
 

Ch 4 Optimality Convexity

we have seen that many data analysis tasks are formulated as an

optimization problem

min
篍fcxjxnfM Or s.t.gilxkoilii.philxloiis.iq

This chapter studies the optimality condon for these optimization
Problems We consider optimization in R fr simplicity Most of the results
in this chapter can be extended to Hilbert spaces V

4.1 Smooth Unconstrained Optimization

Consider unconstrained optimization

㗊 批 GPT
We assume f x is differentiable

Solubility of COPD
We say 如 is a solution of COPD if

f 如 Ef x V X EV
In this case we write 旭 g 器器 fix
We also call X a global minimize off in V
依 existenceof a solution of COPD is NOT guaranteed
Example

fhf

fixxanf化 D a XEV
urges X

I



When there exists a solution of COPD
Them If f is continuous lie 我 fix as x_x

and oec.ve lie f 如 to as 化州 to

Then there exists at least a solution 她 of GPT
Proof Consider the sets xlfcx Ex for a given

XER.S.isclosed i Let ⽔水 X and 伈 C Sa Then f 們 Ex

Bythecontinuity flxkx
XESx.S.isbounded Suppose 反 is unbounded i.e ⺕彐必⽕火反

still如从⼼心 Then cecily implies f 如 to

This contradictswith f x EX
Therefore Sa is boundedand closed for any x ER
We choose xst.S.is non empty By Weierstrass's theorem

any continuousfunction on a boundedandclosed set must have

a minimimizen So 器器 fm has a solution which

is also a solution of 㗊⽔水 ⽹网

Necessary condition for optimality
Theoremi Assume f is differentiable at 妙 Then

如 argniii.fm 对她 0

proof By expansion

fix f𡛁 ⽔水炒 x_x以 to 11x_x㖄
Suppose Of 妙 丰0
Then choose 不不 如 ⼀一 t Tfl㥃 with tx gives

我 f 如 t 117批吲12 o 幽对𠴕川

sina.tl 7flX lloll7flx㖄 by choosing a sufficiently small t



y ng l g
t 117f 炒112 o化1117我甽

This implies fgcf 化制 which contradicts with
如 arg器器nfcx ⽹网

Thecondition 对必归 is only a necessary condition

The reverse ⽔水炒 0 如⼆二arg惢北北 is generallyNOTtrue

Example local
globalmax

馟 if only x is a global
global localmin i

ftp.thfi i minimizer thoughthe
t I

1
r ii.nu gradient at 划如⽔水呢

xcn x X X X are also O

From this example we see that 她with A化州⼆二0 Can be
Global minimize r.ie 如 ⼆二argniii.fm see X

Local minimize r.ie
I E st.flxkflplfxillxXMKE.lseexy.globdmax.ieltXER.fi 2flx lSeex 5

locdmax ie IC.st.fcx 2fcx VX llX Xll EE
see 如

Saddlepoints only for R with n 22 i.e

⺕彐UoU ER s.t.fi 2 f 她4 tu for all HEE
and fix E fit to for all NEE

lie f 妙 is a local min along 0 and alocal max along a
也
t.si

iii



f
see ⽨癶Noneof the above

Sufficient condition for optimality
Convexity i A function f R 112 is convex if

fcxxtctxjyjsxfcxjtctxjflDVX.yER.XEGD.XHDtltxHD.tn

fi iii's

Exampleii fix ⽔水 XER

flxxt 1 ND
xxtcmyp
NXtzxa Nxy.ly gz

gftff

fix IXX4 1 刈442_从 2 1sit inN_n 5 2处⼈人 xy X ⼈人化啊 y
N 4 1 Ny2 M x x 45 2刈

x x 4 1 Ny2 xltx x y
2

E x x 4 1 N y 2 对⽐比 1 N fly
Example2 f x 化112

flxxtu nykllxxtu xlypidllxitcinitzxu xkx.in
XMFtl NMFtzxll xkxyl KMxitd NMN
xllxlitll NMN xu.MN11411丱 2⽐比 y

xfMtu NM xa NHX ylisxfcxitllxHD.Example.sifix 侧 where MI is a norm on R leg PF器器 1



1
flxxtltmy 11 xxtu XMHEllxxlltlk

XMHEXIMltctNM.HU兆瓦⻔门 X y ER
Therefore any norm function is convex

Example 4 Any affine function f is convex since

flax 1 Ny xfcxltctxjflysxfcxitaNfcy.lt北北区⻔门 x yER
Example5 i Let fiifn are convex then f⼆二点Cif Go is convex

fault州⼆二点Cifilxxt 州 Èdxgt 对㖄
XĚGfix t tx ÈGfly xflx ⼈人少加

Example6 i Let f be convex and 9 be afine
Then fog is convex

lfogxxxtu.mg flgcxxtctxjyjkflxglxltuNgysxflgcxyta
Nflgy.toremi If f is convex and differentiable then

妌 arg惢如 对化制 0

To prove the theorem we need a lemma which is also useful later

LemmaiIffisdiiiiiiofnnyDVX.ficonvex ⼆二

proof We prove the one variable case ie.fi R R
By convexity fcxxtlrxjykflxtkdly xDExfmta.gg

ftp.fflxta xlyxD fcxThis implies fly 2 xjlyx
Let x 1 then fly 2 fix t f x My
Choose xty and MOM consider Z X X 1 1

