Ch.2. Nomed ﬁ)acaS/Imr producs Paces

S 2(. \ector spaces
. fDqLcMJcCOn: A vector space oler R (the redl o/orrw») s 4 set |/
together with tuo functions:
vecr adton: +:ifxy - V (('.e./ Yy - wlwe’(zv)
Sl muudbipaatin: < RXV =V (i-e, ofX , whre oLER,XEV)
that satifyimg the ﬁv(lowiﬁ- R
@ Assocabuity of additon: o+ (4t2) = (c+9)12 VeV
© Commutanvity of albton:  X+Y =Y+x v 5Yyely
) Zyo vector 2 on elament, deroted by 0, i I/, st
Ato=0+X=2x V X6V,
D Negutre vecor: VXEV, 3 Ga cloament, denoted by =X, in V', st
X=X =0

® Vel  Ix-x

) v XCV ond PR, ok(p0 =P .
D V xel and oBER  Gtp) X = o+ X
EX eV md oeR, x(xt4) = XX L &

Ramark : @ We can dofne Vectr Space over (the. complox comain) ﬁméﬁ'
o We will asqume  vectr Space  over R Afor do.ﬁwf/{r_ Vector Spaca.

ovey ([: is nsed Vefﬁ ‘faﬁdj'

Exomple | R is a vectr oz, with ‘4" the standard odolotwon cf
reol numbers ond 0 the tandand multpleaaton of real mumbers,
Example 2: R is o vechr SPace , with v oad o(o.fmw( by .



X tY,
'x:n "n X'n .t;n Xn'.('yn
= X
Salas nulfiplacation ok MIQ er’ (X[fé'j:[ou(zj
)(‘/\ , )én o('yg, 5

Moy inputc datn. can be modoled by vectrs o R,
o Diitsl sound sipals of lngth 1.
s Time gertes of Wjﬁk i
o N different attributes fontures of o 9)\\7/2 %@' or al)]‘ect_
Example 3 : All veal mxn matricos is a yectsr space | yith standard
matix oddition and standodd  Scalar Mﬁpb‘mﬁm,
o Thes vector Space is the same as R™
e An mxXn matrix con be  hsed o Yepresent~ a bladk - white
digibl  imge of mxn pixels.
ExaMFIL ¢ Al 3-Qrious of size munxd is o vechor space. ,
e
+: V%{Xijr]; ;ﬂl ll;=l Mg:[ybj"]i:( j':I ;£=l ‘
Xty = D&jﬁycjk] LZ.,J::,, é,
VA= Dpf R e oA XER,
AX= [o(?(ggjf_, JV:\' ﬁ-n
o This vectn Space ts the Some as /Emnz
S hy M3 e can be used fo mode o, color a&i,{qQ
image | yhore XL)K maans (1)~ phel i channal €, and
Channed 1,2,3 mans Red , Grean, Blue charuels of m’”ﬁ
o A NXmxf 3amay can be wed © model, @
whore Xb)g meons the,  (L)-th pwl at K-th f'm



Erongls & Gonsidor 6t st of all strigs
Defie the additon by .9

-

/ ’ / /
ik '('am:la.w\

(‘MA ome. Scalax mlﬁph‘mﬁw.
Then ¢ deesnlt jCUW\ A vectr Spac .
° M{vfz, we ot Use wectr Spac to modol text data in

s nadve wou,

Gapl. i The functin sprce CLab] ={ F | fis amtious on 23]
is a vectr pace i we dofre e
+ v f.9elmi,  ([F+0= O30 | tem]
D Yfecmy], XeR,  ([Xf)H) = X )
sCI&,b] is refered to as a functin Space | Since ary vector
in the vectr Spae 1S o ][W\C'f\“’",
o CO,b) culd be the Mypothesis space of o larmr with
one ingut and one. owtput , €.
X 1Y, with BEG K ad YiER
leove o FeCB)) st o= for AM g,



€ (2. Nomed spaces and Borach Spoces
In grdor to do Cﬂlcwlws on veckr sfhas  we V'&O( to
dzfv-z, ‘distance , close neSs  hetwean vechors |
Let \/ be a vector sp. Let X4 E V. Then,
distance (X.Y) = distonce (=Y, 4-3) = distmace (34,0

: ; in Y { /
stance. should be.  SWft invprignt . o e

Therefrve, to define @ distorce | we only need to defre
G [uﬂth fnwr ezch vecr ia V.
Lt xel/ Let %] be its length callled norm o

shanld satisfy
@ o [Lnfjﬁk s}wud he non nzgcds\}fe, re.
Ixl zo ¥ xEV.
Moresver, ovvtj the zero yectr has a zero ZanjéA e
] =0 & x=o.

