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%2.[ Lingay functoons,
Jot _JC; V—>R be a functin on o vector spae V.
fis a linear function  cf
faxt pYU)= A fC+pF) XRER ad KJE Y

E)(amp(y. |1 The maon of vectors /Rn_ i@
fog (Xt Xt~ %) . fr xR
is  lnearr.
Fxemple 22 The maximum element of vectors in R e
Fo0 = maxic - %] @ Xep'
is NOT lineay.
Brample 32 T R'> R with 00 = A = 5 L Frnction
Example ¢ [0 CLab] >R ddefined by
F(f)= &), where xctai] s & Given momber
is  linear.
EXampLe S5 Lz@,b) R o[rz.fmeo{ Iw
CE)= [Foodd for FCL@b) s linear.
Example [ V=R (V is an inmar product ?Pacy olefined by
F0) =<X, 28, whae ZE is a Given vector in I/,
Es(am[)[;a 7 A norm function on o vectr Pack V s NOT binzar.
To Sea 'H'w‘s)
I-x[l = lxl .
which  contmlict with
FEX)= FXrox) = —feo+ofey = - fix)



fwf beirj linaor on I/

Properbc‘es of [ineav fwn chons
. HvMog‘ew{j; Flxx) = tfex) ¥V xER ad A€V
(Pecunse £0000 = £6x40) = ftidt0ftr) = o fr) )
Lt implaes f(0) =0 , beause F(0) = F(0-%) =0 f9) =0 ¥ x& .
* Aldiviey - fotw = Foot f) Voyey
o f@At - Foede) S FO)F o Ao fOR)  boh LR K- Nl
To sea this, we mote that
F6x, 1 -~ + oheXe) = off 06) + F(oXa+ + o)
= ohfx) + odufm) £ f (Xt £ o)

= D(\f(')(\) '{' -~ D(l‘f(x“).

I [H'W!Md’ Yepresentation of a inazr Afunction on Hilheyt Paces
For simplicity, Gt's consder o linar function on  R" eguipped with the
ctondord  inner Pfoo{,uc{- <GYS =AY and the induced nom //’zl’//z:((zx>)z.
* From the dis cussion above,
For ony given 0€R", the function Foo = <a,x> is Lnear.
e The veverse is tue, te.
Anﬂ Linear  functon f: R'> R must he jn the form of
f0O0=<a,x> for some aeR"

O
TO SQQ -(711\*\5/ &,t €|, e;_, St eh/ "'LQYQ e{: ?) LQ [/ Ldﬂ‘.s Of /Rn/

& ith 7
X o o
X2

% that 24 X:(f ER" is written as S X=Xe tXheE - b

x
Tkue_fﬂ’tl i+ F s a lneor jqu\cf\‘on, ‘han

2]
'



0 = (0@ 4%+ -+ + %)
S OFES CTRREE S CRS Wt N
= oo
e 0 (ﬁe%} eR
flen)

* Furtherpwre, the vepesentation of o binear function £ = <o, x> Is tumgue,
which mtns thare 5 only oma vector g R for which fG)= <@, x> hobds fr ol x
Lolw(, suppose fhat o (s Mot unigue, e, we hawe two vectors o
uch ot O =da, x> and o0 = bx> Frall xER?

Thn, bt X=€:  f@&) =<a,e>=q& ad F&)=dbhe:>= b
o, lcbhr iz
Thefore  a=h
' Aligeter, we sen that
@@w‘ forcton 2 R'>R  if and Dn@ if FoF Ca,xd> for Some unge ae@

The ahove l\?u$ tuz j](\VT any Uinganr funcﬁ‘oﬂ on Hi(()erf Spaces |
w{ouj known  &s Rigsz YerSenmtmw 'an.omm_

ﬂlﬂDY‘eM ( Riesa Tepregentztion ‘l‘;‘\ﬂx@m) :

let H be a Hi“)er*(: spaca, anA jC [ge Q ﬁmm'on: /—]——;/R my,
(f 2 Wared il T ol oaly of Fi= 8% for Tome wnipe Gl

Fxample | We lnow meon(x) (s Loiery on IR Sini R s a
Hi(bert SPace, we can fv\o( & wmpe AR St
Moo () = <&, XY
Tibok
maan(x) = wXFGt - 1X) = L+ EXt o £5 X =Laxp




shee  a- (L E - 1)