Then fix If 21 t f 2 X 2 c



fly Zf Z t f z ⽕火 2

11 xxt 2 从⼈人 fGExfMtll Nf.ly
Next we provethe multivariable case ie.fi RLsR

Consider a function 9 H fltxtcl DD.HR
so 9化 fltxtu.tn 则 by chain rule
Since f is convex
gcxstu tkfldstu NDxta xsti NHD

flxlsxtu syta NltxtuHDExflsxta.siy taxi fltxtcitjy 对 ⺮义仙

which implies 9⼼心 is convex

The result from one variable case leads to

go 2 9 1 1 9 1 1

i.e fly If Mt Of 化 ⽐比

Choose 叫 X E区⻔门 consider Z N t 1 Ny
Then f X Z fait ㄑ7扣 X Z 11

fly Zfcz t Gfㄖ y Z 2

1 从⼗十 2 ㄨ 刚 f 2 EX fM t tx fly 図

Withthe lemma now we can prove the theorem

proofof the theorem We proveonly A 妙 0 炒⼆二argmgfcxi

Since f is convexanddeferential for any XEN

fix 2 f 如 ⽔水⽔水炒 X_x 以
Ry assumption Of化凶 0

fMZflxy.ie ⽔水共argmnfcn囡



When the global minimize r is unique
Strictly convexfunction Afunction f R 112 is strictly convex if

flxxtll NDC.xfcntll Nflyj VXty.AE o

D.Examp6lifx x2 XER

VX.yERnfcxxtaNDExfcxitll Nflyl xll Nlx yixc.co ⻔门

Therefore f xx 4刈 xfcx 1 x fly if HY No y
Thus f is strictly convex

Example 2 i fix 1ME XEN is strictly convex

Example3 f X 1⽐比11 xER is NOT strictly convex

Becausei Let Ke ⽕火 G
fcxxt 1 ND 凶 11 N x 1 N 211姒⼗十 1 N 11㸪

Xf Mt tx fly V x Eo 17

Example4 If f 后 ⼀一 f are strictly convex then
f Ècifi where Cizoforall i and not all Ci's are 0

is strictly convex

Theoremi Assumef is strictly convex Then the solution of 㵘 fix
is unique if it exists

proof Suppose there are at least two solutions T y Then f㥃 fi
Consider z X X ⼗十 1 X 如 with X E o 1

Then Ztx Zty Moreover

fㄖ f 义妙 1 刈吵
对⽐比刚⼗十 1 x f 4 x f 如 1 N f 如1
f 如



i.e f ZK f 妙 which contradictswith 如 EagmnfcyTERM

⽹网
Gradient Descent

The simplestalgorithm for finding a solution of 惢拟 is gradient
descent in case that f is differentiable

Let X be the currentestimation

We want to find x such that f 妣 f 如
Sina f is differentiable we can expand it at 如 as

fief 吣 批们 廵必以

if 1怈如11 is small This implies
我㖄 f 如 对必以 Xi

We want to decrease the value off the most So we
minimize fcx㖄 f 吣 ie ㄑ7f 如 如 ⼀一如7
Suppose 化⼼心⼀一如11 is fixed By CauchySchwartz

Gf 必以 如以⽔水以 2 11对化吻化 ⽐比如 11
and the lower bound is achieved when X 㕽妙⼆二 ⼀一 名 7批吵with

some positive constant Xp 0

in fi达 I 不不化⼼心

We obtain
⽔水⼼心 ⽔水⼼心 ⼀一 ⽔水对化 1 0，1，2 ⼀一1 50

4

This is called gradient descentalgorithm

Choiceof step size Xk



To find a proper stepsize Xk we need 2ndorder expansion
f 廵 f 炒⼗十亿批们 ⽔水性如 ⼠士⻔门和炒化但妙 如上炒

If 們 ⼀一 ⽔水117f 妙112⼗十之处 对妙对啊 孙妙

To bound the 3rd term we need the assumption that

BoundedHessianillifMHEM.VERl ftTt
Then

⻔门和炒⽔水炒 7妼 ⼆二117我们对化㖄117批㖄
E 117我唙 117批唙仔啊11 E M 117批们112

so

fix㖄 If 的 ⼀一 名117我以114 Ě 炌 和唙2

f化以 ⼀一 加 1 竺州 117我们112

which implies

f 妣川 f 如 E 加 1 竺刈 117妼㖄
Therefore if 灿 ⼀一竖刈 0 i.e 加 忌

then fix 㖄 f 如 CO

In other words ⽔水顺 is a decreasing sequence

If we further assumenhasasoui.nl 袋您
Therefore 台台 f 𠴕 C for Some CER

Furthermore summing equation over all

kngieldsfcxy.fiE ⼀一点 Xi ⼈人是对 117孔妙112

If we assume i for some fixed a 名 for all k
加 1 叙以 Zp for some Pso

It gives
贰117⼈人如川之 意⼈人 1竺对117妣俳



Bo
E flxg f.ci

Sending k o we obtain

Ě 11对⽐比们112 f化⼼心 C的 to

Thus 台品 117fix唙 0

To sum up
Theorem Assume Of is differentiableand ⺕彐 a solution of惢利利

117平化 11 EM for all

XERniun.tn䨊蕊
皉 和

satisfies i is f x㖄 f 如 thefunctionvaluedecreases

ii 笟11折炒11 0 the limit货箱fishing
Since a vanishinggradient is not a sufficient condition for a global
minimizer the gradientdescent is NOT guaranteed to find a

