Y(W),

FY(E( — F(cosf,sinf z)

(0,2)if 6 € (0, )
9+27r21f9€( m,0)

and V(0, z) € F~Y(W),
PN (F(6,2)) = F~'(cos b, sind, 2)
_J.2)if € (0,7)
~ ) (0 —2n, 2)if 6 € (x, 27)

The max possible domains of F~' o I and F~' o F are ((—m,0) U (0,7)) x R and ((0,7) U
7, 27) X R respectively. In the result above, the transition maps are smooth. |

Exercise 1.13. . .
The max possible domains of F~' o F and F~!o F are (—1,1) x ((—m,0) U (0, 7)) and
(—1,1) x ((0,7) U (m, 2m)) respectively.

V(@,0) € (—1,1) x ((—,0) U (0, 7)),



V(u,0) € (=1,1) x ((0,7) U (7, 27)),

~ 0 0 6
FloF(u,0) = [(3+uc082)0059, (3+ucos§)sin6,usin§]
) (u,0)if 0 € (0, )
(—u, 0 — 2m)if 0 € (m,27)
Hence the transition maps are smooth on their overlapping domain. |

Exercise 1.14.
It Fy o F, is smooth, by similar argument, F;! o Fj is also smooth. Also, as differen-
tiability is a local property, for any p € W C M, it suffices to show Fﬁ_1 o F, is smooth at

F N (p).

OF,, OF,,
90, P X G (p) #0
and
0F, or,, . Iy, z) J(z,x) O(z,y)
o0, D) X (p) = (deta(ubu2)(p),detawbuz)(p),deta(ubw) p

Assume det 81(Ly?u2 # 0. Since %= «(p) x ‘g%(p) and g%f(p) X g%(p) are normal vectors to

(y Z)( ) # 0. Define 7(z,y,2) = (y,2), i.e. moFg: Uz — R?
with det yz)( ) 7é 0. By inverse function thm, (7 o Fj)~! exists and it is smooth near p.
Then con31der Fy 1oF, = = (ol Yo (moF,) while (7o Fg)~!, 7, F, are all smooth functions

near p, the composition is also a smooth function near p. Since p is arbitrary, Fy Yo F, is
smooth on F; ' (w). [ |

the surface at p, we deduce det

Exercise 1.15. R
Given M smooth surface. Given F(u,v) = (u,v, f(u,v)) is a smooth local parametriza-

tion. foF = \/(u —20)2 4 (v — 1) + (f(u,v) — 2)? is smooth iff (u, v, f(u,v)) # (2o, Yo, 20)-
Hence f is smooth iff pg & M. |

Exercise 1.16.
— {0} is the domain of F.'o®oF, and F-'o®o F_. R?is the domain of F;'o®o F_
and F-'o®o F,.

o V(u,v) € R* — {0},

2u 2v u2+U2_1
FllodoF —F'o®
T o®o Fi(u,v) + © (u2+v2—|—1’u2+v2+1’u2+02+1)
o —20 —u? —v*+1

)

w42+ u4+024+1 w402 +1
= (—u, —v)

o V(u,v) € R* — {0},

2u 2v 1 —u?—?
FlodoF_ =F1o0d
S efol(wu)=F "o (u2+v2+1’u2+v2+1’u2+v2+1)
—2u —2v u? +0v? -1

)

=F!
- (u2—|—v2—|—1’u2—|—v2+1’u2+v2+1

= (—u, —v)



e V(u,v) € R?

2 2 1—u?—0?
FlodoF. =F1od
oQoF (uuv)=Fo (u2+02+1’u2+v2+1’u2—|—112+1)
—2u —2v u? +0v? -1

)

w2 +1uw+ 24+ 1w +0v2 41

e V(u,v) € R?
Flo®oF, (u0) = F-lod 2u 2v u2—|—v2—1)
O (@] u.v) = O s s
- A - w42+ w2 +02+ 1w +02 41
—2u —2v —u? -2 +1

)

w2+ 17w+ 02 +17 w2+ +1

Hence, all of them are smooth on their domains. |

Exercise 1.20.

Let F(x,y) = (z,y, f(z,y)) be asmooth local parametrization around p = (g, Yo, f (0, ¥o))-
Then g_i(p) = (1,0, %’(wo,yo)) and ?9—5(73) = (0,1, %|($07y0))'
As the cross product of the two tangent vectors is perpendicular to the tangent plane, we
simply take the cross product of the tangent vector to be one of a normal vector of the
tangent plane. Hence,

k

i
OF  oF o of of
a_ a_ :1O_$00:__33007__10071
B (L) ay(p) o 8‘_?}( w0)| = (=5 - lowo) (9y‘( wo)r 1)
Jy (‘TOﬂUO)
Thus, V(z,y,2) € T,M,
oF OF
(%(p) X a_y(p)) ’ (I‘ — X0, Y — Yo, & — f(x07y0)) =0
of of
= (_a_x|(zo,y0)7 _a_yl(mo,yo)u 1) ' (Q? —Zo,Y — Yo, % — f(x()?yO)) =0
of of
= 5@ (T = 20) — a—ykxo,yo)(y — o) + (2 — f(20,%)) =0

Hence the equation of tangent plane is given by

of

of
z = f(xo,v0) + %l(xo,yw(w — 20) + 5—yl(:co,yo>(y — )

Exercise 1.21.
For F(z,y) = (z,y,2f(L)), we have

S — o) -ty
oF B Y



Then for any p = (a,b,af (%)), we have

(@.b.af(2)) = a5 (6) + b5 () € p+ T,

From the above we see that the position vector of p lies inside its tangent plane 7,M,
which precisely means that the tangent plane passes through the origin. So this implies the
conclusion. ]

Exercise 1.22.
(a) ®:S* = S? by ®(z,y,2) = (vcos a — ysin o, xsin a + ycos «, z).

