MATH 62501 e Fall 2018 ¢ Riemannian Geometry
Problem Set #3 ¢ Due Date: 09/12/2018

. Exercises 11.1 and 11.2

. Consider a Riemannian manifold (M, g) with VRm = 0. Let ~(¢) : [a,b] — M be a unit-
speed geodesic. Consider the operator at each point (t):
P : Ty M = Ty M
m’y(t) (X) :=Rm(X,5)7
[For LaTeX-typer: R is \mathfrak{R}]
(a) Show that fR is self-adjoint with respect to ¢ (and hence its diagonalizable with real
eigenvalues).
(b) Show that the set of eigenvalues of fR is independent of ¢, and there exists an orthonor-
mal eigen-basis {e;(t)}7_, of % so that each e;(t) is parallel along .
(c) Denote {);}" , the set of eigenvalues of RR. Show that if V(t) = Y., Vi(t)e;i(t) is a
Jacobi field along ~, then each V() satisfies the following “hand-solvable” ODE:
dz . .
—V* t )\Z ' t) =0.
dt2V )+ AVi(t)=0
. Let v, 5(t), with u,s € (—¢,¢) and t € [a,b], be a smooth 2-parameter family of smooth

curves with g o(¢) being a unit-speed geodesic on a Riemannian manifold (), g). Suppose
Yu,s(a) = p and v, +(b) = ¢ for any u, s. Denote:

87u,8(t) S - 87u,8(t) T - 3’)@75(25)

U= Tou % T as T o
Prove the second variation formula of the length functional L(~, s):
O L(Yu,s b
O L0us) = / g(VoUN VSN —Rm(U, T, T, S) dt =: 1(U, S).
duds (u,s)=(0,0) a
. Consider a smooth family of Riemannian metrics ¢(¢) to the Ricci flow agf = —2R;;, where

t € [0,7"), on a closed manifold M. We have shown that the Ricci tensor (in any dimension
of M) satisfies a heat-type equation below (in fact we have calculated the variation of Ric
under any variation % = v;;):

OR;;
atj = ARij + 20" 9% RyijiRpg — 29" Rix Rj1.
(a) Show that when dim M = 3, we have:
OR;; .
8tj = ARU + 3RR¢j — 6gklRikle + (2 |R1C|2 — RQ)gij.

(b) Hence, using Hamilton’s tensor maximum principle, show that each of the following
conditions is preserved under the Ricci flow:
1. %Rgij — Rij 2 0
ii. R;; > eRg;; > 0 where e € (0,1/3) is a constant.
. In the finishing part of Hamilton’s 3-manifold paper, the Bonnet-Myers’ Theorem was used.
The author applied the theorem by observing that Ric(g(t)) > (1 — 1) Rmax(t)g(t) on the
geodesic ball By (pr, 1 Rinax(t) /%), and showed that for 5 > 0 small, the geodesic ball

is the entire M. However, the statement of Bonnet-Myers’ Theorem requires a uniform Ricci
lower bound on the whole M, not just on a ball.

Explain why Hamilton’s argument is still valid.
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