solution of Nifty It finds only a vanishing gradient with a

decreasing function value off
In the special case f is convex the gradient descent will

finds a solution of 㗊批 as theglobal minimizer is equivalent

to a vanishing gradient

Case Studies
Least Squares

Iii INAX Hi where AERM bERM
Let f 化 刘 AX

blE.fmis convex becausei



I
Let flxFAX b.fz.ly ME Then f 在听
Since f.is affine and f is convex f is convex

Obviously f is differentiable and
A 化 ATAX b

Therefore

x凶 g 器器到 At HE ⼀一 ÁAXHM
called the Normalequation of

Least Squares

Geometric explanationi b
TiAx is always in therangeofA Ran们

b is NOTnecessarily in RanCA fiTherefore A她

喌能怭 唯⼀一 哭晶主们摊 ⾯面
ie A如 is the projectionof b onto RanCA So

hi AM I RanCA
which is the same as

A她_b Ay 0 HEIR
ATA妙 b y 0 Vy ER

ATA妼 b 0

It can be shown that if ÁA is invertible then fix is strictly

convex and therefore the solution of least squares is unique
To find 她 we may use a gradient descent

⽔水炒 riXKATAXM.DEchoose a good Xk we may use line search i.e we

set xk aigmflx XATAX.by



R
In otherwords Xk is the optimal step size

Let 姒 f 如 ⼀一⼩小ATA奾 州
It can be checked 9的 is convex and therefore

91刘 ⼆二0

NATA如⼀一咖2which gives XE
HAATAXM.byE

This leads to the steepest descent algorithm for least squares
In the xo
for KO 1，2

篜⾔言䲜器器
0

end

Neural Network training
Given 必川⻔门 ii where X ER yi ER
we want to find a function f such that

f 划 ⼆二 yi 让1，2 ⼀一 M

In linear regression we choose f be an affinefunction

In kernel regression we choose f be a linearfunction on the

feature space
In deep learning we choose f be a function generated from an

deep neural network

For simplicity we consider a fully_connected neural network saith
one hidden layer

川CR



i i___i Input layer Tfl ER
iz

Z.li jzp
Hidden Layer z 傖她

t.li cupsactivation U
icy Output layer y ER

ji
Let W ⼆二㑫 ER UjER.FI 2 ⼀一

P.in
Then the input output of the neural network can be written as

y Èuj 5 ⼼心 x

Where J Rs R is an activation function

not

t

Define fun x ⼆二 点 Uj 5 ⼼心 x

Néurdykfgwustfwuiktiin
For this purpose we minimize

蠿 Ěfwu化州州
2

Let Fil Wit fun化以购
2 都 ujrkw 如 ⼀一则

2

and F W u Ě Fi W以
We need to solve



凸品 Flw 以
Assume T is differentiable Then Fcw以 is differentiable

So we may use gradient descent to solve it

Let's Calculate the gradient 7层 w以
⼆二 FW u2Uk i

录下 W以 ⼆二 点都 Ujrkw 如 ⼀一则
2

2道ujrkw 如 ⼀一则录都Ujrkwx㖄州
2这Ujrkw 如 ⼀一则录 4 吡价如川

⼆二 2PÉ ujrkwxy yj.TKW X吲
⼆二24w.nl妙以 1 ⼼心化⼼心

录 Fi W 以 三A
Let 9 W u.tw 如 t.ujoiixplet9lt t t A 2 9 112 112

D9 lt s 2 HA S

Let 92 Z Uk5 Z 92 112 112

D92 2 0 Uk Jk U

Let 93 w W X以 93仅 R

D93 x u u 如

Note that 9⼼心少 9 92193阔
Thechain rule gives
Dgluij D9GG ii帅92193㟗 1793幽明
2 ukrkw 如 tN.us 仳 如 fu X以
2kǘujōkw 如必则 no ⼼心化⼼心 化 以
2 lfwdxy yij.dk J ⼼心化⼼心 化 以



Therefore

录 Film u 2 lfw.nl州州 Uk o ⼼心化⼼心 ⽔水

So Gradient descent for muralnetworktraining
for fo I 2 __

uili.ae 匲录下⼼心川 ⼼心 2

put⼼心以 从志录 Film川
end

Backpropagation in deep learning stochastic gradient descent

for l 0，1 2 ⼀一

Choose a training example ie from 1，2 m

randomg.uitu.la录 Fit 以 ⼼心
put⼼心以 a 彘⾠辰辰 w以

end



4.2 Unconstrained NonSmooth Convex Optimization

We consider
min
XERn 9们

Where gun is non differentiable but convex

Examples of nondifferentiable convex functions
⼈人norm in LASSOand sparsiyregj.R.LU function in deeplearning

v
lossfunction hit in Soft SVM

ˋ
421 Subdifferential Sub gradient and Optimality

To give an optimality condition we need to extend differentiation to

nondifferentiable convex functions

To this end we first prove
Theorem Assume f.IR吸 is convex and differentiable Then for any

given vector XEN
⽔水奶 uERnlflyzflxlta.y DVyERB.proof Since if f is convexand diferentiable.AM satisfies
fly ZfcptGfcxhy.DK YER

we have

孙𠮨 E uERnlfmzfcxjtay D.ME RB
It remains to prove



⽔水奶 uERYflyz.fm tcu 乆 HERB
T thisend let KEN besatisfying fly ⼆二批 t a 尔 HER
Since f is convex fkxyjzfcxjtdfyx.gs
Therefore flyjtflzx yj 2fMZM 7fyy.PH ER ___ 1