Exomple 2: Lot [ be a Hilbert space and Il is the norm
[t 15 fowwn That Fhe novm functon (s NOT  linear.
Therefre
thame 0(_};/5'7_\; exist a €H

such that IXl=<a, xS UxeH
Hﬁpewplanﬂé

o Agpin , We Consider R" as a Hilbert Phce, whare omy linean—
fuw/ﬁo') s written as <R, x> Jor some acR?
Consider the ¢et

S.=1 ¥ <&x>=0f
‘ﬁlﬂ!\, V X'ﬂé\sa,o 0—"\0(

2 PER
Lo, XXAPY> = <3, $4<aYp =0 = xtfyeS
Therefore. |, Sois a plane.

beay

Cina the Co- dimansion of So s | (I;eCause it Is o(q‘fm. 1)\7 Mleﬁmf\bn)
SM is called a fujperp(mw_.

Sa.\p: {Xl <&, xp :o}

/VOW [th consilox

S&.L,: {)C ]{a,x> :Igﬂ

Lot %o &Sap, 1., L4,%>=b
Then

for
be f\:ng(,

Sab = Sap TXe  becwse:

@ V XéSA,b

beR

TS j’reﬂ,

<0\ ) X’%> = <-R.,‘)C> “<£/ Xo > :0 5

= X_Xoé.ga,o
_j7> Xég&,o+ ‘Xo'



O VxX€Sao <a,x4%p =loa>+{a%r2b = Xt €%,
Th othar wavds,

Sel s o slwft of & A:)Fe'fflanﬂ, still called Ayperflarw..

(] Tl’us Oon&f't' lon be j\eh.QN‘a,(Az_Qo( {0 Owl.j ey IDYOa(Mcé S‘Facg V
The et {x€V [ <ax>=b) whre acland beR dre given,
ie callef o Hﬂperplane_ in V.

Projection onto  hyperplanes
o Consdor O Hanerf space V' and a llyper[olmz S
S ={xe\l| <o, vo=b]

Let YEV be a gien vector.

The vector onSthat is the closest to Y

is colled the provectm of Yon S, dowted by P Y,
RYy= agmn x-yl

XeS

o [et us Fod on explictt expression of [BY interms of &, b and Y,

Tporem: & 15 0n soluton of 250 (Y]] if cwdl only 3?
ceSo L2 Y 2x> -0 MAcS

Proof DWe ferst prove that: If 2€S is a soluton of 2 IX-YI|
than L28-Y,3-X>=0 ¢ XES,

(e,




Sna 275 & soludn, BES, i€, <a,B>=h.
xeS od tER, it s easy to see that
<&, (Ht) & -tX>= (HY<Q, 2 >-t@ x> =b.

Therefore, (1) 2 — tX ES.
Cipe 2 B chsest 0 Y on S e hawe

W= £ ([(Ht)7 —tx - Y
= [(z-Y) +t(z 20
= 2T+l %[ ¢2t<2 Y, 2 X

e, 3y woc> - =t o

’ Irf we choose ‘ll,‘>D,

2 i ) z-xr
[efting €04 gives

I’f we chmse t=o -

<24 2> =0

<29 9 x> <-50g -l

letiy t>0_ fhes <24 2. xD<0

Aligether, 2 sabfes <2 Y, z-x>=0 Vxes,
D We thon show thot  BES soksfles (24 24520, then 2 3
& st of (XY, by olirect calewluton
Chee 2 Y 3o >0 W ACS
(%= Y1 = 1@9-C-9I°

= (2=l + 12-YP — 248X, 2-Y>
= iz cizelt = I2HE Ures
Thes, toether with 26S  mplies 2 minimdzes | X=Y|)* in XE5,

c2)



Theover :  The  soluion of XCSHX‘HU exists and wwigue, which 1S
Given by Y — S‘bﬁ_b_)a

fa®
et doie 22y (S
D e =iy (o )(aa)

Hal1?

= 200 — K97 ) =b , So 2&S

@ ¥ xes, L
z-Y,2x>= — BE2 <a, 20>
= G (G O] =

(heawse  <n,2> =% = b ) :
'Bj the I)Tex/\‘ous ‘Hl,a.oreml Z S o Solwbon oJC %"Z‘”X“B“

Tt remains to Show the Wwguenass.
Swppse ue have two Solubons &1 and 2. Then,

215 o Solukon, =(2,-Y, - 2> =o
2, 75 o Solutin, = (2,79, Za- 23> =0
Takoq difference Leods o (2=, 2,-2> =0
— (B-zl2-0 —  =2=7 &
o [In summary  the projecton PY of Yel onto the LWW
S= $xev| <a,x>=bj
exists ond 1S Wi, Furthermore,
e g
Ond it Satisfres
S e = =




