
PROBLEM I

(a) Cis 1- forms : X
, P

2- forms :  W
. M

ciis
w^y=o

zform
"

2- form
,

so wry is a 4- form  in R
's

.

4 > 3
, so  

W^|=O .

Eu's d&=n
Liv ) y ( since dy=dCd&)=o )

( b ?

Pick {

IN
( I don't think  the other one

is doable . )

{

¥y=£¥tdD={
da

;D= ,{ ↳

Esta
( Stoke 's Theorem ) toe :* E

incmwagign

On JE - { (x. y.co ) : xZy2=l }
,

we have2=0,

hence Loz*CuEd)= I ( xdx + cytndy) = l Edwyn
'

)

=D ( I ( 4¥ "
"

) )
,

ie .
exact .

i.

§loz*y*&=§
,

exact t form  =D
←

52 has no boundary .



Alternatively
,

one can glue the solid ban { XIy24 } to 2

to form a closed surface .
Denote D to be [

the solid enclosed
,

then soB= OD s°

@←D ( said

f.l*7=§d;h=o⇒SEy=.fish @
eased '

2 2 TBlB*M=
0 on B since z=o ( so

↳*dz=d(↳*z
)

in
@

=dG¥oD=o
)

- xyaskyo ) dyndco )

+ z×e°(o - ndco ) ^d×
= 0t

y 'C° ) as ( o ) d×^dY

- i{iEy= - fMsy=D .



PROBLEM 2

Ixcdui ) = ixd #+ dlixdui )

= d ( dui ( × ) ) = d ( xi ) =Edo×u÷duk

i.

Lxg
= L×( ¥ gijduixodui )

=  

Is
,
(Xlgipduixodui +

gij Lxdui @ dust gijduixo Lxdus )

=

¥ ( Ix 'oo9÷ duiodui )

+

E,
( gij Edgy dukxoduj )

+

Is @ij dui@2ndIj.duk )

=

EjkXkdfiuT.dui@duJtIj2.k
Gkj0¥l.

dui @ du 's ic→k switch index

+

If ,ugik0¥jduixodusi jc→k

=

..§ . "
( Xk8su÷ + g. ; 8¥ + g.ua#)duixodii

a



PROBLEM 3

to C given )

Las From multivariable  calculus
, we  can

take N=

Tfcp
since

I is  a level set of f.
-

Tpa ,N)

Normal of Tp ( V. N ) : Vxtfc , )

Equation of Tlpw ,N ) :

1-

*
→ s .cn#..)=o

4€74
:  

Yit
'

← {fcxy .

# =o } #

.

'

.
T=Tlp(V. N ) n I is given by the system :

{
CE - F ) . ( vxrfcp , )=o

fcxyit ) = 0

Let OIGY ,t)=(¢xy.a) -

F)
. ( Vxrfcp , )

, fcxy ,zs ) ER
"

÷23

then 8 "c5's= { X. y ,z ) : EC x. y , -23=6,0 ) } = TIPCV ,N)nZ

discs

( b ) First we show E is  a submersion at
p ( then bycontinuity-

it is  a submersion[§*]µfxkx.y.ztFs.CvnEfEDt5ITFxTfa.Dxinaneigbauod-fCVxof4s5@xTfcpD4CVxofqsYfnIcomponat.otPJ8fecps8dycprWgzfcpotVxrfcp.fVjftgYYfy.t

components of vxrfq , .

Since Vxtfcpi 1 Vfcp )
, {Vxtfcp )

, tfcpi } are linearly⇒
To independent .

p

*

given
⇒ column rank of [ 8*3=2

p

wxrfcpsl =

Htfepslsinazto

.

⇒ row  rank of [

oI*]p=2
¥ ¥ ¥

... &* Is surjeetive  ⇒ I is  a  submersion

given at
p

.



By continuity ( since & is Co )
,

I
open

set UcR3 containing p

such that

the
:u→r2

is a submersion at
every point on

U
.

⇒ rnU= Its ) nu = @|u)" C 57 is a E 1- manifold

5=3-2 .