&) ﬁwluug#k of & mulfipl of & vector should be
the multiple of the [de« of the vector, e

YKeR ,  I1oAXI[ = [X] il
AX

-
B Triangulr tegality: the bngth of the divect path is
the smallest il

L3 » Xty
1] < ol £y -, %
1Y)

0 3



Dc](m,ition: Lot V be o vectr space aver R. A norm on |/
is a functon (-1l : \/—> R such thot:
D 2o, ¥xeV ad (xl=0 & X=0
@ (|oLxll= (o] XU, ¢xeV ad xR
(B IXHIN=xl+1yll ¥ xyel.

E\(O-M[?lﬂ [+ R is a vectr Space over [R.
et XI=(x] YxecR. Then itis A mm on R
[Qm eun f/\a( other noms on R 7)

Baomple 2: K" is & vecor space oer R.

There are Mo norms o R"
Y 2-norm. (b/dxdzm ’W”‘)

X Iyl
el = (E Xy ) \2
| ]

The induced. distance,
" %
(-9, = (% (% "yf)z) (s the Euc(w@an o[ft‘ftanQ
Lene X
e, = Z (X L_’
The induad distana (191,

Yl = 2 (Y] Y

1S bwwn s Mahanttn olistance. (Youcan walk mﬁ

/\zo‘{fzon‘tﬁ[éj and verttcwl@)
¥ o9 -noym:

1%l = max [

|5¢£n

The induced o(¢<tanca s .
(XYl = 12K (XY v

(1Yo




A P —1orm (P ?_|)
I, = (2llE)
\J COMP&Yz‘son o‘f umt balls .
po—hor™ AW«

X( (o™ %
L{w\ (eth> F /

-

\'’g

—no "d (\Xl(l:(’g
=5

Nt that (RS I1-0L) , (R (1), (R IHllw) , - are all
O(Aﬁ—eremt netmed spaces . So , Pr a given rector paz, we
can obtain varions normed space by CAA)OSI\‘*j o‘tﬁ‘efenf norms
Colodote +the norms of X= (i)
el = (3*+4)2=5 i, = B+ =7
(Xl = Mx{3¢f = 4
E)(ampla 3t Cla,b] is a veetr Space over R
The 0 vechr in Cla,b] is th function fhat takes walue 0 on Gib)
To measure how lo«ja a nc‘l\"ﬂ]c £S5

we Gm Use the. ﬁrl(awl:\j noYms

o = 20,55 s f
Then  olistoncy ,ftwofmms £, ¢ Cg b7

5 (Sl = 2, [FEHI




Come. othey norms of Clah] @ be
Ll = [ el dx

111, =(f} 1wl dg)
Il = (f2 Fgooftoe)®

o c&fwﬂ Cw(wlms , e need ]Cérs’t o(aftm convegamt sequence.

Lot |/ be o normed vector Space.
Let %@Zne/N be & Sequence. i U Gie, x el V(23 )
Let x€V. Wes@ e ey e to X, danoted by &, =>X if
b e = p
Examplo. | : Consioloy {Rn(W\'ﬂ'\ -l
let %= (‘5&> R Wk ad %= (‘?)_:_o
" 0
b
IS (’ﬂul: (('E)%@#h-fr(%)l)y‘
- i_KZk{z+2z+... _f,\z)l‘: fFT(") /‘anhd\‘onbf
— kwm _Eéﬁ’ = T_“Cn).lt;ww—é):

L ety =

>vo

TMfem, Xe— X
Femple 21 Considay  CLo 17 with  [l+/ho
Let Fclt)= SnCmkt)/n
Then, [fe= 0l = 28, (™) = &

= bmL

as k— ko,

k(/;:: “ﬂ—ouoo e =
SO' jc'k - 0 as K= 0o

W’&rﬁkmteﬂ ot all nomed space s et closed * ahr ik gperation



Bomgle: Onsder  CC4,17 with (-l (Reall 11 = [ fe6ide)
. = -lsts-%

LET flt)= {k{-
| =

and £a s {4 <t
|

Than M-l = L ft-foldt =
ond [ (fi- ], = lm £=0

e

S o = B
_j:(( GCC‘I;[J ) LW" 'TF¢ CC’"{/']‘.(

Tharefore, (CT,T, I0)  is net complate.