Y

57

A«ﬁ—{m& ﬁnc’o‘ons
A o ']CW\L’C\'OVI FW a constar s C@[[eo( On oqf‘/‘m fwc-frm_
Thot 1s, a fundin f2U/>R (s offie if
F0od= 9xX)+ b |
Whae j‘- V>R, s [Snaqr and bER 13 a Oonstont
e

o If fiif5R 05 offine, then

Fout bY) = ofea+pf@) T xyeV and sOpeR se otap=(

————

To Sea Hhus, / Lenear “szl
£ Qe pY) = J(Xx48Y)+ b = LG+ pIW) ++p)b
= olgeo+b)+ B (99+b) = o) +BFHY) .
v I FVoR, whe Vs a Hilbert $pace, then
£ must be t the form of

FO) = <, x> th,  shee acl add beR.



S22 (s Stuolios : Rej’ressfon and C[o\ssff\‘caﬁbn.

%2.2.| Reﬁ'mss;‘on:
o Given a set of data
(04, ), = 06 )
whare.
Ni€R" is on it feature vector
Y €R s the c;orVest&‘rg response to A
Given & new input featwre vechr XER', how b0 [orea&‘c{’ the
oowaspono&“rﬁ respmse Y ER 7
For example, % ER' represents n attributes of o house
ard HER s —6"&%6&:7 price.
We want to predict the SE{(ivj price of a house with feate XER" _
- (:MML@ el s LR R mj
£ =0 o N
This s colled vegression T, this context,
N, are ealled regressor/ independavit yveibles
Y. are oled dependent variahlas /oufam i
. Tka class of all ffmoffo’ls R'S>R s 4w lage, ard the given
data. set {(Xi,%ﬂg, is not ew{j}n to dotermine a ﬁmca‘on um‘gmfy,
So, we nead to frd & functin class P whare we search £
Itituely, lomer N, (orger function class & .
o Limor mooal :
We search £ in the class of odl offine functions
e, T = <&, % +b  fir ome a€R", bER.,

] ’l=l/2'/.. }/V.




Thus, we fod GR¢R" and bER | sk
o, x0+b xS d=l,2,-, 4,
by inimizing the emor of tha lLinar eguations
while. there ove oy poSSlea 0[3143"4'('\‘0'15 of enor, it s popular o
(onsidey the Sguare €Y as follows.
e =12, N
ﬂwﬁ[«ﬂ, we fui AR, ber, ))J Solving
2 2 (<a,2>4b ~%)°
Thes pmblam 1S Callod the least Spporres (ZS') PYOMQM
Wyrte Y= [ ;Cz' I] ¢ lR/vx(mﬂ) /3:[ JélRMr
x7 | e b
and Y= (3”) é)RN_
Then LS PYO“”” be comas
b X Y
Ginee we have N linax eguations £ fit ond Nt unfroums
N 2 ntl s Yegured o have o wmigna Solution
. R%?Mimrfza,tfon.
In mamy applcations  we don't haye erwu@/\ doto. (e.9., Nantr),
S0 that the class of offme functdns is tw lage 4o Search f
We search F is o subclass of all affine functions by yegularizing
i
Smee T = <a,x>+b, requlocizing £ is epuivabnt to reguloirizing
=]
— Ridge vegresson:  we solve e Food
Fria T1XB-Y1z + 2161 -




Here MBI is the Yepdorizaton term w
AP0 s & P'e"(ﬂ]{-'r&i Yéﬁihﬁmﬁbn [Dammtar

' seonch
Tn other worls, we ﬁ"A ﬁ such that N’)’;’: ;?\L
the etvor of data fitting and the 2-norm of p e
OYe. Winiviaed §iwm(twwus@,
Therefore,  (idge tegressin gives a B swh that
Xﬁ%j and 1P, s small
gpaes U—\SS? reqression: e  sole

e E0%B~y1+ 21p1, )

Here @ (Pl s regularzection gorm
A>0 7s a predefiad  vegularzaton parameter,
So, we fnd B s that
the exor of o(o.ta.fc(:ﬁr\\j wd e [-norm of 3

are mininized  Simul tanconsly.
Small B, terols o gve a Spase f

(LE many entfies of f ore ze,m5>
Consequently,  JASSO gives a solution ﬁ that

K@r’\\l’qj and ﬁ:[%] is Sparse
Thus, Qiven XER", the prediction s given by

oo th = Zad+h = T A% 4
Let G=§if; 4o}
Since S 1s & swall set, the prediztion apends only o
o Small porton entries of X,
This is preferreo| because the predichn is interpretnbla .
o Kernad rogression




