
PROBLEM ONE

W
, ,Uz ,U3

a) Under The local coordinates ( s
, 9,0 )

, components of X

and Y are both constant functions ( 1 or o )
,

hence by
( 3.11 ) of P -74

,
we have :

Lxx = EXIST.

dad
= t.gl/Cg.sduti

p j

1- form

⇒ Lxcds ) = Xa ) ds + Xcosdqt Xcosdo = 0 .

Lx(s§s=ds) = K¥-2 ) ds + X(s§s=)d9 + X(s¥dd0

= 0 ( note X=Fo )

⇒ L×(s¥zds @ ds ) = L×( seeds ) @ ds

+ a. ds @ Lxds
= O @ Is + fads @ 0 = 0

.

Similarly , Lgg( tdq) =o and Log (8dg ) =0

• r
constant

indep . of O

Lq4d0)=o and L%( slsirigdo) = o

.

⇒ Log ( s2dy@dyj.o
indep . of a

and

LgoCs2sin2pdo@dO1-O.iL.e.g
= o .
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Similar for Lyg =

Lggg .
The only non-zero term is

Lgy (

shsintf

do ) as the others have components indep . of 4 .

"

fy(

ssintf
) do = siasy do

2
⇒ LgqG2sinydO@dO.L.q(

slsiiqdo

) @ do

+

s2sintedo@LoqdT0-2s2sinyasydOxOdO.i.Lgqg-isin24doxodOfixRJCVi.VD

:= RC X. v.
,

VD
,

so  if V
,

or Vz DX
,

we have (i×R ) ( V
,

,VD = 0
.

Now X = Io
,

so we

only need to consider the output

Cigar )( E. Fg ) =r( Fo
,

E. Fg)

= JFHGJ dsed9^dO ( Fo
,

E. Fg)
-

= jag dondsndy (Fo .IS
, Fg )

= JED . L

⇒ igor = Jag ds^d9

similarly , Cioqn )( Es ,fo)=r( ftp.fs.fo )

= Fdeteg] dsndyndo (ftp.fs.ofo) = - Tdetig)
-

.

'

. ifqr =
- Fdegj dsndo = Tdetlg dO^ds

.



R is a differential from
⇒ we can use Cartan 's magic formula to compute L×R

and Lyn .

R is a 3- form in a 3- dim space M
.

⇒ DR is a 4- form which must be 3g in M .

Os
. : L×r= ix #+ dcixr )

= d( Jag dsndg )

=(afotdg do)rds^d9
~ other terms vanish when ndsndy ,

= 0 as detlg ] is iudep . of a .

similarly '

Lyn = dCiyn)=d( tdettgdonds )

= #Fetad9)^do^ds
=(s§÷z)£ cosy dyndonds

( b ) We will show I a smooth function

for
) such That

The change of variable

s=fCr
) will give the desired

change - of - coordinates result
. hsds =fcrsdrg= shots @dsts2(d9@d4 + siiydo @ do )

= #for)2dr
@ dr + f- G)

2 ( dqxoddtsintldoxodo )ftp.fcr) -2

To get the desired result
,

we need :

for )

ftp.t.zftrt-y



We claim that I for ) st .

f. = fF¥2= ft

⇒ long as f > I
.

Impose an initial condition
-

fco ) =2

then the WP : f '= Fte ,
f- cos =2

.

It a C°
on

solution for ,
REFA ,B ) , byPDEexi_e

.

As f
1

> o
,

f is strictly increasing with C° inverse .

( have + ve 7 ( by inverse function
The change - of - coordinates theorem )

Cs
, 4. o ) - ( r

,
e. o ) by the rule s=f(r )

gives the desired result .



PROBLEM 2

(a) Suppose E is covered by a regular local parameterization

FCU ,v ) : U → Z

one can then define an induced localparameterization
=p : UXR → NZ by :

←
one-to-one

Flu
,

,u¥
) := (

Fntuezud
,

t8ET×8÷
) since 0¥ x8÷±o .

* by regular condition
.

These ¥ 's can certainly cover NZ .

Now suppose Flu , ,ud
,

GCV , ,✓2) one two overlapping
parameterizations of I

, them we compute the transition

map of 'oF :

Ei'oE(u, .at) = 5
 " ( Fca

, .ad ,

tF÷x8E÷
)

= of
'

(

Fu
,

,ad
,

tdetfyd.gl
, # off

.
)

= ( Ciotta , .ua )
,

Alethea's )

-
^

u

co tdet DCG
' 'oF )

for regular cos as plan 'oF ) has C°
surface entries .

!
.

¥ and CT have C. transition maps .