\)\Jo, cavu o CoM[J(a:te novmegl Space O Banac/L Pac
EXMPI‘Q‘S o‘J’ BCU\&LLL QP&LLS:

0 [Rn with Gy nov M

o Clniy =ith il



‘§ IS (0% Smnlﬁ: C(us’ce:rf,j) K-megns,  fe- madkang
CCugfarfﬁ
Sufpose we. are  given N vectrs X, %, =, Xy& /,Q'1
W M s’f cloLS‘ten'tj s to grwp or Pm’ﬁzjﬁbn the. vectors into

K Gowps or clusters , with the vectrs in eadk group close to eadh other

o We nse [R hecomse i€ 0 G;‘mplt yet Gl to model, a wai“ezfy Df
date. sets (e.j\) singals, images vickos,  atbributes of 19/&75)

. Acm% , the mathods can be extended to ouny normed pacas

o A Ppumﬁons;

— (opic o(iscove.g, Supose. the N wecters axe yord lwséogmms
with A doconants respecé\'w_ﬁjj e o J—flt ComFD/LWU(‘ in )(z'
ls the counds of the j-bk word  in - document 7.

A CLMStEﬂ‘Qﬁ] qijon‘dw' patibion the documnts into K grovps
Ll ﬁjp‘aﬂj can he mtefxyqteo( as groups of olocumonts wath
the same fopics, genre, or author,

— Patient Cfusten‘i\ﬁ. If {X ngﬁra feature VRctors associa teq
With N putients adnitted ¥o o haspitel, @ clustering alprithm
clusters the patient into K groups of Smilow patients.

= Racowvmp(aiwn system A qoup of N /’eﬂ/?‘éé feS/’M”(

to votngs of N movies. A clusterny ofrithm can be used to
clugter fhe [’“—”PAQ into [ groups, each witly Gmidar fuste.



’ﬂ'um wWe Con Tecomma_nal nam/ Mmones L«'kzﬂl L\‘j Some.ona_ 10 [)eo/p@ n
the. same_ grovp 25 Wim/har.
— Many etler a{)pu‘catxbns_
Mathematid, formmlation :
° Rzpresen‘(ri\bn‘.
Lot Ci€f,2~k) be the gmup that X lelmgsto . il , W
Than, Group g, doewted by G5, 75 Gi={3[C=j ). gelzwk
We assign each group o representative vectw, dorcted by 2,2, 2
The Tepresentative. vectors owve hot M_cesswn‘fj one. of Given vectors.
’ E\Iwé«aﬁor\:
Fivst of ,;J,(,) within one. spec({fc j‘w)um o ol vectors Should
be close 4o the vepfesevdzifve vector & Moye ,mecrseézl let
&= €G ”x‘ Z”
Then, T Should be Sl
Secondly, consider oMl Jroups, sinee each J; s small,
el ek
o] be small.
A[{ﬁgfh@rj we Solve the ﬁﬂowﬁ

L T Wg\ z(zﬂxl zu)
2, % = v e
v (htiwization,
We may use On alterwﬁ'cs] minimization 40 solve the minimuzation
Step | : Fix the representaties 2, -, 2, ford  the best partition s
G, 5 Ge, e, Sobe

G(':NZK%(‘I.&&"X" ZJ'{) == n C{)



Step 2? Fix e s G G, 'fmo(#ho_ bect Yepresen tatives
Z(,‘“)ZK, f~e‘, 50‘N€
min i(z l(?é—25||;) =

2 371 \ieg
The. fwo steps are. repented ot (onleygence.

lot's find the solutions of the sub-probloms (1) and (2) vespectiely

For (0):
fonclirg the paiton G-, Qe TS Cpuivalnt v

ﬁf\ol,v G & - o S [ beanat
c'Z““ = (1@} 16-2 (2 +--- + Im,—w\zcﬂ_f)

S "“fél“;fj" W_Lj
(7
e G =1 Tz, -, A
Gace CtC LY kY, to get G, upe only need b0 compaie
MG-2l WG=-te, --- , 1G-%l,
and  Choose £ha  mnimum ffom e
C. = arjizvg:k}[/)(i—zjﬂf . .