F(0,¢) = (sin ¢ cos 6, sin ¢ sin 0, cos @)
b o F(0,p) = (sin ¢ cos 0 cos a — sin ¢ sin 0 sin a,
sin @ cos 0 sin o+ sin @ sin 0 cos «, cos @)
= (sin ¢ (cos 0 cos a — sin 0 sin ),
sin ¢ (cos 0 sin a + sin 0 cos a),cos @)

= (sin ¢ cos (0 + ), sin  sin (6 + «), cos @)

0P (Do F) d

%(q)(p)) - T(Q, p) = Eh:o(@ o F)(0+1,¢)

d

E(sm @ cos (0 +t+ a),sin ¢ sin (0 + 1+ a), cos ¢)|i—o
= (—sin ¢ sin(0 +t + «), sin ¢ cos(0 +t + «),0)|:=o

= (—sin ¢ sin(f + a), sin ¢ cos(0 + «),0)

0o (Do F)

0 = Z50.6) = (@0 P60+ )

d
= E(sm (p+1t) cos (0+ a),sin (p+1) sin (0 +a),cos (¢ +1t))]i=o
= (cos (¢ +1t) cos(8 + ), cos (¢ + 1) sin(0 + a), —sin(¢ + 1)) |i=o
= (cos p cos(0 + a),cos ¢ sin(f + a), —sin @)

where (6, ) is a point in (0, 27)x(0, 7) such that F(0,p) = p.

(b) ®:S* — S% by ®(x,y,2) = (vcos a — ysin o, xsin «a + ycos «, z).

Fy(u,v) = (u,v, —vV1 —u? — v?)

® o Fy(u,v) = (ucos a—v sin a,u sin a4+ v cos a, =V 1 — u? — v?)
0P (P o F d
9 @) = 222 1) = @0 )t 10)
d
= g((u—i-t) cos o — v sin o, (u+t) sin o+ v cos a, —/1 — (u+ )2 — v2)|—g
, u+t
= (cos a, sin «, )|i=0
V19— (utt)?2—0?
u

)

= (cos a, sin «,

N oy



9% () = A2 L)

d

_ = —|—o(P o F:
5 2 (,0) = limo(® 0 Fa) (v + 1
d

= —t(u cos a— (v +1t) sin a,u sin a+ (v+1) cos a,—/1—u2 — (v+1)2)]=o

v
= (—sin a, cos a, )|e=0

V1—u?—(v+1t)?

v
= (—sin a,cos o, ——————)
V1—u?—v?

where (u,v) is a point in B;(0) such that Fy(u,v) = p.

(c) ®:S* = S? by ®(,y,2) = (xcos a — ysin a, xsin a + ycos a, z)

21 2v u? +v? -1
F —
+(u,v) (u2+02—|—1’u2+02+1’u2+v2+1)
2u 2v 2
T et T @res v
2u 2v .
@OF+(U,U):(m COSa—mSH’LOZ,
2u , n 1 2 )
Erorl et s ey o5 e
0D AP o F,) d
d(p)) = 22T 1y ) = Lo (@ o F £
2 @) = 202 ) = Lo Pyt 1,0)
d 2(u+t) 2v .
%((u+t)2+v2+1cosoz (u+t)2+1)2+1smoz,
2(u+1) - 2v . 2 )
sin cos a, 1 — -
(utt)2+02+1 (u+t)2+02+1 (w21
—2(u+t)* + 2% + 2 4dv(u+t) ,
= cos o + s o,
(((u+t)2+v2+1)2 (u+t)2+0v2+1
—2(u + ) + 202 4 2 4v(u +t) 4(u +t)
(O SIE sin a —

R e R (O e
—2u? + 20% 4+ 2 4ou
= (

(240 1) cos o+ ————— sin «,

uw?+0v2+1
—2u? + 20% 42 4ou 4u
SR 5 Sin Q@ — ————— c0s @, —————)
(u?> +v2+1) u?+v2+1

10



@) = 12T ) = &) y(@o R+ 0)

d( 2u 2(v+1) ,
= — cos o — sin «
dt " u?+ (v+t)?2+1 u?+ (v+1)2+1 ’

2u 2(v+1t) 2

. 1_
u2+(v+t)2+18ma+u’£‘+(v+t)2+1cosa’ w2+ (v+t)2+1
—4u(v + t) 2 —2(v +1)*+2
= (= 5 cos @ — — 5 5 sin a,
w4+ (v+t)2+1 (24 (v+1)2+1)
4 t 2u? — 2(v +t)* +2 v+t
— uv+?) sin o + “ (ot + cos «, (vt?)
u? + (v+1)2 +1 (u? 4 (v +1)2 + 1) (u? + (v+1)2 +1)2

—4uv 2u? — 202 +2
————— 0S O — ————— Sin «
u? +v2 +1 (u?2 +0v2+1)2 ’
4 2u* — 20% + 2 4
—#sma—i——u vt cosoz,—v )
u? + 02 +1 (u? +v?2 4 1)2 (u? +v%2 4 1)2

)li=o0

o
=

where (u,v) is a point in R? such that F, (u,v) = p.

|
Exercise 1.24.
From the expressions given in Example 1.5, we have
(’Ul, 1)2) == F_l odo F(ul,u2)
2 2 2
:Filoq)(Q U; 9 u§ LT 2 )
ui +us+1 ui+us+1 uy +us+1
_ F_l(Qulcosoz — 2ugstina 2uystno + 2uscosa _ 2 )
wtui+l 7 wd4ud+l T wi i+l
= (ujcosa — ugsina, uy Sina + uscosa)
Therefore,
(®,), = (v, v2) | _ |cosa —sina
P Oy, up) FAO™ lgina cosa
[ |
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Chapter 2

Exercise 2.5.
We have

Fg(’Ul,"' ,’U5):[Ul ZU221}3212U4ZU5],

Fi(uy, - us)=[up:1:ug: - us) = {—:—:—:1:—:—
1
S0 F?)_loFl(ula"'7u5):(ﬂ7_%%%)

On the overlapping of Oy and O3, uz # 0, so in the domain of F3_1 o F1, uz # 0 and following
this condition, it is clear that F; ' o F} is smooth. |

Exercise 2.6.

