MATH 4033 e Spring 2019 e Calculus on Manifolds
Problem Set #2 o Abstract Manifolds ¢ Due Date: 10/03/2019, 11:59PM

1. (30 points) Let X be a regular surface in R? such that (0,0,0) ¢ X. For each p € ¥, define
N,X to be the 1-dimensional vector space spanned by a non-zero normal vector to ¥ at p.

Consider the set:
NZ = {(p7np) € {p} X NPZ :p S E}v

and the following subset of ¥ x R3:
LY := {(p,tp) € & x R® : t € R}.

(a) Show that NY is a C'°° 3-manifold.
(b) Show that LY. is a C* 3-manifold, and is a submanifold of & x R3.

(c) Suppose further that there exists a well-defined C* map o : ¥ — R3, where 7(p) is a
unit normal vector to ¥ at p. Show that N¥ and LY are diffeomorphic.
(v,w)

[Hint: If any non-zero vectors v, w in R? are parallel to each other, then v = IEEIE w.]

2. (25 points) Consider ® : RP? — R* be given by

(22 — y?, zy, 22, y2)
x2 + Y2 + 22

O([z:y:z]) =

(a) Show that ® is well-defined, and is injective.

(b) Cover RP? by the standard coordinate charts. Compute the local coordinate expres-
sions of ® respect each coordinate charts.

(c) Compute the matrix representation [®,] with respect to each local coordinates chart
of RP2.

(d) Show that ® is an immersion.

3. (20 points) The famous quintic Calabi-Yau 3-fold in string theory is the following subset in
CP*:
M = {[z0:21:22:23:24] ECP4IZS+Z§+23+Z§+ZEZO}.
Show that M is a 6-dimensional submanifold of CP* (which is 8 dimensional).
[Hint: First be careful that ®([z9 : 21 : 22 : 23 : 24]) = 28 + 20 + 25 + zg + 23 : CP* — Cis
NOT well-defined! Try to show M N F;(U) is a submanifold of CP* for each i where F)’s are
the standard local coordinate charts of CP*.]

4. (25 points) Let p(x1,--- ,xy) be a m-homogeneous polynomial of k variables where &k, m >
2,1i.e.
p(Axl) et 7)\1"](3) - Anlp(qjlu e ,I‘k)
forany A > 0, (x1,--- ,7x) € R,
(a) Prove that for any (x1,--- ,x;) € R, the following identity holds:
k
Zl'iaa—j;(mla o ,l'k) = mp(xlv e 71'/6)'

=1

(b) Show that for any a # 0, the level-set p~!(a), whenever non-empty, is a (k — 1)-
submanifold of R”.

(c) Show that for any a # 0, we have p~1(a) is diffeomorphic to p~*(a/ |a|) (or both are
empty).
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