Zr\ onr wrol,s,
E s &.S'S'l:ﬁnﬂ_p( to {:/\Q jrvwf wlw;e rep'ase_n;cw.‘\‘ve vector j

tha closest to X7,
Fovy Q) It is rewritten as
; 5 2 — il 2 - _—— e L
T G g el

zlo.- 2\‘
1 T T
JQPQ'\AS om &, dﬁPeVdS on o(zperwls on
an,bj g, Dng 2 °"(_‘J

Obviowsly, it is @guivalent to Minimize each term indapenclontly,



e, SOM K Mo(ﬂ[)&ndaﬂf FYUHQMS
C?C_‘ V’X» )”:) , ol 2
Note that

%jfzxan—2~ll§: 2 %(Xm“z"j/a)z
=3 ( (Xu{ ZJ‘) )

E@L fterm i$ s Summation gre /‘no(Lpen olont oga.
B
3 n%néze_%_m—zju:)@ wn %{ (i, )/ .

BV

T
one. Variable monmmw2zskeon,

Taking derivative wiort, g and Settiy it © 0, we obtain flat
the Solwtion Zjp sabisfres
2 25 (Fe- %) =0

= == (304 (1G] [ e mmberey

& in
'(:llz)"~,
In vectonr ()4’7"‘,
zjl X—q
Z\jz : X <
Bl e X.
lélj| ieg; | = 2 [é" €G] L)
Zjn 'an

Iﬁ'\ wthey c,er(S
‘2\)/5 the mean of ol vectors in 67

/—\U{"Te{:‘mr, we et The. j(};uowr‘rﬁ Clugterl;rﬁ a[j‘oriﬁ/m,
Lot 7 @
wa/v“’t: CI)CI,"~/C\/ ﬂno( 2) IJA':{"UK
Tattalizateon s Inibalne 2,2, -, 2, ‘fj Clw“":‘j K vectors



from %, %, -~, Xy Y‘a.r\clomlj'
9‘06[9 l: &fl/@n Z(,Zz ~-, Ze, Comfw(‘é
- %Jefu 1 - %l .
ond o&f\hz
G’j = €i|cc=j} , 9212, =
§+:ep 2: Given G, G =5 C‘(K a:rv»pwte

Z = rGl(‘lCGJ
Go Lackto step |

Tl’u's N{gor{f/\m is bww as - K-means ! a/(yow‘{;/\m, ée@,%sg ‘'t Comutes

K maans of vectrs at step >

K— madions A{joﬁéhm
Ih k-means |, th Euclidean nom s used. We can Yapbaca e @j

(—norm. We solve

Jin Z(z: 1%~ zu)
S oo 1.66(1

ab )ZK

TLIL y\wnu.‘cw( ) 'Afer rs
StEP [: Fix 8(” L R Solve
k
g\m[af to the. 0(«:5 cussion in k—mms, e Solwbon (g

- me ieslh e wi W
adk Gi= f1] Gl
thP 2= Fix G(, G, - -, Ge, Sele
Man =
e (3 6-20)



S\\"rw{(ar o the discussion k—'y\z&u’tg) (1t s oé_awyo:eo(
o K gub prblams

M{j" %J_ﬂ')(f—zjl’, 71 k&
It i yell &rown (Gm,(cé_p) f/mu'(‘ £ha gbdtﬁ"”l S
-~ = ”La.dl. n =
=i ic—ér? (%),
(Whaxe . é[;am %) tokeg L,om,oowd‘ ~wise MD.D(A?%W.

Tlﬂ/Cﬁ aigsrft}vm s Ca.,“eo( rlkaAanl/ a,{waflw.