CP" = {[zo+iyo : -+ : Ty + 1) (2, ;) € R?, not all (x;,y;) = (0,0)}. Let
Foluy, -+ jup,v1,- -+ v,) = [Liug +ivy @ Uy + 10,
Fr(uf, -+ yul, v, - v)) = [ul + 0] 0 1 ug 4+ ivh : - ul + v

Note that {F;|0 < j < 1} cover CP" and, since u} + v} # 0 in F; ' (Oy N O;), the transition
map

! - ! -]
-1 / / / I\ -1 . 1 . u2+“)2 . . un—f—“}n
Fy o Fy(uy, -+ ,u,, vy, o) =F 1: — — e ————2
0 1 » Ymoy Y1 »¥n / / / / / !
u, +w; uwy +w Uy + v
1 1 1 1 1 1

/ !, !,/ !, !0 / !,/ !,/ !,/ !,

- ( u) ujul + vk wjul, + vl =y uhol — vidd ulvn—vlun)
- 2 2 2 2 0T 2 2 02 27 2 2 0T 2 2
uy + vy uy + vy uy + vy uy + vy uy” + vy uy + vy

is smooth as u} + uv] # 0. Other transition maps in the set of parametrizations can be
generalized similarly. This concluded CP" as a 2n-manifold. |

Exercise 2.9.

To prove that a smooth manifold has uncountably distinct differential structures, we
need to show that it has uncountably incompatible atlas.

So in the first step, given a local paramatrization of the manifold, our goal is to
construct an uncountable set of mutually incompatible local parametrization.

Then in the second step, for each local parametrization constructed in step 1, we
want to construct an atlas (which is required to cover the whole manifold) generated by
it. And by such a construction our goal would be achieved.

Let M be a smooth manifold, and let F': U — M be a local parametrization of it.
Up to a translation, we can assume 0 € U, by the openness of U we can find an open ball
B.(0) e U.
Up to a reparametrization we can also let ¢ = 1. We consider the map Wy : B;(0) — B;(0)
defined by Ws(u) = |ul®u for s > 0. Then one can easily check that ¥, (B;(0)) = Bi(0).
We note that ¥, is also a homeomorphism between its domain and image, hence the map
Fy = F o Uy is also a local parametrization of M.

12



Let V' C B1(0) be an open subset, s; > sy > 0 , then we have

Vs, (B1(0)) C ¥y, (B1(0))
= U, (V) C ¥y, (B1(0))
= Fy,(V) C F;,(B1(0))
= I, (V) C F, (Bi(0)) N Fy, (B1(0))

Hence the intersection Fy, (B1(0)) N Fy,(B1(0)) is nonempty and contains an open subset.
Now consider the transition map F ' o Fy, : B1(0) — B1(0), we let

w= F! o Fy,(u) = ;11(|u|82u)

S1

= |w|[Mw = Vg (w) = |ul?u
from this we observe that w = cu for some ¢ > 0, solving for ¢ we get ¢ = |u| coe Thus,
s9—s1
Fito Fylu) = [u T

|Fs_110F82(u)_F_1OF82<0)‘ 52791

S1 |u| 1+Sl

Jul

Since lim,_, ]u|% diverges, the transition map Fs_11 o F}, is not smooth, this implies that
F oW, and F oV, are not compatible whenever s; # ss.

Moreover, suppose that A = {F;} is an atlas of M, then M = |, F;(U;). We let U; =
Uj B;j be a countable union of open balls, and define the maps ®;; : B;(0) — B;; be
homeomophisms between B;(0) and B;;. Let Fj; = F; o ®;;, then we observe that

Fy(Bi(0)) = Fi(By) = |J Fu(Bil UF is) UFUBm) M.

By the fact that W (B51(0)) = Bi(0), we have J,; Fij o Vs(B1(0)) = M for any s > 0.

Hence A; = {F}j o U} is also an atlas of M for any s > 0. But from the discussion above
we see that the two altas A, and A, have distinct differential structures whenever s; # ss.
Therefore we conclude that M has uncountably distinct differential structures. |

Exercise 2.13.

The square (—1,1) x (=1, 1) can be parametrized by the identity map Idn(u,v) = (u,v)
and similarly R? can be parametrized by the identity map Idg:(z,y) = (z,y). Consider
the map ® : (—1,1) x (=1,1) — R? defined by ®(xy,15) = (tan(rz,/2), tan(rz2/2)).
The map maps (—1,1) x (=1,1) to R? and the transition map Idg; o ® o Idn(u,v) =
(tan(mu/2), tan(rv/2)) is smooth on the domain. Meanwhile, det D(Idgs o ® o Idn(u,v)) =
™ sec?(mu/2) sec?(mv/2) # 0 on (—1,1) x (=1,1). Therefore Idzs o ® o Idy is invertible
and smooth by the inverse function theorem. This proved ® as the diffeomorphism between
(—1,1) x (—1,1) and R?. So they are diffeomorphic. [ ]

Exercise 2.16.
0 8y0 0 8y2 0 1 0 0

Oy 8:52 83/0 8x2 83/2 r1 Oy o ya

13



Exercise 2.17.
With the defined F}, F», we have

x x
(y1,v2) = Fy ' o Fy(wy,15) = < L )