Featwre map @ R'— H

Then do veqresson ta H

Howevey, Since [ is very lame, the set of all  lLinaay jﬂmu%

is also two lome. We nead 12gulari 2ation

We solve

e %(@, ¢0>— %) + A llad

@m‘b@r Theorem:
The solwtion must be in the form of g = ZC1 ¢0C1. For
ome.  C= [ J C[R

P""’f‘ For oy GE H, we cloim ot o can be docomposed 4.s
o= st SC $0x:)
whore [f-;]chN ond s, B0)>=0 for =12,

A
a

S

=6 )

m, Z_e_f C‘T"JGIRN be Sc«écsfgig

L0 = 2600, Bx)) = J2l2 N
(This is N linear egpation with N unkvww}/ ond it can be
checked there exists ot least o so&m‘on)
Derste Qs = R— 2 CiPUL) | Tt can he checked

{bs, 06 = 0, J=1,2,-- , N
Mn& 0 thy (omstucton vf C ad ds
Therefre,

£ % Kaptod=1)"+ A llal;




£ abog10; o> -5+ A | Eadbotal)
=L % (ﬁ Cj@(?(j), ¢0®>—3{)

[

A(<§ci 46s) %cfﬁm) t2 <6, 2GH00) + %a)
1 2 (£ koo - HAZESs ) 1,
[Ke-yfE + AcTe + A

KoG%) KOG - k(%66 o6
KOG KO ) = - KK Xo '

Becawse  NGsilf 20

[
N

Cv

. fhe ol)]“ect—\‘m ﬁmoﬁx‘ow s
minimized  when ”asﬂHl:O/ re. 0s =0
Thus , GEH s a solutin oy f QA= \%Cc o06) R
Fom the achove pwsf, we sea that
win L= (<a, doe> - Y + Adlay
LJRN < | |<cﬁ/yll2 e Kc]
Let thy woluhon bs CERY
Then the predicted owtput Y for input XER" i3
W= <a, bo)y = <Eada), fooy
— e
All the Compustation involves 9n/\17 tho keynal jeuncﬁ‘on Kk ( )
No explicit feature map @(+) is neaded,

“ / /égrﬂ_g,{ VQj’VQS'SI‘OVJ

reswlt-.



S 222  Classificaton
o Classification: Gpying training data
@ % 0y Yer, Yeliw (=)o,
’f‘LI\DL a classifier (a functim) f  swh that
H":{l’ ch jC(X{)Z/ :
2 o e
We wse }'ijer Pl&nu fo fe{)amfe the pOWl‘s

S0 = AL wee AR, Lep
The weights @ ER" ard [@R ot noralized such #hat

<a,x>+ b { = i 0e
_4_’, lff 31::—[
o Suppovt Vactr Mochine (S (//l/l)

Tlmra exist maawy {MC/L linear c(afsf ‘ers.
f: cox>+b =1 A C(ass"f"er.
- . e— <&QX>thb =0
p\’\gkw‘{ ‘&kp_moxﬂt\ <\<ﬁ,x>1—b ==
\}J‘Q'ON. Y .
C\psﬁ\&\ m,x7 -(-b - ma'(ﬂlﬂ
0
Aan(?*b = Shfr)\rfl? verbors

Whech one is the keffer ?
From the 'ﬁj’um, the blue ;s bettar , because it hes  a Qrger margin,

and honee o (m'ger budfer zone Of mi's- c(as’sfﬁ‘caﬁofl.
T;uua e, We wont to maximie -H& mmfﬁc‘n amo:lj @l[ Ca/d.‘o(m‘e S

Lot ns calculate the margin i tems of aod . e =
The. &rgin s the distance between Hhe two }xyper % >
A=
Se=Sxl @5+b =18 ad  S.={x[ax>t b=}



Let X+ €Sy ond X_€S_ such that
12 = - [l,= bt (S4, S).
Since Xy is & prjectim of X onto S =f @, x>=1-b]

= 0, X-> +b -

= ~1—bth-l : -
X — ‘l_[’qu“a (chz X C.g.)
=X + =a

S fidl,
2
Ths,  MG~x-= @Rl &g
e, (fhe mavgin = om0
Support Vector Machna (SUM)

e
AL 1
bER

ot L0,Xy+b =) if Y=l
x> +b <~ i Y=

whech Ts  egrivalent to
pin [ 2
net hep, 2100 (s VM—&

st e e

* The hove SVUM js AT whust o noise.
For @omple shown on the 1ight,

cven we have only Hwo noisy points, there is o

no Solwtorn to (S‘V/Vl—l)