S 14 Luer product /Hillert Pace
Novms give only metrics, je, muasunng the d3Gra of two vectors,
Howevey , in man aﬂ)lxcaﬁom, the. hay[?g('l DJC two vectors madttey.
e For example; two images XY S}W'U the Same <ens with o(xﬁere«rﬁ L@Lvts
Fr sty e may asmone, 9, 4= £ (o8 274 )
Thon 19l = Ll — not smal(.
wt XY are from the Same  scane
o We wnse inox [mo(m,t for ”&nje(” of two vechrs

])gfin&ﬁov\', A jcwwﬁon \/-, ST VX V=R is Caﬂ@( an (o /)rm(ucz‘
on the vector Sace. \/ over R if
D Vxev, X, 020 ond <KXD=0 & x=o
(D <LKt PR, YD 2 X, U0 1P<%,Y>  VAPER, %,%, YeV.
B hio=x0
- o, BEIR
Revark: [, By @ and B, <x, Yt y> = oty >4+ O6Ya> Ly oy
Thm]@ve, L o> is o bicbingar functon, ie it is e
with Tespect 0 one of the variabls with the othor fired.
2. For inner prodice of vecr Spaces on L, we only nagdl o
chanie B 0
@/ <X"j>:<—‘ﬁ»_7z> o whe T stands for GOMFLL\( cmjujm‘g.

E)(ampfp_ i R is & vector spae We can p[zf,m on  jrner pro
~7/
G635 = Wt Bt t Gth, where X=[ -']““”‘ 4= [J.

1



Bample 21 Anothar inner product in R s as follows.
Let AeR™ be a symmetvic positve definite (spd)
(Recall spd mams. AT=A ad  XAX >0 V Xx#o)
Than X, Yy = XAY defres an juner product i R, keuse
D <6 =XAX20 and X Xy=0& XAX=0L X=0
© Gt pr,You (GHAR)AY= oxAY 1/ RAY
= X6, F PG,
@ @YW, A AN YA W (s
Example 3: In Claly, we can defie an inney product as
9> = [2F09900dx v £3ecian

Cm,\glifj ~Schwartz Ineq,a,(tﬁ:
T§ <7 s on junor poduct o |, then, for any K YEV,
[<Hup* < <nx> <y, s
The exv»ab.{ﬁ holds bue i'f andk On/41 ;‘JC X=0tY for Sme XER,
proof Lot NER be an arbitiny nmumber
0< (x4 XY, XA = Q60 + AU + X<xy> + AT<Y 92

= Xy 42 X0Y> + ALY

Ms, A 9> LAY | <o =0 AER
Tilklz:]té 1S o Wolmffc ][VMCé\‘On 9—_(-\)\ a,m( alﬂ/ﬂﬂf M"-"Z\Ffl’(, QAZ"LA'{‘ILCED

Thave s ok most ane yeot of AL Wt‘\‘c function. ;_Z\—
=

%, (2€069)= Fy> x> <o don e
= Pt S <Y o biyacso,
Frally, whea  <xy>* =0y | tere is o e, e,
3 o pwmigue AR APLY, 0> + 24047 44,20 =0



)
3 o e VR,  Cx+AY, AFAXYD> =0

T

I dunigre ACR,  X+AY=o0
ER )\c—na(ﬂ, % Y (4

With $he wﬂ—%wmz imegality we Can  show Yhat : .
Y = oA “norm induce
@:@Xﬂ(j/ 6147()15 a norm. (— Call by o PYOM g
prosf . @ lIxll= (6X0) 20 ad Iix(Cr ) =0 & X=0.
O lotxll = €%, o) = (w2 <)%= [odl il

@  IXAYIE = Y, XD <> + <Y <Y x> 1<% Y>
= P YR 24069 ( flote st el 5‘“’"”“‘)

E becomes
L+ 2 i nyl|
= ((<t+uyl)? &

| <ays[< ialuyil

CMCATS\C{\W'(:Z is Yestated as;

u ys| < Nixl HU‘)

“Anje(su in e poduct  Spaces

The equolety "=" is ottarned it and onl\«j ;jC X and Y
are olgned exactly, which should have $he least angel
mv@fore, ne Use 4he yatio of the two sidgg af CM@‘

Schwontz <UD
(I (tyll

Lo Qpontitize thy loseness to exact olignment.  Hence +o




dofine the ongels between X and Y.
o When X=oY with (>0,
<G
R
Gina X and ﬂ are M the same drection,
It is natwally o d’!ZﬁM 1 -0
e When x= oY with <o
<KD
g~ ! 3 y
Snee X and Y Rre i fle oppoﬁée Airectfl :
e Mmfd(j to d@f\‘u < Oy = 0

] ———
<

We define =
= nh = T
0Y, eqpivalontly, L (X9) = arc cs o
[ ||

This o{LfWa‘on Coingioles with the above two cases cnd the
vectors in R or R equipped with Hhe Stendard innar product .

