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Instructions

e Do NOT open the exam until instructed to do so.
e All mobile phones and communication devices should be switched OFF.

e Jtis an OPEN-NOTES exam. Authorized reference materials are the instructor’s lecture
notes and homework solutions. No other reference materials are allowed.

e Answer ALL FOUR problems. Write your solutions in the yellow book.
e You must SHOW YOUR WORK to receive credits in every problem.

e Some problems are structured into several parts. You can quote the results stated in the
preceding parts to do the next part.

HKUST Academic Honor Code

Honesty and integrity are central to the academic work of HKUST. Students of the
University must observe and uphold the highest standards of academic integrity and
honesty in all the work they do throughout their program of study. As members of the
University community, students have the responsibility to help maintain the academic
reputation of HKUST in its academic endeavors. Sanctions will be imposed on students, if
they are found to have violated the regulations governing academic integrity and honesty.

“I confirm that I have answered the questions using only materials specified approved
for use in this examination, that all the answers are my own work, and that I have not
received any assistance during the examination.”

Student’s Signature:

Student’s Name: HKUST ID:
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1. Let f(x,y,z) : R® = R be a smooth function. Suppose  := f~1(0) is non-empty, and f
is a submersion at every p € X.

(a) Which of the following MUST be true about X? List the correct term(s) in the answer
book.

compact 2-manifold regular surface with boundary connected

(b) Define the following subsets of X:

Osi= {(x,y,2) €X: fulx,,2) # 0}
Oy :={(x,y,2z) €X: fy(x,y,2) # 0}
0. :={(x,1,2) €L: fi(x,y,2) # 0}
where fy, f,, and f, are partial derivatives of f by x, y and z respectively.
What is O, U O, U O.? Explain briefly.
(c) Denote the inclusion map by : : £ — RR®. Consider the following locally defined

2-forms:
Wy = 1" <1 dy A dz> on O,
fx
1
wy =1 < dz N\ dx> on O,
fy
wy = 1" <1 dx N\ dy) on O,
f=
Show that:

i. wy(p) #0forany p € O,.
ii. wy=wyonOyNO,.
(d) Show that X is orientable using results from (c). You may also use the analogous
results of (c), such as wy(q) # 0 for any g € Oy, and w, = w; on O, N O,, etc.

2. Consider the following torus T? in R*:
T2 .= {(x,y,z,w) € R*: x? +y2 =1 and Z>+w*= 1},
which can be locally parametrized by F : (0,27) x (0,27) — T?:
F(61,02) = (cos 61, sin by, cos by, sinb;)
Denote ¢ : T> — R* to be the inclusion map. Consider the following 1-form on T
o= 1"(yPdx — (x* = 3x) dy + (w® — 3w) dz — 2* dw).

(a) Show that ¢ is closed.
(b) Let S! be the unit circle in R? parametrized by G(t) = (cost,sint). Consider the map
® : S! — T2 given by:

(pa)  —(pa (p—a)/V2 (p+q)/V2).

coordinates in R? coordinates in R4

Express ®*¢ in terms of dt.
(c) Using (b), show that ¢ is not exact. You may use the following results without proof:

27 27T 27T 27 377
/ cos?tdt = / sin®tdt = 7, / cos*tdt = / sinftdt = =,
0 0 0 0 4
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3. Using Mayer-Vietoris sequences, show that Hl. (RIP?) = 0.

[Hint and remark: Consider the standard coordinate cover of RIP?. It may be necessary
to use two or more Mayer-Vietoris sequences. You may use the following fact without
proof: H2, (RIP?) = 0]

4. (a) Explain why any pair of 2-forms w and # on a smooth manifold M must commute
when taking wedge product, i.e. w Ay =1 A w.

(b) Let M?" and N?" be smooth manifolds with dimensions 2m and 2n respectively.
Denote the projection maps from M x N to each of M and N by:

Tv:MxN— M mn:MxN— N
(p.q)—p (p.q) —q

Let « be a smooth 2-form on M, and 8 be a smooth 2-form on N. Show that:
(e + )" = Cmpya)™ A (7T B)"

for some non-zero constant C depending only on m and n.

(c) Suppose further that both M?" and N?" are compact orientable manifolds without
boundary. Show that the following map is well-defined:

H3r(M) x Hir(N) = R
(o], [B1) H/ (750 + 75 B)"™ .

MxN

End of Exam
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