9
22 + 22 22 + 22

from chain rule, we have

oy Oys x5 — 12 20971
Oy, = —0 0y, = ———— =0, = (y2 — y*)0,, — 2y1920
17T Py U + Dy 2 (x%—i—x%)Q yy T (JE%—FZL‘%)Q Y2 (v2 — 1) y1 Y1Y20y,
oy ys 2x91y xy — 3 2 .2
Oy, = —0 —Z=0, = — 0 Oyo = 21920 — y5)0
2 O, T O, Y2 (x%+$%)2 yy T (1‘% +$%)2 Yo Y1Y20y, + (yl 3/2) Y2
[ |
Exercise 2.19.
H™ ' o ®(F x G)(u, v, v1)
=H 'o®([u:1],[vy:1:wy))
=H "o (Juvg:u:uvy :vg:1:vy))
. Vo 1 Vo 1 1
Ny ve uvy uvy
vy w2
0o 0 %
_ V) 1 )
= [(I)*] - _u22)2 uvg _m?g
—_1 0o -1
u2vo uvg
| -5 0 0
[ |

Exercise 2.21.
Without loss of generality, we can assume M is an n-manifold with set of local parame-

terization {F;}. Since F; ' oldy o Fy(uy, -+ ,un) = (ug, -+ ,uy) so for any p € M there exist
F; as a parameterization. Through sandwiching /d;; in between the same parameterization,
[@,] = L,xn, and this true for every p € M. [ |

Exercise 2.24.
Let I : R* — R* be the identity map. We have

IT'o®o Gy, 21) = (1= i,y 21, 121) = (1= 9t yi, 21, 121)

—2y; 0 —2 0

1 0 1 0

=)= 1= o 1
21 W —“2?;2_1 z
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[Using y; = y/x, 21 = z/x of (x,y, z) from stereographic projection]. Moreover,

2 2_1
G omo Fluv) = (EL)
Uu 2u

2u?
_ 27 _
u3 u2
_v 1
2 u
= [(D*][ﬂ-*] = u27vu2+1 v
2 u
_21)%—&—1; uZ4+3v2—1
u3 2u?
Meanwhile,
2 2 2 2 3 _
I™'o(®om)o Flu,v) = 1_v_727u+v 1,Uu il
u?’ 2u 202
_ 22 _2v
u3 u2
_ v 1
= [(@om)] = oot b
_31%2—&-1) u2+3§ﬁ)2—1
u3 2u?
This verified [(® o 7).] = [®.][m.]. [ |
Exercise 2.27.
322 0
| 2zy 2
Note that [®,] = 2 2y
0 3y

Given (z,y) # (0,0), in case x # 0, the first column have a pivot at first row and second
column have a pivot at the second row. So [®,] is injective.

In case y # 0, [®,] has a pivot at the fourth row of the second column and a pivot at the
third row of the first column.

In either case, [®,] is injective, so we conclude @ is an immersion at (z,y) # (0,0).

Exercise 2.28.

From chain rule, (¥ o ®), = ¥, 0 ®,. U, ®, are injective by the definition of immersion.
Since composition of injective map is injective, we conclude (¥ o @), is injective. So the
map V¥ o ® is also an immersion.

Exercise 2.31.

(i)=-(ii),(iii) Given ® is a local diffeomorphism, on the concerned domain of @, [®,] is
an invertible matrix and therefore it is automatically surjective and injective. This implies
® is a submersion and is an immersion.

(ii)=-(i) Given @ is an immersion, on the concerned domain of ®, [®,] every column of
[@,] is a pivot. Since dim M = dim N, number of columns = number of rows. So every
column and every row is a pivot. This implies ® is a local diffeomorphism.

(ili)=-(i) Given @ is a submersion, on the concerned domain of ®, [®,] every column of
[@.] is a pivot. Since dim M = dim N, number of rows = number of columns. So every row
and every column is a pivot. This implies ® is a local diffeomorphism. [ |
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Exercise 2.33.
Let Fo(my, -+ ,ap) =[xyt mp), Id : (ug, -+ ,u,) € R (ug, - -+ ,u,) € R
Then

Fylo®old(zg, - ,x,) = (ﬂ ﬁ)

since g = 0 is not in the domain of this transition map, for this parameterization, let
¢=[z; -+ x,)7. Then

1. 1
[(D*] = |:__26 _Inxn:|
so every row is a pivot. Other parameterization can be generalized similarly and this implies

[®,] is surjective. Therefore ® is a submersion. [ |

Exercise 2.38.
Let F(u) = (u, |u|) be a parametrization of I and G (v, w) = (v, w+|v|) be a parametriza-
tion of R?, then the transition map of the inclusion map is given by: G7lo o F(u) =

G (u, |u|]) = (u,0) which is clearly smooth and meanwhile, [t,] = (1] which is injective.
So ¢ is a smooth immersion. Therefore, together we can ”conclude” I" as a submanifold of
R [ |
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Chapter 3

Exercise 3.1.
(a) Vv e V.Va e R,)Vf,ge V*
1. (Closed in addition) Vf,g € V* Va € RVu,v €V,

(f +9)(au+v) = flau+v) + glau + v)
= af(u) + f(v) + ag(u) + g(v)
= a(f+g)(u) + (f +9)(v)
= f+geV”

2. (Commutativity) Vf,g € V* Vv € V|

(f+9)(w) = f(v) +g(v) =g(v) + f(v) = (g + f)(v)
=f+g=g+v

3. (Associativity in addition) Vf,g € V*, Vv € V,

((f +9) +h)(v) = (f+g)(v) + h(v)

= (f(v) +g(v)) + h(v)
f(v) + (g(v) + h(v))
f)+(g+n)(w)=(f+(g+h)(v)
= (f+g9)+h=f+(g+h)

4. (Zero vector) Vf € V* Vv € V,30(v) € V*,

(f +0)(v) = f(v) +0(v) = f(v) + 0= f(v)
= f4+0=f

5. (Negative) Vf e V¥ Vo e V,3— fe V"

(f + (=MN)w) = fv) + (=) w) = flv) = f(v) = 0= 0(v)

= f+(=f)=0

6. (Closed in scalar multiplcation) Vf € V* Va, 8 € RVu,v € V,

(@f)(Bu+v) = (@) (f(Bu+v)) = a(Bf(u) + f(v)) = Blef)(u) + (af)(v)