We consider o l;‘ofbn versim of (S UM-1) as follows.
We mimnmize the evor t the separation
= A(( Y. <a,x;+b)—() ,

whave the —funcﬁbn - O ff =0
ht) {ltl K t<o



hit)

Vv

In other wids, o %@, @th 2|, the emr is 0.
if RLA, Dt b <[, bhe emor is the ngd\‘/f,{im
of %G, -1

Also, the Moxqgin —iualﬁ Gn he viewed as & 1egularr2oton .
A({\ﬁéﬁ&r , we  Solve

i % (yi@\,XO-Hx—I) + 2 lali (SV/'H))

beR

We call thes SUM wiath o soft maugin.
— ) Con be appmximted bj some. Smeoth function, Lf h s

Choon #e So-callef  gistic Junction, we aall jt lagistic vegression,
Kerndh SYM
The Grear  SUMs don't work for Curved Aot
The kel mathod can be nsed. ""-";'t'-\‘(-'-\
et ¢ R'—H bea festure map. ‘ ‘
So, we use leay fwnckons w1 H to C(QSSUS'] the points
B W Rresa. representation hoorem Oy [evaoy f“"‘ﬂoﬂ in the (ﬁ” m "f

<G, X> for ome Q el

Tharefire, (SVM-2) becme s

L h(hiatu0s—1) + Liali  (k-su)




A&jw‘n, ona can prve the %Uowfg repre senter $heorem -
Theovem - /f\vg Solutton of (k-5vm) is -in the fom of
0= £ G Po)
proof  Wrive Q= Ec\ G0t)+ Qs for sme i€ H and <4 fir)=0
The rest is the Same as the [near veqessin Case. [

Thus, (K~Sum)  be comes

@N h<ﬂ <Z K(xt,xo)c L Kj

where K = (KOG, X&):]m 0
The prediction of the imput X (s given by
son (£ KOOX)G )
Agpin, omdy K(+,) i$ neaded in the kernel SUM,
G o explicit feature Maps G(.) is required.




§ 23 & rst - ofolﬂ-r &(ah‘\/the_

Recall that for o function £: R—=>R , the doripstive at X /s
s (’)C)— ‘]C(XO)
By = .
which s the S@ame ag
1o / £06) — F06) - F) (%) / i

xX=> Xo =X
Notice that  £x,)+ F/06) (=%) is on offme functn i R thot

passes fhm\?l\ (%, F06))
F)+ £ 06) (X-%)

TIn other mm[;} (n a&ﬁ‘efenﬁa.ﬁon at %,
(1) £ is opproximated by on offie fwction passes thu (%, ftx).
(2) the evroy of the Ggproximation is o ({X —%D,

. [erro
( Ltle 0, re, %:)\ca //x-;(;l/ _>0)

Thes Can he used to dofine differentiation of functions on  Hi(bert Paces
(We use Hilbert space for simplecity. It can be easily ao(apceo( to Bunch spaces )
let £: V>R with V a Hilbet space.

Cosider  the differentinton of f at X% V.

() By Riese representution thoorem, any affine function is in the form



of U, x> +Afr some DEV od g€R. Sna it passes thry
(050D, <V, AP+ = F£OP) Therefore, the odffine functon
1S in the QQNM o‘f‘
VX >t = <V, xS HLAS +a)
= fo+ <, xx>
(2). The cpproXition eVvor g
emr = IUC(X) - 75—?3%[4
The eror showld be in the olr of o (IXAN) e,

QYYOY' o o)
ey 22 %5 X e

Definitton: Let |/ bhe a Hilbert spaae, Let jc: V5 R on f ic

Said Fredut differentioble if there exists o VEV suwh #hat

ln oo £08 v
Xs?((o)

B2

=0
I =2

If £ is differestahle af X D is called the groclient of F
ot X7 doroted by VFO,

Exarple 11 £ = I1X[°, aheve (1] is the norm on
At Gy X@)é \/},

X = 160+ = <ol +27 per®ae)
X2+ 1) 2K -2
i — (T4 20, A% = 1A
N%

-—

Tharefre,

a{-ﬁu approximation
So  fom [P -<2A XY fr el o
X‘?X(y) Hx_x(o)” = X=>% Mr— .