Similarly fczx yjzfcxita.x
ysfgz.fmtoflxyy D

sflyytflzx yj zfcxjz Cu fgy DH.GR l2

Sinef zx y⼗十扣 2批 2 fkx yltflyj fkzx.pt刏 20
combing 1 2 givesXU AM.y XYEfcgtfczxyj zf.nl
Also fly fCXHGflxby.pt 如⼀一吻
f 2州 fcxltcgfyxytogyDJ fMHfax yj zfcy

ohx

yDi.gg听热⼀一⼆二 0

Which implies

OE筱
仙⼀一

君舉 ⼆二点它
么叫仙盥

⼆二 fyKU 7fcxj.y.nl
My

⼼心划⼀一 0

Now if we take y xttku 7fcxyuthtc.IR
then 上品 如前臖 㖌 然不不𦦵 ⼆二 似 孤 11

11
个品 ⼼心 盥

似ㄨ11 0

Therefore U 对化 ⽹网
Therefore we can use the set ulfcnzfcxHC.cn 以⼼心 Vyap.nl to

define gradient of a convex differentiable function f
Notice that there is no limit in this equivalent definition So we

Can extend it to convex nondifferentiable function
Sub diflerenti.nl sab gradient



Given a convex function 9次 R differentiable or nondifferential
its subdifferential at XEN denotedby ogcx is defined by

29 x uERnlgcyjzgcxita.y DV ya.is
Any element in agm is Call a sub_gradient

From previous theorem if 9 is differentiable at X then

294 ⽔水奶
What if g is not differentiable at XEN
Theorem If g is NOTdifferentiable at XEN then 29化 contains

more than one element

Prof We proveonly the I D Case ie 9 112 仅 is convex
Let y 以 X Then ⺕彐⽐比 ⼼心⻔门 ⼼心

L.fhity.tltlX xtt y x

LetS y 4t9M_ i.ly_x igfSince 9 is connex
5以⼈人Sly 9焸__ 9 外9的

y x
9 ty.tuHD gmgcgygcpttxxnr.because y _x

nxotitntiiy_tyYert.ly 0

Therefore Sly is monotonically nonincreasing on a x

Furthermore let Z X Then dueto the convexity

A gyzglxjtslyjlz D.V

yEILI.fibecause otherwise letting t 恶杀⼼心1 gi jnskztt.ly2 tytlttlz

Ziiiyznnǎytqy



iiiiii

Ee CA implies g E 9
⼼心
Z x 5 Z

To sum up san is monotonically nonincreasing on Ig x

and SHE SE kzsx

Therefore fi SH D9 X exists and

Similarly 笧 5刘 ⼆二 只9 x exists

Also Sly ED 9 MED 9 x E SR UK x and ex
Choose UE D9化 D9屷 Then

Case ya i gly 9 x 9管 y x

9 x tscyjly DZCXHUly

xjaseysxigykgcxltlgcy.DEgcxitscy y x ⼆二 化 u y X

Case y X g y 9⽐比 u y x

Thus 29化 129 x D 9屷 which is not empty

when 9 is differentiable D㢫 D 9的 i.e there is only
one element in 29的
When 9 is Not differentiable 129以 叫化 29化 is

an interval and contains infinitely many elements ⽹网
From the proof we see that the onesided derivative of a convex

function 9 RsR always exists Also
29化 D 9⽐比 只9们 ⽐比ER



⼀一 伙 ⼆二 129的Leftslope D 9 X
Example ligcxk.MX ER ⼈人

9 x is NOTdifferentiable ily x

29咖 ⾃自身⻔门 焱嘉
⽶米 29化

Example 2 i 9们
0 if xsonxifxzo.itER

N is NOTdifferentiable at only

xo.agcxr.fiif毖 fin

1 if no

Example3 9化 11㚲

XERn.glx is differentiable at x to and 79化 前2 if Ho
Therefore 29化 前 if xto
Let us find 296 by definition
296 nail 9以 296 a 以 HER