=af eV”
7. (Associativity in scalar multiplcation) Vf € V* Va, 8 € RVv € V|
((@B)f)(v) = (a(B]))(v)) = (af)f = a(Bf)

8. (Identity scalar) Vf e V* 1 e RVv € V, (1 x f)(v) = f(v) = (1) f
9. (Distributivity of vectors) Vf,g € V*,Va € RYv € V|

a(f +9)(v) = a(f(v) +g(v)) = af(v) + ag(v) = (af)(v) + (ag)(v)

= (af +ag)(v) = a(f +g)=af +ag

17



10. (Distributivity of scalars) Vf € V* Va,f € RVv € V,
(a+p)f(v) = af(v) + Bf(v) = (af + Bf)(v)
= (a+p)f=af+5f
.. V* is a vector space.
I will show (c) then show (b).
(c) {e},...,el} be the basis of V*. We have """ | a;ef = 0. Sub

n n
Tr=e; = Zaiez‘(ej) = 0(6]') = Zai&-j =0= a; =
=1 i=1

for j =1,2,...,n. Hence {ef}"; are linearly independent.
Obv1ously, Span{e . C V* As

VT e V*, ZT(ej)ej(ei) = ZT(Gj)5jz‘ = T(e;)

Jj=1

VT € V', T =Y T(e;)e; € Span{e;}i,

i=1

Thus Span{e o=V
Thus{e;}, is a basis for V*.

(b) As from the result of part(c), it directly implies the number of basis in V is same as
the number of basis in dual of V. Hence dimV = dimV'™*.
Verification: T € V*, T = """  ¢;ef. Sub x = e;, we have

T(e;) = che;(ei) = ZQ’% =C =q
j=1 j=1

Hence T'=>"" | a;ef.
|

Exercise 3.2.

Using the formula (3.1) in lecture note p.63 , we can express {dx,dy,dz} in terms of
{dr, de,dz} and {dp, d(b,d@}. Ans:

{dx, dy, dz} = {cos Odr — rsin 0df, sin Odr + r cos 6d0, dz}

{dx, dy, dz} = {sin ¢ cos Odp + p cos ¢ cos Odp — psin ¢ sin Od0,
sin ¢ sin Odp + p cos ¢ sin Odo + psin ¢ cos Od0,
cos pdp — psin pdop}

Exercise 3.3.

. B ouN . O
w:Zajdu]—Za](Z u]d ) Z(ZajTZ)de:Zbidv’:bi:%:aja—zz

J 7 J 7

18



Exercise 3.7.
Suppose p is a point at Uy, then by chain rule,

0 - 0d - Ov; 0

8ui

., (

N 8u1 N - 8ul (%j
7j=1

We can then compute

0 ):dvk(Q)*( 9 )) :dvkzavji<¢(p)) O

d*do* =
v U, ou; Ou;

Summing up all the contribution of u;’s, we have ®*dvF = " %dui.

Exercise 3.8.
Consider

(®*dy)(0,) = dy(P.0,) = dy(cos(8)0, + sin(#)0d,)) = sind
(®*dy)(0p) = dy(P.0y) = dy(—y0, + x0,) = x = rcosf
= ®*dy = sin Odr + r cos 0df

Meanwhile, using (3.4)

Oy oy . )
= 86d9+ ardr—rcosed9+sm9dr

which agrees with the first expression.

O dy

Exercise 3.9.
We may employ (3.4) to compute the local expression for ®*.

2
0
d*(dy") = h dx; = xodxy + x1d2s
i=1 Oz;
=Ny
d*(dy?) = v2 dz; = x3dxs
i1 axl
2
-
d*(dy*) = ﬁij dx; = x3dx;

Exercise 3.10.
First, we compute

F o o®(z,y,2)=F ([z:y:2]) = F ([Lry/z,2/a]) = (y/z, 2/2) = (u, ua)

Thus, we have

3
i=1
3
. uy , . —z 1

i=1
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where the (z1, x9,23) = (2,9, 2). |

Exercise 3.20.
We perform the computation using the definition:

oT ® S(X,Y) = aT(X)S(Y)
while
T® (a8)(X,Y) = T(X)(aS)(Y) = T(X)aS(Y) = aT(X)S(Y)
so the two expressions are indeed the same. |

Exercise 3.21.
We have T'® (151 + a252)(X,Y) = T(X) (151 + 252)(Y). Since S is linear, we have

(01151 + CXQSQ)(Y) = &151(Y) + OKQSQ(Y)
Therefore

T ® (0151 + a95:2) (X, Y)
=T(X)(51(Y) + a25:(Y))

= a1 T(X)S1(Y) + aT(X) S (Y)

= T ®S1(X,Y) + T ® Sa(X,Y)
= (T ® S + T ® S3)(X,Y)

Similar procedures apply for the T slot. [ ]

Exercise 3.22.
Assume )1 a;ef @ €5 = 0. Then

n n n

0= Z aje; @ ej(ex, er) = Z aije; (ex)ej(er) = Z a;j0ik0j1 = Qg

ij=1 ij=1 ij=1
for all k,1 =1,2,...,n. Hence {e} ® €} }ij—1 are linear independent.
Let w e V*®@ V* As

Z w(e;, ej)e; ® e; (e, er) Z w(ei, e;)e; (e)e; (el) = w(eg, e)

3,j=1 4,j=1
for all k,, hence w =37, w(e;, e;)ef @ e and Span {e; ® e} }7,_;=V" @ V",
Thus {ef ® e;}7,_, is a basis of V* ® V*. The dimesnion of V* ® V* = n”. [ ]

Exercise 3.23.

Suppose w is a linear combination of €] ® €.
From w(eq,e1) = w(es, e3) = 0, we can deduce that the only possibilities for i, 7 are (i,7) =
(2,1) or (4,5) = (1,2). Using the remaining 2 conditions, we can deduce

_ * * * *
w=3e] Ve, —3e; Qe

Exercise 3.24.