e V- o

Eample 2: £ =<0, %) jQT sme AL |/,
At o eV,
G0 = Gi> o, 2
Thirfe, (s [<AD = & AD =@, 04| fon o
T I X_X@){I XX M( =0

Thass, W) = A

EXM\F({L 5t = X al>  fr sm eV
At ooy xVe\/ .
F(0)= lI-aP= MIg%0) + -
= W+ I+ 24000, x D
= @) + G0%) x> + 1A
‘ 09— o (a), .,
%, X(;;?m [F() fO/CI{ i-x(;zn(%w\),x#b]: ,é;;(.,,ﬂ%-f)((: -

Torefre, V()= 2(*4)

Proverties: |
@ Frechot i‘ﬁemnﬁaﬁow (s L‘mﬂ% -
V(f+89)00 = o P + Yoo
B Chon rule: Lot FV=R ad §:R>R. Then IF VSR auf
v(9°f) ) = 96w Vfe)
i £ ond 9 s differestuhl of x and i) msfecﬁvely_
Exarple & fC0) =Xl Y xeV.




This is o compsiton of  Fi)= I fom V= R
ad ()= T fom R>R.

When [ixll #0, both F and Fo are  oloffern bubl

Alo, Hil)=2X  RW=35 i t#

So, VF& = Y{feHod) = fl(f6) - 7. (x)

When [ixll=0, (ie, X=0), () is MT defferentichle at ,(x)=p
It @nbe Shm that FE=INI is NOT differetiable at x=o,

® For functions o0 R f-ﬂ{n—aﬁ

% ) x
X

V)= 3"2,0() , where %z | ¢
2feg '

Q. Frechot dlﬁemﬁaﬁm 'S the Same as the standard
o(,(—f(—erent\hﬁon in Ml variate ca,(cu(us,

Taﬁ (oys expansion
Fom the  defimtin, we seq Fhat
£~ £68 + {TFA3, x4
T'L\/Cs S & {]‘e,nﬂ,mj/fzw’t\bv/\ of Twulo{'s expansion.
Ln pabosloe, if £:R'= R
fo) 2 $@9) + 2 E0) (%)



S 24 Linor operotors and  Higher -ordey  dativatives
v [inar opetator / Lingor  transformations
Now we  consioer ﬁnctxms betwoen vectr Spaces.
Lot Vi, Vo he two vectr spaces
A map e e operator [ aka (onear fmﬂgﬁrmhm)
e LoXtBY)= oL [0+ BLUY Y <, pER, ¥YeV,

ﬁa” S aln

EYSW\{?&- [ Le-[; /‘\-‘ [‘ ; ]éﬁmxn

R"\I o ahn

Then the twnoformation: RS R" defred by
X —>AX, whre Ax is the matric-vector product,
is & lnear tansformation,  beguuse
APt BY) = Ax+ PAY.
Eeversbj/ oy linear  Eransformation L P me must be in
the fom of [/ () = Ax for sme matnix deps !
Example. 2: Lot £: V>R he a &nmffuncﬁbn on V.
Then £ is o lnear fonsfroaton from |/ to R, as R
R vectr Space.
Example 3+ [ot aeR . Then Ao LRV by
L{)=0%X Then [is o lonsar operator.
Bomple ¢ Lot V= {§ [ £ and ' is cnbnous on Ca,b]}
od V, ={ F { £ is contihuous on [a,é]}_
Then the défferantistion operator D V=V olefousd by
Df = ' is on lmaar operator.



2 0pemﬁw norm
Consider the set of all (onaar operagrs V= Vo vhere V) Vs

hre two normaA SPace .

W A B Lot operctns U5Vy  defre AR by
(A+B)0) = Am+Br) ¥ %V
o[ oleR end A b porabr V>V, dlefee ol A by
(€A)) = of Aw Vxev
Then, the set of all linear operator W 2lo is & vectr pace.
go) we (an olz;f\‘m o norm on it . Por ony [ceargfera@r A: V>l

(1Al = S+ (lAxlly, ( (M, (-, — the norm /
5

%l = on U anl Vo Tespedi
o usib bl 2
@ . % Al

Vs

Thes is indoad & norm |
D (Al =0 s ohious.
Al =0 & 7 A%l =0 & Ax=o V¥ x: =
& Adg=o Wil o
< Ay=0 vacv e A=0.
@ Al =g ;H(XAX”\/— Il ‘()(”A'X”Vz = o [IAll
® A+8] = g, B9l = 58 [Axt By,