⇒ NZ is a Co 3- manifold .
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(b) Given a local parameterization FCU
, .ua ) : U→ 2 of Z

,

define an  induced parameterization of LE by
one-to-one

Ecu
, .az it ) :

UXR
→ LE K since

( u
, ,uz ,t ) Is ( FCU , ,uz )

,
TFCU , > uz > ) Flu

,÷
in [ in R3

.

# ( 0,90 )
~

Given another local parameterization Gcv
, ,vz ) : V → E

,

n * int
'

and consider a similarly - defined G- : U×R → LZ
,

the transition map Is given by :

G-
 "

° Ecu
, .uz ,t ) = E-

' ( Fca , ,uz )
,

IFCA , ,uz ) ) = (GIFCU , ,uz )
,

t )

G- ( v
, ,✓z ,S ) =(Fca , ,uz )

,
TFCU , .us ) )

⇒ { Gwinn ) - Fcu
,,uuo⇒(v,

vain ottu
,,aµ€h

s = t

ai
'

of is Co ⇒ G-
 . '

OF is Co
.

i. LZ is a 3- manifold ( clearly that  these F 's cover

The whole LZ .
)

To show LE is a submanifoid of Z×R3
, we show

L : LZ → Zx1R3 is an immersion .

¥2
Is 2×1123

express Flu
, .az ) = ( Rca

, .az ) , ycu , ,uz ) ,zCu , .ua)
Tfxid

U×lR UxR3

then tfxid)" oloEcu , .az ,t)= ( Fxid ) "( Fcu , .az )
, tfcu.ua ) =(u , .az ,

tea
,
.uuD

= ( U , ,uz ,
txae

, ,uz )
, tycu , ,uz )

,
EZCU , ,uz ) )

.

'

. [ L*]=
0( uisuz ,

txae
, ,uz )

, tycu , .ua
,

tzcu , ,uz , )
OCU

, ,uz ,t )

= (b*#§g|
As 4.007 # Z

, Q.yihtlo.o.co )

z ⇒ La injective
T linearly independent columns he



(c) Define the map § : NZ → LE by :

§(
p.tn#):=Cp.tp

)
A A

E NPZ £ fbp

It is one - to - one as ptcooo )

,and onto  Is clear .

Need : Show E and E
"

are @
.

Eto E.Ecu
, .u . ,

-4 = E to E ( Feu
, .ua

,
t8÷×F÷z ) f

=  F '°E(Fae
, .ua

.ee#xeua.nD
scalar

¥±ni )
÷ as

Ffnx8EEHii-FfHu.uafttoEu.x8Ed.rDFca.uzD-Cui.uz.t@ExoEuD.n

' )
÷Co as F and in are CA

.

i. E is 0
.

Flo §
. 'oE(u , .az ,t ) = ¥+0 E

 ' ( Flu
,

.ua
,

TFCU , ,uz ))
= F-

 '

( Flu , .ua
,

tritium ) )
←

scalar

;⇐
'

team.

.ae#EIEaEtlExoEn
)

( u
, ,u. ,

tribes ,

l¥ux¥÷co as 8÷xF÷z±o .

:
. E

"

is C.
.

§ is a diffeomophism
.

ng



PROBLEM 3

(a) I # Mxn Ims M

*

leaner # am*r '¥r

7
a differential form  on Z

.

C b ? First show I such E
,

then cheek it is CA
.

By

bijectivity
of Timo Le : E → M

, given  any pen

II. (nlp)

.gl#IcMxNs.t.TmoLEGecp.ycp
) =P

.

depending on P
⇒ xcp ) =p .

Define Icp ) := ycp ) ttpom .
N

-

This shows { Cp ,EipD : pen }c E
.

- a ? -2

E is well-defined as for every pem 029. ) #ofThere is one and only one
mm point ( p ) ez¥jthagyP

,

as the mooorainate .

' " " ) ;
m

tcp ,q)eZ ,
one can show q=§lp ) by :

p
= tmolzlpiq ) = Tlm°lz( p . ECPD ( by definition of The )

⇒ ( p ,q ) = ( p , §cp ) ) C infectivity of Tino Lz )

=) { =  §(p7 .

! . Any point ( p ,q)E5 is of  the form ( p ,§cpD
⇒ 2 C { ( p , @ ( ph : pen } → a)

the # ⇒ -2 = { cp , OICP ) : PEM } .

Next we need to show E is C• .

Pavametrize M by local coordinates

FCU
, , ... ,un ) :U→M

N by . -  - -GCV , , ... , Va ) - -
-

MXN by - - -€xG)(a
, ,

... , Un ,
v

, ,
... , vn )

Z by - - -
.