20



(a) not well-defined since the domain of 7} is T,M x T,,M.
(b

(C <8u1’ Bug) = dul( )du2(8ug) =1

(d) not well-defined since the domain of T5 is T, M.

)
) T:
) T
)

Exercise 3.25.
One can check that the required tensor product expressions of T are:

(i) The first line: T = du; ® (aiu1 + aiw)_
(ii) The second line: T = duy ® (52 — 52)

Exercise 3.26.
Using the expressions of (u,v) in (3.21), one may compute

ou  —2xy
Oy (22 +y2)?
ov Yy —a?

dy (a2 + 2
We then have
0 ou 0 ov 0

dy ~ dyou " oyov
__“2y 9 y-z 9
(224 y2)20u (22 +y?)20v

_ O 2 20
_(2uv)8u+(v u )c%

Together with the expression of dx in the notes, we have

0 —2uv U2 —u? 0 0
g 2uv)-2 2 2y Y
da:@ay (—(u2+v) du e s5dv) @ (( uv)au—i—(v u)(‘?v)
 —(2uv)? a —2uv(v2 —u?) a
_(u2+v)du®6 (u? +0v?)2 du@@v
2uv(v? — u?) 0 (vP—u?)?

———d
(u? 4 v?%)? @ ou  (u? 4+ v?)? v

Meanwhile 2% + y* = Thus, we have

g
—1 —(2uw)? 0 —2uv(v? —u?)
O =22 (—2" g4 ~ “
e ((u2 + v?)? % o (u? 4 v%)? 95
2uv(v? — u?) J (v —u?)?
SV Tt e — 1+ ) e —
(u? + v?)? v ou  (u?+v?)? v 81})
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Exercise 3.27.

Rm = Z }?Zmdvo‘ ® dv’ @ dv” ®

Qv
a,B,y,m
o . ov” out 0
p— — ‘7 —_———
a;n Raﬁﬂ/ 32# du )@l F oul du’) ® ( 8ukd nel ] ov" oul )

B 9qyY ) )
=3¢ 3”,8“.‘9“ Ou b )du’®d1ﬂ®duk®i

T out Oul Quk Qv P out
Bl (%‘f 81}? oY oul =
L ik out Oui Quk dun~
a,B,7,m
[ |
Exercise 3.32.
TIANT2NT3NTA
=TIRT2RT3IRT4—-T1IRT2RT4RT3 -T1IRT3RT2®T4
+T1RT3RTART24+TIRTART2RT3-TIRT4®T3® T2
—T2RTIRT3IRXTA+T2RTIRTART3I+T2RT3RT1I®T4
—T2RT3RTA4RT1I+T2RT4RTIRT3I -T2 T4 T3 T1
+T3RTIRT2RT4—-T3RTIRTA4RT2-T3RT2®T1®T4
+T3RT2QRTA4RTI+T3RTA4RTIR®RT2—-T3RT4RT2R1T1
—TA4RTIRT2RT3+T4RTIRT3RT2+T4RT2RT1I®RT3
—T4RT2RT3RTI —T4RT3RTIRT24+ T4 T3 T2®T1
[ |

Exercise 3.33.

By definition, the space A"V* = span{e}, A ... A e; }, where ej ,m =1,..k are k linearly
independent vectors in V* = span{ej,...,ef} if 0 < k < n. For k& = 0, by definition
A'V* =R, which has dimension 1 = C.

For 0 < k < n, consider the wedge product e; A ... Aej . If we permute the iy, ..., i,
we will have an extra 41 factor only, so the new vector in A*V* is linearly dependent to
the original one. Therefore, only different combinations give a new vector that is linearly
independent to the original one. Since we can choose k vectors in {ej,...,e%} to form the
wedge product, we will have C? linearly independent vectors in A¥V*. So dim AFV* = CP.
For k > n, we will have at least two of the e¢*’s in the wedge product to be the same, so all
possible wedge products will become 0. Therefore A*V* = {0}. [ |

Exercise 3.34.
(ef, N...Nej )(ejl, s €5)
= Z Sgn o‘(zl ®...Q €, o(i ))(ej17 "'7€jk)

o€ESy,

= Z sgn(0)eg i, (€5,) €50, (€5,)
oESk

= Z sgn U(n 5U(ik)jk
€Sy
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Only one term in this summation can survive because if there is a permutation ¢’ € S such
that o (i) = jm for all 1 < m < k, then any other permutation will make at least one of
the Kronecker delta zero. So we have

(6; ARERA 6;)(6]-1, ey ejk) = Sgn<0/)50'(i1)j1"'50’(ik)jk

Furthermore, if o(i,,) = j, for any 1 < m < k, the only possibility is that o is the
identity, and so sgn(c) = 1. Therefore, we have

(6;: VANAN e;-kk)(ejl, ceey €]k) = 511]1(5

ikJk

Exercise 3.35.
Let’s rewrite the statement:

Wi, ...,w, € V" are linearly dependent <= w; Aws... Aw, =0

Solution: wy, ...,w, € V* are linearly dependent

<= one of wy,...,w, is a linear combination of the others

<= WLOG say dcy,...c,_1 # 0 8.t. w, = cwy + ... + Cp1Wp_1

= W AWa Ao Wpyq AWy, = Z;:ll Wi Awa A w1 A (Gw;) = Z?;ll ciwy Awy A ..y Aw; = 0
AsFori=1,2,3,.n—1, w; Aw; =0

For wi Awa A ...wp—1 Aw,, =0

= D i1 M1 €1 A Dy Qig€y A A DY i €y = 0

= Zaesn ala(l)aQU(g)...am(n)e’{ NesN...Ne; =0

= det(A)es Nes N...Nel =0

a1 a12 ... QAip

o1 A22 ... 049
where A= "

An1 QAp2 ... Qpp

= det(A) = 0 = det(AT) = 0Asel Aes A ... Nel, #0

=Columns of AT are linearly dependent.

=Say dcy,...cp_1 # 0 s.t.