< S ((wdl, 181l < ,,j(‘,];f, lAxll,, + i, Bl

~ (Al

= (Al + 18l
In owuxﬁon, it sasfies the jﬁol(ow‘g consitency properties :
® I Axllv. £ 1AL Iy, Y x<l,

Pof. If X=9, then ({Axll- o = o=lAllxl,
i x40, the, I ll, =1 od
A R O
= HA xlly, < 1AL lixl, ®
®  [ABI = 1Al L8] V BedU,V), Aef(vs )
et (108l = \”ABX”w < gy VA%,
= NAl gy 1By, = qAn-g8i ®
Exwv\plo. I: As ve howe sen, /RMM is the <et of afl linear operatirs
fon R0 R" We edw R and R™ with 2o,
Then , for oy AER™" e coll the Conespondl operato norw,
the 2-norm | donsted by (ANl 5o,

Al = e “AX’,_ _("th ”A?Cf(zl)y’

Cfl;ﬂ) X(AAX)}’z (Ma)( 61\‘701\/4&& Of ATA)Z
1xllo=) | Al
el

EYN"\D(L 2: Gonsihr R™ s Liar operatrs Afrom R4 R™
Bt R cnd R™ are odoics Uith | heoe
we ol the msww vperator parm [~ novin, danoted A:] flall,

\f‘




1AL, = mag 1A, = )
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Examle 32 R™™" 65 Linear operabrs fom R"— R™.
Buk fR" wd R™ are  ith DO ~nsrms
Th msultwi? orem'tvr norm is ol( po- norm | o[ane'beo( 4\7 ////w

n

Al = anfy lAXll, = max (= /“59

= () [ga€m Nj=|

/N
1=

Ml

-
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Now , we. congiokr the set
L, e)= A : Ais loaar U>VhT () $A ¢ lll< 4023
T)LW\ .’L(V,,\/z) iS & normed Pace if V/) I, are normed vector

owd e

LW,V is & Bawch gae if Vi, Vs 67 Buudh gpaces,

. /"\olj'\)fn’c operator
Let (U, <.) ad (U, <, D) are two inner product spaces,
Lot Acdl,V) The, its odiot pemtr A*CL(1,0) 75
defned by
LAY YD, =X, AYDy, ¥ xel, ad YEV,



Exonple I Consider A€ R™" = LR, R")
ey A = T e o A ngg;,
mmfbﬂ , the owfjm‘nt sf A is its tanspoe AT,
Exampla 2: Lot V/ e an iner product spac.
Considey £ (/)R), 1¢, bowded Lirear fumctons on V.
Lot F: VoR . The, Fx)=<&x> fr e acl/.
Therefre,  Yx€V, YeR,
G0, 45 = YF9= Y<a, 0,2 YX, a3= %, Yap,

Theefoe,  £X(4) = Y0 | ¥ YR,
OLvimsej - 3':*6 B(,(P/\/)

. Difﬁamnbb»ﬂm of tansformafions hetwean  momad Spaces
Lot Vi, Vo betwo normed Spaces with innaer products (-ff,, ad I,
Let F:Vi=V, be a map ( not m_cagsar/é/ A'ruear)
Than, ot am point }{@ )é\/, then  linaar dpproximétion /Mfsfﬂj Eru
0 B0 s
FOO = FOO) + L(-%%) vhere LELNY, 1)
Tf this approXimation is 0(1(X~7(‘°’//V‘), flan L s called the Aifferenug,
Definition:  F:Vi—>Va os O{t"ff:zrentfa[:lo. at ¥ oc V| If phere exists .
LELV, V) swh that
o [|FO)= FO) ~L -2 _
2> =
X =%,
L is caled o derivaive of F at X9, donsted b Y
DF(x®) = [ .




Examle |: Tf F: V=R with V a Hilhert space, then
DY Gl v del
Example 2t Lot A€ 6(:(\/,, Vo), then, for any X@)CV’,
bm [[AX - AXO— A-2)|l,, _ 4
X=>x® Il %= x| {v, o NX xll,,

Thefre,  DAX) = A

Chon Rule - Let F- V|'$Vz) C‘T:\/z—avg,
Tluln GfOF : V|'9V3

ea [D(GF) @)= DG(Fod) > DF®)

Exapl 3: F0) = i) £i6)  vhere £, £ f: VISR
Define F: VoR* as Flx) = (fwr) Y xev
G: PR a5 GG = % Vot fER.

Thea  £0) = G(Fx)

So Dfoy = DG (Few) o DF()

Let's calculate

O DG4 e= \7&(‘}3)2=<(5),2> v 2eR?