⼮巛侧 咖 ⼆二 仙 ⽐比1127三S
Claim S UuERnlMIKB.proof Forany u E U HulkEl which implies

U 以 E HulkMILE Mlk HEN ⼆二 UES
So UES
For any ucfU.ie Huh 1 we choose KU
Then a D 11峆 HuhMlb 119112

so udS Thus U 5 SEU



Therefore S U ⽹网

Altogether
2𠵎

彘 if ㄨ 0

⽐比侧HulkB if To
Subdifferential calculus rules

2 xg x 29UXER.gg坎 29 it 292
If 9⽐比 f Axtb then 29化 Á对 化州

Example4 If 9 x ⼆二 点9忧 where 9i 次 112 is convex

then
zgcx 衡 luiE29 ly

proof Let gilx 9i 划
Then 对⽐比 ⻢马信不不吵⼆二点 2 gin
Now lets show 残化 aeilac 29icxiB.by directcalculation
孩化 UERlihzginta.lt ⽐比如

UERnlgilyDZ9icxijtuirlyi x.lt 忢纷以州 以4吖
戏的 ⼆二 ⽐比 1则以的9侧 以⼆二0 Ujti aeikc29lk
If utaei where aE29必 and u E孩化 then

a If UFO Vjti then
9恻29i Xi t Ui Mi Xi⼗十点Ujlyjxj 9i Xi t UiMi划 Uyi

Ui E29侧 u aei.GE29ilx.joTherefore I jst yo Choose y 4Mjly with CER
qdzgilx.itUiMiXi⼗十点以你划

gia t CMjp 7 to as C to contradiction

Thus 29in aeilaE29ly
We obtain 29化 Ěaieilai Easily



⼆二 衡luiE29ilx.BEamp65 zy 衡 lui E21州 because Mh⼆二点侧

Example 6
211㖄 5街1UiE 2侧炉 where DER

Optimality

fermatslemmaiAssumeg
RRisconrex.TT

f妼 arg惢 9化 0 E 29 妙
Proof 妼 arguing化 9 x 9 如 V XER

gcx 29 她 化 x_x 以 ⽐比 ER

3 0 E 29化州 ⽹网

Example Ii If g is convex and differentiable then 29化 79⽐比
Therefore 妌 arg惢 9化 79 婀 0

Example 2 9化 11姒

OE211栦 OEHill UiE21㥃 妙 0

Therefore 9凶 11划 is minimized at 0

Example3 如 ⼆二主11AX bllitMXM.uhereAERM.beRn2gcxA Ax b t ⼊入 21⽐比11

Therefore 她⼆二argniigM OEATAX.by⼗十⼋八211婣
六⽉月 b A炒 E 211如11

Therefore 这ATb AXMh.EE1，1
If Mb A她叫 then 逖尔 0



4.22 Sub Gradient Descent
Consider 器器 9⽐比 where 9 is convex but nondifferentiable_

Given 如 ER let U E 29化州 Then by convexity
9化㖄 9 如 talk 如以⽔水以

9 如 9 如 ⼼心 妣 ⼀一如

The righthandside is minimized if
⽔水⼼心 XM_x.li Where Xk so

This is called sub_gradient descent

However the right hand side is only a lowerbound and
there might be a gap as big as 0 必以 如川 which makes

gcxysgcxyfranyx.se
Example gcx M X 0 Choose u 1 E 29如

Then X X ⼀一 加 1 ⼈人

lefthand side 9化们 9化州 Xk

right hand side ⼼心 妣以如 G 加3 Xk
the gap is

9必以9州 ⼀一⼼心 妣必以 ⼆二 2 Xk
which is 211妣⼀一如11 O 11妣⼀一如以
Consequent

gcxckty.gl㖄 ⼼心 X x以 fzxk
X 11⼼心114 2 Xk a 0

In general to make subgradient work We have to choose

a 0 as K to

In summary sit gradient converges very slowly
We may use backward sub_gradient descent



Let x ER be current iteration and X ER be the next iteration
Instead lowerbound of 9化州 9 如 we estimate an upper
bound of 9⽐比㖄 9 妙 ie

9 ⼼心 必 妙 E

So we need 9 如 29 妣川 ____

Theidea is to expand 9 at 妣 Er this we need subgradient
at ri Let 巡 的9⽔水炒 Then the convexity
imphesglxyzglxlktythitxM
XD.ie9 如 9 妙 EM 妣⼀一如 们

The right handside is minimized when X 4
⼀一⽔水 名 ⼼心 ie

x x 以 x U ⼼心 加 20 ___

This is called backward sub_gradient descent
Then CA implies

glxy gcxys X.HU 112 13

Thus
i if ⽔水 0 then 9⽐比㖄 9 吣 i.e the backward

subgradientdescent gives a monotonicd nonincreasing 9 妙应
Moreover if ⺕彐 a solution of 惢9的 lie 习妙 arg器器侧
then 点品9吣 C exists

ii if ⽔水 2 DO then summing B over k gives

9化州 9妙 三 ⼀一 贰加伈州12 E xĚmni
Sending Ks to

C 9 𠴕 E x点11⽐比啡 i.e

贰⼼心112 E 𡦃 to

Therefore 怠甲 11⼼心11 0 where U E 29吣



If 如张 is bounded ie ⺕彐M 0 St 化州2EM Uk

then 9化以 2 9 如 ⼼心 如⼀一 炒 ⼆二 如 以 伈川唙妙

g i M 111如旧 㤈11
Sending ⼼心 to we obtain

惢9化 9 她 2 C which implies E 器器似
Therefore 怠品9 如 器器9的
i.e backward sub_gradient converges to a global minimum

as long as Xk 2 X 0

Theorem consider 惢9们 where 9 112 112 is convex Let 化呢
be generated by

廵刊 X⼼心 ⼀一 ⽔水 ⼼心形 where li E 291妣

赞 籪 int
iDIflXlKMUk then 怠品9 如 器器9的

However given x ER we cannot obtain 妣 directly by the
iteration

廵 ⽔水⼼心 _xkli where u 的9 妣
不不

depends on it
We need to solve the above equation which is equivalentto

x Ex ⼀一 名29⽔水炒
出

0 Ex ⼀一如 t a 29⽔水炒
It Fermat's lemma



妣 ⼆二arg惢 ⾠辰辰 x where Fix 主化⼀一如1124⼈人9化
Fxk is continuous because all convexfunction is continuous