(anl, Ap2y Ap3y - oy ann) =C (all, a12, @13, ..., aln) + ...+ cn_l(a(n,l)l, A(n—1)25 A(n—1)3 -+ a(n,l)n)
= dey, 1 F 086w, = cwy + .+ G 1Wn [ |

Exercise 3.36.

f— . . . o . * .« .. *
WA W = E a1, a2j, (ki €5, N A €,
distinct j1,---,J

Jk
= Y ey ey A Al

{45, 9p YEXK 0ESK

= > (Z sgn(o)ais(j) - alo(a}@)) AT

{1 d, Xy \o€S

where X, is the set of subsets of {1,--- ,n} with k elements and define as convention that
g1 <o < Jp [ |
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Exercise 3.37. For any (vy,...,v,) € R" x ... x R

ey ... Ne (v, ..., vp)

= Z sgn(o)ey 1y ® .. @ €5 (V1; o, Un)

gESy

= Z sgn(o)eyq) @ ... @ e:_(n)(z V1€ oeny va-ei)
o€Sn i=1 i=1

= Z sgn(a)ez(l)(z Uliei)...e;(n)(z Vni€;)
o€Sn i=1 i=1

=3 sgn(0)(O_viehay(€). (> vnieh ()
gESy i=1 =1

= sgn(0)O_ v10a)i)-- O vnilonyi)
ocESh i=1 i=1

= Z 5g1(0)V10(1) - Vno(n)
gESy

= det(vy, ..., vy)

=e] N ... Ne, = det

Exercise 3.39.

n
w= E wWai—1 N\ W
i=1

2. _ — E
Wwi=mwAw=2 Wi —1 VAN Waiy A W2is—1 A Wiy

1< <ia<n
3. _ — E
WimwAwAw=2%3 Wi —1 N Wiy A W2is—1 A W2iqy VAN W2i5—1 VAN W24
1<i1<ig<iz<n
Inductively,
Ww'=2%x3%x..%xk Wi —1 VAN Wiy A Wi —1 A W2iqy VANRRVAN W4, —1 N Waiy,
1< <i2<... <1 <n
Thus

W'=WAWA . . Aw=2%3%...xn)w Awa Awz Awg A ... Away_1 A way,

=nlwg Awg Aws Awg A ... A wap_1 A Wap

after taking vedge n times.
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Exercise 3.40.
dut AN du® A ... N du”

" out L ou?
= —dv" —dv™?
(0 2y A (3 2y

i1=1 i9=1 in=1

1 2 n
= g Ou” Qu Ou dv'™ A dv? A ... A do'
vt Qui2 " Quin
i1,12,...,indistinct

ou'  ou? ou™
_ o)) p 7 0(2) o(n)
= 907 e @ " Gyl dv A dv A ... \Ndv

ou'  our  oum ) .
= (Z sgn(a)avo(l) 5@ ...avg(n))dv Adv A ... N\dv

O'ESn
= deta(ul’+”’un)dv1 ANdvi A ... N do™
(v, ..., Uy)

Exercise 3.41.

(=) If T € A*(R?)*, then T will be of the form T = dz' ® dz* — dz?® @ dz'. So for any
v € R?

T(v,v) = dx'(v)dz*(v) — dz*(v)dx' (v) = 0
(<) Suppose for any v € R?, T'(v,v) =0 and T ¢ A*(R?)*, then T will be of the form

(i) T = +dz* ® dx?

(i) T = +dz' @ dz?

(iii) T = +(dz' @ dz* + dr® @ dzt)

(iv) T = £(dz* @ dz' + da® @ dz?)

For case (i), if we pick v = a0y, + b0, (a,b # 0), then T(v,v) = (£)ab # 0. The
argument for (ii) is similar.

For case (iii), if we pick the same v as in case (i), we will have T'(v,v) = (£)(2ab) # 0.

The argument for case (iv) will be similar.
Therefore, in any cases of T' ¢ A?(R?)* will lead to a contradiction, so T' € A*(R?)*.

[ |
Exercise 3.42.
n
w= Z Wi oAU A du? A ...du'*
j17j27‘~~jk:1
aU‘h . aU‘D . au]k’ .
= > wnpal i ) A O TR AR > Foin 20")
J1,J2s---Jk=1 i1=1 ig=1 ig=1
n n . )
ouwt  Oulk . , ,
= Z ( Z Suh ...%wjlj%jk)dv“ Adv? A A do'

11,82, =1 J1,j2,---Jk=1
n

= Z w, dv™ A dv®2 A ... A do'

i1ig...ik
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_ uit  owk,
where wllzg Ak Z]l j2,...jk=1 Ovil """ vk w]l]Z---Jk'
Forw=7>37" i & Wi jdut Adu? A ..du’*,
Ow; .
dw = E g ]”2 STk Y A dut A du?? A L dut
jly]27~-~]k 1 j=1
— awjuz ]k uj)
Z ZZ i J
R e L 3“
A ( —dv" ) A (Y ——dv?) AL A ( — v )
, ovh : ovtz . vtk
i1=1 i2=1 ip=1
n n
_ § : ( 6wj1j2---jk v’ duj)
i J
Ji,J2,--Jjg=1 =1 ov au
" ) . .
out . ouw? . oulr .
A ( , dv“)/\( —dv?) N A ( —dv'*)
~— Qv £ Oyt £~ Qyik
i1=1 i2=1 =1
Ow; " oulr " oul
- § : §: Pnsaede gy p (5 L quiny & (5 2L dquiz) A .
, ovt ovit £— Qutz
Ji,J2,---Jk=1 =1 i1=1 ia=1

oult  OuIt Ow;
J1]2 ]k d,U

ovit U ovik Ot

n n n
z‘l,iz,...ik 1 i=1j; ja,...jk 1

> o

i1,02,...0p=1 1=1

YA dv A dv A

1112 ik dv A do™t A dv® A A dv*

Exercise 3.43.