D‘(ﬁt\}’ﬁo'\ojﬂ”f‘]t [ot / be an inner f?mo(u.d; spaca.
" hen the angel of X and Y s T we call they are
orthopral, donsted by X 1Y e,

¢ When X LY, they are Lleast velvant.

. Pjtkaﬁomsl Ghaovom: Lot X, Y be two vectrs in an  rnner proo[MC(‘ SPAce.



If ALY, thn (IX+Y1° = (1 + [yl

prof . IR ([ = x4, x4 ix iﬂ

=0 F Yy +LED ALY YD o
= X 4191* &

. Pﬂ.fﬁﬂé[ojmm (.M‘. ¥ XY € /—/ an  ney loMMf Space

XI5+ (et 20+ 201 y
b2 T L X e
proof . [I£Yl*+ 6= Y1 / -
= (Y, X+ Y, x40 v
= <’)())O =k <3)X> +<X;3> +<5)5> ‘(‘(X;X) = <9,>67 '—(X,‘j> +<.I’J5>
= 24204l ®
[4; (bert Space
A Hilbert gPM?- is & Panach Spac in which tha nom s induad éﬂ
QN (nner proa[Mct .

Banach space s

EYamP{g_ |2 ar with haer f’mo[Mc'l,‘
> = Yy



(s o Hilbert spaca.
Exomple  2: [R" with inner PrOo(u.c‘l':
<GY e = QCTAgI Whare A s an Spa( maty x

is a Hilbert spaca. The norm on this Space is

llodly = G
EXMPLG- 1 Cla bl with  [nner Fmaluct
£.9> = f Foogoorlx -~
: : ROIAJ’»@ ; “the. {t'ml&
is NOT a Hi(/;ert Spocz., because Ft s not COMZO(Q_-EQ{Q'I-& Converfent
: sequenca Mo
hot be in C,b)

To complate C&,b] wnoley the nom l(v/l=@-,->)"4'/
we neod to eXtend fthe Riemmanian thegml to the so-called Leéﬁxﬁu.z
infegral, and the resultyy Hilbert spaa is [ *(ab).

T the following,  we will amsider caleuls on il bert-/Barach Ppaces .



g (S (hee S{‘uo(ﬁ [(erm/(, tick k@'fﬂz{ K—=maan s
The k-means ill wot work for the following examples

.(': .‘,, .\\\.\ ?«’: ) ’_;:w\
e GE s e
Mg YA
Recold in & chagtenms, we wont to Jovp X, %, - XyeR”
nto K gJOups .
The k- moong Mjm‘%m worls (cke:
IV\IC(:\WZ{ Z,,Zb ““;ZK

Step | GQuen 2, 2, > 2¢, u{w(m‘-e the groups 4
D for each %, Gssin (i, the group that % LZL,»jgfv/ by

€= Ddfj zv\:»f\k!m 2 ”
@ Than Gi= (i[Ci=j}, o J=louk
S'l'ep 2 Given G G‘lc M{)o(aﬁe their repreentives ’35

B (T ), for foln ok

(o w\oobi'fj k-means to those “cuvved data sets IR
e Use a tansfrm 10 “uncurve “the Auta Sets ;1 a Jillert

Spac. .
et @ R
Lrivas ¥ '1"\-:","]' / ¢( )(,_B




¢(')Ci) is Called the feature of X; .

§ is colled the feature map
H s Cillool  the feature spaca..

Then ve opply k- mesns o GO0), G060, ., $05) in H.
et 2, = 7 be the mpmSQnmﬁ‘ve veclors in H.

Step [ Given 2, -, By,
. 2 2
o - e B0G) S s
avJ

C'rj': {x'lC{-:j} : J‘;(,Z/.NJIQ

§tef>2'. Given Gl o GK,

ZJ' = ‘é.](%) ¢(XL))

Repent: .

=
cP dopends on the shape of XA, %, -, X, o ﬁe'&mﬂj i
veg COMFuca’teol.

The gooo( news s thot
M no need to know qgexp&‘citbj in the k-maeons 97)‘6401)
This (s o2on as ih below:

o Fivst of all, S we care only the groups of .-, %,
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