Fxk is coercive if 器器9 x exists a solution
Therefore 是个前尿尿化 exists at least a solution

Furthermore 家 is strictly convex

Therefore 㗊吱 x has a unique solution

Altogether 如以 arg惢 尿尿的 is well defined
Thus backward sub_gradient descent is rewritten as

⽔水⼼心 arg㗊n年年化⼀一⽔水𠳔⼗十名9川 K 0，1，2

Proximity Operator

Definition Let 9汲⼼心 R be convex Let ⼊入 0 be a parameter
Theproximity operator proxy RSN of g is defined by

proxy y arg箱主化州24⼊入9化 HER 四

Then the backward sub_gradientdescent is

x Kt pig X K 0，1，2

Forthis reason the backward subgradient descent is also called
the proximal algorithm

Example 1 9⽐比 ⽐比11

Then Xing ly arg器器主化⼀一贴4 ⼊入化11

I
0 E X y ⼊入21⽐比11

I Recall 211𣏴 衟似的吲
OEXi yitX2lxil.ie 2 n

ˋ



I yiiify.sn
Hi Exit ⼊入21刈 Xi 0 if 1炸⼊入

⼊入 if 以⼀一⼊入

Mi

Xia.it

if yi ⼋八
We define ㄒ侧 if I则从⼊入 以⼗十⼋八 if 以
Then

pox灬 y T
䵼 _called softthresholding

operator
⼊入

The proximal algorithm for 惢 ⽐比11 gives

x 𠯢 T化们 K 0，1，2
Xk

At each iteration components of X are shrinked by a until it
becomes 0 Therefore 如 O 三 agni Mh ⽹网

Example 2 i 9化 ME
Then X 三 ⼼心⾏行行 y arg㗊这11X

yllitMXHDIXytz.lk 0

您

x 尛y
Theproximal algorithm for 㗊n ME is

x 全冰 X
Whichobviously converges to 0 theang min of ME

a Example 3 9化 1𠵎
Then x proxnglyjzargngnEHX ylh.tn 1咖



g in
a

0E X y ⼊入21𠵎

I
y E Xt ⼊入21𠵎 _____

Let us find X
If x to then y 计⼊入楍 x Cy with ⾼高 0

If ㄨ 0 then X Cy with EO

In any cases the solution Icy with o_o

So the original problemㄑ 答 主 ⼼心211性 Nd Mlk
If Mlb 0 obviously Go

If 㕽 0 then 正品 巡⼼心 4 ⼊入14

in 北北州 4 兪14
Since ㄒ兪 1 20is the solution of 怎⽣生台北北 1 4兪14
it is also Ǜ solution 只占全⼼心 2 前 14

Therefore
a 厱 1 合淼 if 1 ⼆二品

11收⼊入
if I 兪

不不2 if 114112⼆二⼊入

0 if 1141⼼心⼊入

Finally
proxy x 箭2 4 if 1141122⼊入

0 if 114112仈

The proximal algorithm for 器器 Mh is
llxMLXK
yy ixifllxyz.dk妣
if 卌俗名

which obvious converges to 0

In general it is difficult to find proxy for a given convex



1 9
function 9 Therefore the proximal algorithm Backward subgradient
descent is NOT practical

4.2.3 Case Study LASSO regression

LASSO regression model

惢 兰11 At bIE t My CLASS
fit thegivendata promote sparsity of thesolution

The objective function is anvex

The objectivefunction is continuous
The objective function is coercive because

when凶12 to 当他⼀一 bit ⼊入化11 ⼆二⼊入化1112⼊入化112 to

Therefore there exists at least one solution

The uniqueness of the solution is NOT guaranteed unless A
satisfies some assumptions leg A is invertible
The solution of LASSO is 豳
To see this let X ER be a solution Then

OGATA X b ⼗十⼋八211州
I

OEXATAX b.lt ⼊入的MM

t.oIOEXlx XATAX.by⼗十⼋八义211姒 Vxo
I

x arg㗊 专化 41124 ⼊入2211X11 等些x_xATAxb
I



X 胍仅 灬 X_XATAX川
世

仁 故 x_x A泌泌州
Recall that Thy set yi to 0 if Mik 议
Therefore X is a sparse if ⼊入 is large enough