0F, 0F, 0F,

dw:(awdx+6 dy +@ dz) Ndy N dz
8F2 8F2 8F2 8F3 aFS
d dy dz) Ndz Nd —dr + ——d
+(ax T+ 9 vt 5 ) Adz A x+(ax T+ s Y +
:@d Ady/\dz+aidyAdzAdx+aF dz N\dx N dy
oz oy 0z
OF OF: OF:
:a—ldx/\dy/\dz—i—a—da:/\dy/\dz+a—dw/\dy/\dz
8F1 8F2 OF: 3
- dr Ndy Nd
(&E a9y 8 Ydxz A dy A dz
Consider F = (Fy, Fy, F3) be a R? vector field. As div(F) =V - F =

F:
%dz

/\(n

ip=1

A do'*

0z

Oy

In this case, d is analog with the divergence operator in Multivariable Calculus
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Exercise 3.44.

wAn=(rxder—ydy) N(zdex Ndy+z dy Ndz)
=zzdr ANde ANdy —yzdy ANde ANdy + 2 de ANdy ANdz — zy dy A dy A dz
=0+yzde ANdyANdy+ x> de ANdy Adz—0
=22 dx Ndy A dz

WANAO = (2* dx Ady Adz) A (2 dy)
=2z de Ndy ANdz N dy
= 2%z dx ANdy ANdy Ndz
=0

dw — (a—xd + a0t 8—dz> Adz — (gid Wyt aydz) Ady =0

Ox 8 0 dy 0z
0z ox 0
dn=(g dz +%d +a—dz>/\da:/\dy+(a dz +8—xd +g—dz)AdyAdz
=dzNdzx Ndy+dz Ndy \dz
=2dxANdyNdz

0z 0z 0z
0 = (axd +a—dy+a—dz> Ady = —dy A dz

Exercise 3.45.
Consider the local coordinates (uy, ..., u,) and let

o = Z Q.. deu“ A oo A dut®

Then
alAf= Z Qiy iy Bivin AU A A du™ A du?t A A dudT

Ul seenlk sy dr=1
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So

dlaNB) = Z Z a(ail'gZ?jl"‘jr>dui Adu™ AN du't A du?t A LA duT

1 yeeritosflsesfr=1 i=1

3 (O,
— Z Z( Qi kﬂﬁ i azl & 58]1 ]r)d /\du“/\

Bl slk,J1 e ndr=1 =1

CANdU A dut A LA dudT

Doy ; ; j ' /
- Z Z L Bjy.jedu’ Adu™ A A du't A du?t A LA du

U1yeeslh, 150 Jr=1 =1

n n
+ Z Z Qi iy Baj;ﬁ (—DFdu™ A ... Adu®™ A du' A du?t A LA du?
1 yesilosd 1y fir=1 i=1 ¢
n

:< 3 Zé)a“ it g A dut A /\du’k) < Z B dudt A /\dqu)

,,,,, =1 1i=1 Jl,m,arzl
( Z Za” A du AL /\du““) ( Z Z 5; I gt A dudt A /\du”)
..... ip=1 i=1 J1mdr=1i=1 ¢

:da/\5+(— Yo A dB

There is (—1)* but no (—1)" involved in the result because we need to switch the du’ to the
right k times in order to get df in the second term, but we don’t need to switch it to get
da in the first term. [ ]

Exercise 3.46.
WLOG, Assume o € AFT*M, 3 € N"T*M,~ € NT*M

daANBAv) =d((anB) A7)
=d(aNB) Ay + (1) (A B) Ady
= (da A B+ (=D)FandB)Ay+ (=D " (aAB)AO
= (0AB+ (=) aA0) Ay +0
=0

(Argument above is used By proposition 3.35) [ |

Exercise 3.47.
dw = dx Ndr — dy A dy = 0 by definition of wedge. Meanwhile, d(z?/2 — y?/2) =
xdxr — ydy = w, so w is closed and exact.

dn = zdx AN dy + xdy N\ dz # 0, so it is not closed. Since exact imply closed, not closed
imply not exact, so 1 is not exact and not closed.

df = dz N dy # 0, so it is not closed. Since exact imply closed, not closed imply not
exact, so 0 is not exact and not closed. |
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Exercise 3.49.

F(6, ) = (cosf cos p, cosf sin p, sin §)
w=zdy ®dz
Ay
o0
9y
% = cosfcosp
9z = cosf

00
0z

dp
s 0w = cos B cos (i dy) ® (1¥dz)
= (cos 6 cos @) (—sin O sin pdf + cos 6 cos pdy) @ (cos 0d0)
= —sin 6 cos? #sin o cos pdf @ df + cos® O cos pdp @ db

= —sinfsinp

=0

[ |
Exercise 3.50.
Suppose dim M = m and dim N = n, then
" of . =0 Of Ov;
d*(df) = o ( —dvﬂ> => L du
ey an o1 =1 an 8uz
meanwhile, following the chain rule,
“O(f af Ov;
d(®*f) = I du
(@) ; Zz_: JZ_: 0v; Ou;
the expressions are identical, this proved ®*(df) = d(®*f). [ |

Exercise 3.51.
Suppose {Us,},{Vs},{W,} are the domain of the parametrization of M™, N* and PP
respectively. Suppose the concerned expressions act of the cotangent vector dw?, we have

Vo d)duw' = du = —du’
(Vo ®) dw Zauj“ Zzavkﬁuju
7j=1 k=1
where the second equality in the above follows from chain rule. Meanwhile,
awl 871)7, 8'Uk
O* o U*(d —du?
v - (St ) 33 Gu

since the both ®* o U* and (¥ o ®)* give the same expression when acting on the cotangent
vector dw'’, we conclude ®* o U* = (U o @)*. |

Exercise 3.53.
We make use of Proposition 3.50.
If w is closed, then dw = 0, so d(®*w) = ®*(dw) = 0 which is closed.
If w is exact, then w = dn, thus ®*w = &*(dn) = d(P*n) which is exact. [ |
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