( c ) From Cb ) we have shown VNU is  a sobmanifold

of

UeR3
←

inclusion  map

⇒

Ly : ynrl - R3 is an  immersion

We need j : VNU → E to be an  immersion
. pf.to .

← inclusion  map . f-
 '

Co )
r

,

We  also know Lz
: E→R3 is an  immersion since E is

a  regular surface .

Consider rnutszk→R3

:
= leoj ⇒ (4) * =(↳)*°j*

To show Kercjx 1={0 }
,

we let T st . j*G)=o

then (4) * G) =(G) * °j*( t ) =o

⇒ T=o as (g) *  is injective .

i. Kerlje ) ={ 03 too ⇒ j*  is  injective .

Hence MU is a submanifoid of Z .



PROBLEM 4

Ca ) We calculate detDttjtfi ) for icj C The case jci is similar )

Fjlofi ( Uae , -
.

,
Uiu , Uiei

, . . . ,uzn )

=  

Fj
'

( [ us :-. . : Ui . , :C ⇒
i

: uit ,
: . .

:uj
:-. . auf)

= Fj
'

( [ bug :-. . :ui÷:c÷Y:uin÷ : ...

:9u÷ :S : 9¥.

:-. . :u÷g ] )
a

=ail¥
... .u÷s,o÷yu÷....no#.uEs....E

)

-4

⇒ det DCFJ "ot ;)

Fu
,

-
- - Fun Fun

,

- -
. outs ,

Fuj Fun ,

-
-  . Fun

- Ui

+ Uj2
" i

.

°

0 i 0 } it

0
-  

-

tj -

EI

0 0 - Eli 0 ← i. th
uj2 row

znt Ij 0
-uit=(ai )

0
.

, To 0 fj . in
\

I
.

0 tj -

ug÷
- Ujtl 1-

0 0
.

? Y
'

, }2n-j
Cofactor . uus

'  - t

expansion along g. . uj

in th !( →←'
'

'

'

. ( →itG→( . HI ) utgn ,
= ( ujnjiiti

#  ' tie
, .tnrow - uj

even

"

I
+

cofactor sign ) = ( ¥1
r÷9t.ee?tuIe/.

Wen
> o

i. The atlas A is oriented

( have Rpm
"

Is ovientuble )



( b ) M
"

is orientable ←→ I a non - vanishing n -

form

Ro
.

we  claim Hdrncm
"

) =

span { no }
,

then it follows bn( MY

n
=dimHdr" Cnn '

LetR be
any

(closed ) n - form  on M .

q
= I .

must be .

let c= f.

m%£=(
o since Ro  is  non - vanishing .

then { R - cro  = § R - c{ Ro  = o

.

'

. By given feet , R - cro  is  exact .

⇒ Er ]=¢Ro] in Hakan " )

=c[ RD
i

ofwe  sketch a

"

zd
"

picture for simplicity .

&
=u ( Rp3g{ pjgapointong;pper

4)
Rp3= MP

Per
$3

=

My
.

- .

.=V
← * Not Zd

.

⇒egged
°

EI¥
'

( }d . bay

tpp2 ydefferffaaetiognto containing

O RITZ
P )

then UN =

ff¥¥=B3\{p
} 2

deformtsgz Henceretract
Consider Mayer - Vietor 's sequence

:

Hdplicu)=Hdrk( RPY
1 C connected ) q  +  n ( both

connected
1 ( connected )

O → HERB
's ) - H°( a) +0 How ) → Hocunv )

xbiCRBD.ocd.ge#rshapedsacic
proved in lecture

> n' C RP
's

) - @+0 H1w ) → Hyun)←o( nay rgtacb)y=ocdit#totar- shaped  ball ) orientale

H4rp3ssH@5Yti6-H4u_vasH3cRp3-H3cusoBtoTt.edu.sn?aklretaobontosd%eatab#Tb3aRIs9=o

bat ' ' ¥§Ym={b
,

use (b) .

dimz2< 3

Consider alternating
sum :

{
1 - CHDH - x  + be

CRJP
) =  0

⇒
x= b. CRB

'
>

Y
- b2lRB2 ) +1 - 1 =  o | y

= bzcpgpz )
as desired .

Frederick Tsz-Ho Fong
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