Numerical solver for CLASS
The objectivefunction in LASSO is NONSMOOTH

The gradient descent cannot be applied

But if the backward sub_gradient proximal algorithm is applied
then we need the proximity operator which solves

mi IN Ky Hit x 主烑 唯⼗十⼊入化川
This is the same difficulty as LASSO

We will use a mixed forward and backwardbtgradientdgorithm.LetfM 当11 Axti_convex and smooth

gcx 1吤 ⼀一 Convex but nonsmooth
CLASS0 为 器器 fat ⼊入9的

⼩小
forwardgradient 㕾kwadsubgradie.at

We use the algorithm l
x X ⼀一 名 对必以⼗十⼋八 a州 with li E29化吵

It is rewritten as

it Ex ⼀一 加 7 f 如 加⼊入29⽔水炒
Ex 如⼀一加Of㖄 加⼊入29化吵 a A

Recall that
x proxpgly Tang惢 innit 化

0 E x y t B29 x __ B



By comparing CA and 13 we obtain

it proXang x ⼀一 ⽔水7 f 如川
Since ⽻羽化 7 刘化古州 ATAX

bjpn.glㄨ Tn x

the algorithm is

廵 ⼆二 下 如 ⼀一 ⽔水仃伯如州1 91
5

This algorithm is known as iterative of thresholdng algorithm
From the derivation for a generic optimization

minxapif的 ⼗十 ⼋八9的
where fix is convex and smooth

gcx is convex but nonsmooth

We can use the forward_backward splitting FBS algorithm

妣 如 ⼀一 ⽔水 孙化炒⼗十⼋八⽐比㖄 ⼼心的9伈少
Which is the same as

X proxn.gl如⼀一如 7 fix
This is also known as proximal gradient algorithm

Convergence

Since f is convex and smooth

c f ⽔水㖄 f 炒 ⼗十 对⽐比炒 如坎⽔水以⼗十⼠士⾏行行秘吵妣划 如 北北

15 since g is convex

9必以 2 9 如川 talk X以⽔水炒 ⼼心 的9 㭢
which is equivalentto

D 9伈圳 E 9吣 ⼼心 如以⽔水以
C t ND gives

妣少⼗十⼋八9化啊



Ef x ⼊入9⽐比啊 t Gf 吣 ⼊入⼼心 如 必以
⼗十⼠士⾏行行秘吵妣铏 如 ⼀一吵

nggG2fMu.usEM
Hulk UX u ER

⽐比划⼗十⼊入9 如1 加117批炒⼗十⼊入⼼心以4竺国⽔水炒⼗十州州1
我们⼗十⼊入9 如1 名 1 1幽对啊 ⼊入⼼心唯

Assume Of a sash 异 for some de Xu ER
Then ⺕彐 BS.t.dk 䟖 p 0

So 妣川州 姚川 批叫⼊入9妙 E P117批们⼗十⼊入此唯 ⼀一 G
4 州⼗十⼊入9 妙灭⻔门 80 吡⼼心 乡 北北吠叱记的 纰 ⼼心L__Ost

⼀一t⼀一

Oz Assume Nin f MtMM has a solution i.e

⺕彐如 st.fi ⼊入9𠴕 燚 fcxHM.CN
Then 台品 批们⼗十⼋八9㖄 C exists

Furthermore summing CC over K we obtain

妣叫⼊入9 如啊⽢甘化纵⼊入9啊 E B点11⽔水炒⼗十⼊入⼼心唯
so È117我们⼗十⼊入⼼心𠳔 E 化以⼗十⼊入9如44 姚圳⼗十⼋八9伈啊
k to gives Ě117㧙川 ⼊入⼼心⼗十唯 c.to