HCW
, , . . . ,wn )
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R is a non . vanishing n - form on M

⇒ locally R= f- du 'n .  - - ndu " where fcp > to tp  in the

local coordinate

⇒ Tm*R=(form)(tm*du
'

)^ . . .^(Efndun)
chart '

= #an ) du 'n
. . ndu

" locally
- TM maps( Tnformmxw Cu

, , ... , an ,✓i . . . in

⇒ Lz*tµ*R
C see below ) tscu , , ... ,un )

=↳*( foamduhudu " ) ⇒ tntduifeou;)=duifam*fy. )

=Lfotmot ) ( Ledin .
. .^↳adun) =dui( Ey)

=8ij

dfoamotIlEs8fh.dwitn.nlEFuindwiY@mHuikoegtTsytt3below.du

:( taffy . )

= ( fortune )
,?e

,

.in#.iidEdwihndwin=dui(o
) - o

.

distinct

=(t°tm°t ) ofgnsgnco)

ftp.j.dauga.dwh.ndwn

i. Fm→dui= jseijduj
= dui

=( fotmole ) detdoywju.IN

,dw'
n . .

.

rdw
"

e-
*

(Fxatdlzotlfw , , ... ,wn ) I ¥ MXN

= ( u
, ,  . . ,uu,Vi ,

. . ,✓n) up TFXG

⇒ (4) *
(few

;)
( w

, , .→ww) ( U
io - . .mn ,Vs , .in )

=3.to#wsiFgt8fiFg)
⇒ (ieduk )(f⇒=duk((↳)*Fw;

)=°a÷w÷
⇒

isdn
"= § oftvidwirdud

of Fwi



Given that Rcp ) to
,

Lz*Tm* r Cp ) to it pear ,

we have

locally

detach
' '  - -

-  ' Un )
to an Fta ) CM .

O C We ,  - i. Wu )
N

Inverse function theoremHow , , . . ,wu7

⇒ c w
, , . . . ,wn ) is locally a C

's

function IT-2

of cu
, , .  - sun ? as

←
a

( g) M
Say ( w

, , . . . ,Wn ) = 4th ,  -  .  . Mu )
.

Thu
, . . . .nu )

Every point Ww , , . . inn ) E -2 is in the form of

Hcw
, , .

. .

,
Wn ) = ( Fcu

, , . . . sun )
,

OIL Fcu
, ,  . , uns ) )

- -

in M in N

⇒ If Fca , , . . . .us ) = Theo HCW , ,  - . . inn )

⇒ G- to § of Cu
, ,  . →

un ) = G-
'

o Tipo Hoy ( u
, , . .  . sun )

- -

C
's

as co
.

Tw is C
's

Hence I is C 's

locally .

Discussion :

cis R needs to be an n - form
as the fundamental result :

Hetland = ( foamy ) detdh dw 's . .  . rdw "

- g
DCW , ,  - . ,Wu )

would not hold if 52 were not an n - form
L more terms would appear if D is k - form

, Ken )

ici ) If I is somewhere 0
,

then iz -um*r is somewhere 0

too
. We need

↳
* afar is nowhere zero to show

that det n '

=L O so  that inverse function theorem

OLW
, ,  - - - own )

applies .

Ciii ) Well-defined nees of I follows from infectivity of ↳ other .



(c) cis Mxn M Mxn > N

Tihmwm £ Wm Tinian We ,

Both Taiwan and Timon are forms on

N⇒ so does M -

Cii ) From Cbs
,

I = { Cp . Ecp ? )
.

-

pen } where E : M - N

is .

Parametrize M by Flu
, ,  - .  . sun )

,
N by Gcv

, ,  - . . .vn )

then I can now be parametrized by

FLU
, , . . .mu ) = (

Flu
, , . . .mn )

,

OICFCU

, , . .mn ) )
- -

M N

TI -

-

spauffuilii.GG/oLzo-Fcui.-.,un)--CFxG7-'

(

FCU
, ,  - ,

un )
,

OICFCU
, , . .mn )

= ( U
, , . . ,

um ,
G- to IoFlu, ,  

- . sun 3)

⇒ * * ( ⇒= Fu
,.to#i--fuitE*CIui)

- -

in TM in TN

special ⇒ Chin) (Fu;
) -

- y *of. )=y(fait
ExIn;)case

for = (Tinicum - Tinian ) (Fait

&*Fu
;
)

a
:c:} = ont 'm tan

.

!÷÷¥÷÷
?

care for4-forms = wino ;) - WN ( 8*87 ; )
is the

= ( Wm - I*wn)CFui )
same .

.

.

. ↳*y=o ⇐ wm=E*wN
DONE