® Fr DF®
F00 = 0 + DEKE (x-%) + © (1x-2"1)
£.09 = £(07) + DAO®) (x%) + o(x-1)

0P = Fo) + DR 6ex®) -+ o (22

Where :D'[:_(X(o)), V=R D{}.,fbMJ @ DF(X(°9(5> o D‘ﬁ(?(“p(y))

L (X9
There fore, e



: £,00 ()0)
'D)C(x)ﬂj) = <( {,cx)} ) %écvc) Q’1)>

m = DAY fm + ﬁ(x)-sz(@gﬁ v Ye .
Li prtinlar, iV is o filbet space,
m‘fm = R®- Hix) + F6)- Vﬁ@ product vuls..

Bromple 4 [ot A€ LV, W), wee |, W tw Hilbert guas
Lt F: V>R e Fry= LIAx=bll; , whe bEW.
Let ws cileuote Df(x”) od  VF (&®)
£00) = LlAx-blly = L A7) + ACe-X Dl
= LA blly + CAXP-b, Al-XD,, + SlAC)l,
= £ + CAAXO-b), X-xP3, + LIACX Y
L(’X?(”) whee L: >R,
So. oo — FO) — {AMXD-E) . x>, = LAl

- l ) x|
Ao, SNACX o £ NATEXUG Ly po oy
1X-x1, et

>0 a5 @ 12 —>0
Therefoe, D (x®) (y) = {ABX-L), ¥>, VYev
od VEE) = AT(AXO-b)
In porbcdor, if XER, £ Al , ACR™,
thn  Ff(m) = AT(AX)

o Hession of fwctions on  Hilbert spaces
[et f: V>R whe V' 05 a Hillet Space.
(-st order devivative : VjC(X) = V



sond ovkr derivative: view X NfR 45 a mip 5 o)
its oervatve D(V5) is the o orer olnvatve of of f:rYoR

Il

Definiton V£ x) = DM@

‘(‘Mej’wv S v jt('K) (s o bounded Lneor fmnsﬁvmﬁ\m (/ — V

Example. jc(x):é:”AX‘ENJ/ whore A bownded lbinecy /= W/
beW, «x€V.
Than V) = AT (Ax—b)= A*Ax — A%b
od  D(Vf00) = AA
S Vo - Ahedl Ly
I partinlar, o %€R', beR", AcR™
foo = LAz -bl;
Then  UF00) =2 AT(Ax-b)
Vo = AA
4 [:wwﬁior\ expansion
r,uel/.

: 4 G Totw) = (gfoatw, u> | vhe teR,

beause F0ctsW) = FOC+ewW + (Wflctta), G-0w> + o (Is-t) tw)

= Fix+tw 4 (-8 <ofexetw), > + o Cs)

Set teo: Sefluty = {0, w

L<V7%‘>» W S the directwnad olnvatie of f(}c) alo@ U )

s,wg,

a‘if(x-ﬁm) = ott Fftxted), uD> = (Tt u, w)

becanse L VEO3W, u> = Uf(AFtw), wy

+ ot o, wy + o (54w



= VOt w) + (5-t) {TFteetw) u, u) + o (is¢1)
St te0; dFOttwl, = (Vo u,uw

That s, | TFO U, uD> is the 2nd ondor deriative of f0x)
Horg Y

o Wo can s,mc&v@ how thot
‘a% o JC(XH""’I‘“Z e — atz at,ﬂc(x'ﬁ'“t"u) /6.36\7.0
<Va%<>v > = VU, u>
VIRV EV 6 ER.
Therefore,  <Pf) v, u) = <D, Vo> ¥ u véR,
which  implies (VjCCX)—(V f(x)) (e, Hessian is 59.(‘]"-—0099{?1@
o Grsichy Juncbon  46) = FOFtw)  Hhev, teR.
931 ijﬁorls expansion on “lest
9y = i)+ J) (-t + 29" (¢-6)* + o (161,
bhich is the same as
POl ) = PO + AFO, 1)+ Lfofew|,  Sety

So, + o (tt-t[Y)
08 t) = W+ (E-t) (L), W + L) 00 u, k>
+ o (ft-tof*)

XX
Iy, dome u= gogy |, wd t=(x0%), t=0

Then  PHtu= X g = X, ad
E&) = F0)+ TR0, 12 + £ LOF 0 e, cx@
+ o(IxI)

This s an expansion of £ wpto 2nd derivatve.
Mawﬁ w(gori%‘\ms erd Hw_orj dro based on s exparsion.