Consequently 怠品117批们⼗十⼊入⼼心唯 0

Since ⼈人 对⽐比们⼗十⼊入⼼心 x以⽔水⼼心

OE 台器器 化以 妣川 ⼆二 点品11名也必必⼊入⼼心㤧
Exü怂品们孔妙⼗十⼊入⼼心㖃 0

which implies 怠品化以⽔水垢 0

This togetherwith the continuity of AM implies0点到17批吵⼀一对⽐比唯
Therefore

0⼆二点㗊117批刑⼗十⼊入⼼心唯 怠品 ⽔水炒⼗十⼊入⼼心顺⼗十117㧙州州如川⼆二0

i.e 怠品 117孔妙千⼊入⼼心⼉儿 0



Moreover

8化州 州化吲⼆二我吻⼊入⽔水炒了了⼗十 ⽔水炒⼗十⼊入⼼心 如⼀一如

⼆二 我叫⼊入9妙 117㧙以⼗十⼊入⼼心以此唙⼗十化炒
Assume ⺕彐 B 0 s.t.MIL EB V k

Then sending ⼼心 to we obtain

是个时叫⼊入9化 C Obviously C 2 惢拟⼗十⼊入9的
Thus 怠品孔妙⼗十⼊入9 如1mjflxHMLrftt.tt

To sum up
Theorem Consider 惢扒⼋八⼗十⼋八9化 where Do fg are convex

Assume Off Mu u MINE UXUEN.li e f is
Smooth and has a bounded Hessian

ocxeEX.sn 异 for some ⻓长⼈人ER
惢 州⼗十⼋八9们 has a solution

Then the sequence ⽔水呢 generated by

iii 䵼

io

iii If ⺕彐 Bost 化州LEB UK then
出品 f 𠴕⼗十⼊入9 如 器器 扣 ⼊入9 x

Remark The condition 1吣112EB is satisfied if fcx ⼊入9 x is

coercive Why



4.3 Constrained Optimization
min fixXES

43.1 Convex sets

A set SER is convex if
xgES sxxtllxjyESoxsls.iedxtctxyoxg is the line segment T

X 愉
⼀一

阑〇 a set S is convex if

i EX YES the line segment Din S

xxtu.ME

笈
以 ⼼心

th O

Examples of nonconvex set i

Et
More examples of convexand nonconvexsets

Solutions of linear equation form a convex set

S xEP.nl tx b whereAERMMbERngifanvexforamgAand b

Level set of aconvex function is a convex set i.e

S HER If 化 a where f.IR 112 is convexand aER is
convex



f N

convexin
Intersection of convex sets is convex

Union of convex sets is generally not convex

OOÉ 〇〇貅
⼼心 convex

If SEN is a convex set and f R 112 is a convex function
then miflxjst.ES
is a convex optimization

Indicatorfunction of a convex set
Let S CIR be convex We define a function Is R N

Is化
0 if XE S
to if xds

Thisfunction is called the indicator function of S
幽Theorem If S is a convex set then Is is a convex function

proof Let X y ER and t E G 1

Case Ii Both X y ES
Then txt at y ES due to the convexity of S
So Is txt City 0 and Is化 IsCy 0

Therefore Is txt city Et Is化 1 t Is们

Case 2 X 4S and y ES

If t to t Is⽐比 ⼼心 Is y to Z Is txt ⼼心



If to t Ish tat Is们 0 2 0 Is txt City

Case 3 YES and y 5

the same as Ease 2
Case 4ixcts.geS.tIsCxtCtHIsly toZIsltx ci t y
Thus in all cases Is ltxtu yktIslxltu HI.ly ⽹网

Subdifferential of indicator function
let SCR be convex Obviously Is is nondifferentiable

If X is in the interior of S then Is is differentiable and
2 Is x 0了了

If X is on the boundary of S t.hn Is B nondifferentiable
2 Is化 uENII.ly 2 Is Mta y try

Since forany945 Is y to
⼀一

Is D2 Is x tcu y Dfral.lu Epi
Therefore 2万 x uER Is G Z Is的 ⻓长 ⼼心 HES

2Is化 u ER I 0 u y DV yc

sj.ISx is not in S then we define 2Is D theempty set

In summary

2Is化
⼼心阿 ⽐比 ifxctsoif x in the interior ofSheilay HES if x on boundary of 5

zngt.IS



proximity of the indicator function projection

By definition

proxislykargniIHX y.IE⼗十⼋八⼆二化
arg答主化⼀一炸

arg器器 化州12

ie proxy y is the pointon S that is the closest toy called the
projection of y onto 5

pro㤧以

Of pig
From Homework 6 proxy y always exists and is unique
Furthermore let ㄨ 脚⼊入Isly and Fermat's lemma gives

OEX ytDIslXC y XED.IS x

If y4S then y X E ⼊入2 Is化 2Is CD.ie
X Ex 0 VZ ES

If YES then Fy because O E⼊入扛们 EYES

In both cases y X Z

DEOVZES.in i 您
⼀一

Z
了了

⼀一是7g i



Example 1 S x 仙⼼心

S is closed and convex

If 为112到 then yes so that PM y

If MIM then 545 and

UZES 4 点 Z 4剜⼼心 E 1 痂 114112112112

E 4痂 111112 4㓱似晶 你赢 彘
i.e 似品 Z 前 0

Therefore Bly ⼆二点 in
脈牡⼼心 p.cn𠏼 if喌 i

Example 2 S XENIMI.SI
S is convex and closed
Since S 仙则凶El Vil 2 ⼀一 𠮩 let XERKKB

Is x ⼆二 点 In Xi
Therefore P.ly arg㗊 M 䧱 arg惢 119 xHit Is x

arg惢 点 必以4 In州
Therefore B们 i arg㗊 yi x.it In凶

argǐi 以划
2

1
n i 器器 ⼆二 点 侧
1 if

yizliiiis.rs
Thus Bly I Pain
We can check y 1㢫 Z.BG 0 UZES



4.3.2 Projected gradient descent

Consider 哭 f化 where f is smooth convex

and Sc pi is convex

Thisoptimization is equivalent to
min
XEpi f M t Is x

We apply ForwardBackward Splitting FBS to solve it

x
𠯢 poydx ⼀一 如 孙化岉

⼼心

ㄨ
灬 13 如 ⼀一⼩小

This is known as Projected Gradient Descent PGD
From the theorem in the convergence of FBS
If 延⽔水⼆二名 忌 where MEIR satisfies 117个⼼心⼉儿EM
then 10 Since X ES Uk f ⽔水以⼗十 Is 如 f⽐比们 Uk

f 如⻉贝 is monotonically non increasing

If My KB Uk This is true if e.g S is bounded

then 厽 f 㖄 器器拟
Example Ii Nonnegative least squares

杂品HAXbllile.tk纰叫 x 20 Then PGD gives

x
𠯢 B 如⼀一 x.ATA如州

when Ps is the projection onto S givenby

眑 Ümail
Example 2


