
# lca ) 2- manifold regular surface

(b) Oxv Oy uOz= I since for any pe -2
, f is

a submersion at p ⇒ [f*]p=[otoxcpottycp ) to 'P ) ] is svrjeetive
At least one of fxcp)

, fycp ) and fzcp) is non - zero

⇒ pe Oau Oy uclz .

(c) Ci ? For peon ,
we have ¥74> FO and by

implicit function theorem , 2 can be locally expressed as

a graph R=gCY ,z ) such that f( gcy.to , yiz )=0
.

Using the graphical parameterization F(u,v)= ( guns ,u ,v )
,

wn can be locally expressed as :

wx=¥d(y°D^dGa)=f×tdu^dv¥FYt¥

.

t
Hence wncp) to tpEOr .

siuufffu,¥u}p
are linearly indep .

c ii ) On On^Oy , one can still parametrize Z

by Fca ,
v ) =( gain ) , u

,
v ) .

a- ; :

then wy = ftydkou) ^d(n°i )

= § dvn ( ofudutdsydv)

= ftp.oofdvndu
- H

On the other hand , we have f-( gcu ,v )
,

u ,v)=o tcavs

By chain rule
,

we have :

of dg
+

If f-
0 '

Fe Ju oy N
R y Z

⇒ ¥= - ttngu It !
Put it into CH

,
we get :

c- from ci )

wy - ffzgu ) . gudv ^du= ¥ndu^du=w× .



(d) Similar to G) cii )
, we have

Wu = Wz on On not

{ wy = wz on Oynclz .

Therefore , the following in a well-defined 2- form on the
whole 2 :

R :-. {
Wn on 0 .

wy on Oy
wz on Oz .

From Caci )
, Rcp ) ±0 on Ox

.
But similarly we

can  also prove Rcq ) TO on Oy , and

rcnto on O+

with the same proof .

Therefore
,

R is a non - vanishing global 2- form of -2

⇒ [ is ovientable .

# 2 (a) d(y3dx - ( x3
. 3×7 dy + Cut }w)dz - z3dw )

= 3y2dyndx - ( 3x2 . 3) dxndy + ( 3W
'

. 3) dwadz - 3Edzndw

= - 3(×4y2 . i ) dxndy - 3Cz2+w2 . 1) dzndw

Since d°L* = Tod
,

we get :

do = -362+-12 . c) ol d(xa)^dC you )

- 3(z2+w2n)oL dczoc )^d(w°D
On Ft

, we have ftp.l and z2tw2=l
,

so

(×4y2 -1) . ( = ( z2tw2 . i ) • L =o on FZ
⇒ do =0

.



(b) First find the local coordinate expression of I :

F-
'o£°GK )

= F
 '

o  I ( cost
,

siut )
= F-

 ' ( cost
,

Sint
, Tz ( cost - sine )

, fz( cost +  sine ) )
= F-

' ( cost
,

sine
,

os(tt¥ )
,

since + ¥1 )
= ( t

,
t+¥ )

To find E*o
,

we need to compute ( E*o)(£)=o(§*£ ) :

Since DCF '

'oE°G ) = [ 1 1 ]
, we have 8*07 = Fo

,

+ otz
eual

.
at ( 01

,
Ozl = (

t.tt#)...o(ExFt)=o(foitFoz) c-
To find This

.
we first express

o in terms of doi 's
.

L
* ( y3dx) = since

, d( coso
, ) = - sin 's O

,
DO

,

i*( . ( x3sndy)= - ( as3O
,

- 3osO
,
)dCsinO

, ) =
- ( as3O

,
- 3asO

, ) osO
,

do
,

=(-cos 40,
+3050

, )dO ,

Similarly , we have :

l*( ( w
'

- 3w)dz ) = C- sin "
02+3 sin 'Oz)dOz

i×( - z3dw ) =
- cos 402 dlf

⇒ o= - sin2O
,

DO
,

+ ( - cos 40
,

+ 3oiQ ) do
,

+ ( - sih4Ozt3siiOddOz -

cos '<OzdOz

⇒ o(§*ftYIo(Foitooz)|ae⇒ ,

=fsinttt- coitt +3 cost ) - sin # ¥7 + 3sin4t+¥ ) - os4G+¥ )

÷to
, )k rlfoz )k+¥

.

'

.
 8*0 = ( . sin 't- as 't +3 as 't - sin4kt¥ ) + 3siiGtE ) - us4ktE ) ) de

(c) By contradiction : assume o is exact and I I - form M on TZ st
. o=dM

then

E*o=E*dy=dE*M
⇒ §

,
Eto=§,d(E*y) = 0 by Stokes

'  
Theorem 05=0 )

.

However
§

,E*o
= § ( . sin

't
- as 't +3 as 't - sin4kt¥ ) + 3siiGtE ) - us4kt¥ ) ) It

= - 3¥ - 3¥ + it - 3€ + 3T - ¥ = 3T'  t 0 . Contraction !  ⇒ on is Not exact .



# 3
. Let U ;= { [ r

, :xz :X
3 ] ERBZ : ×i  to } c ini

,
2.37 .

For each i
, Ui is diffeo to R2

For each i±j ( say it , j=z ) :

U
,

n Uz = { [ X
,

:Xz :X
3 ] : ×

, to AND xzto }
= { [ I : yz :y } ] : Yzto , y } any red }
I R2\ infinite = W

,
it Wz

*
alf - planes

+ U
, uuz = { [X

, :×z :X } ] :  × , to

OR
xzto }

First compute
H '( uiuuj ) is path - connected since : ttxi : Xz :X , ] and

[ y , :yz :  -13 ] in Ucodz
,

we have G , ,
xD to and Cy , ,yz)±O .

Since 1122160 ) is path - connected
, I a path

VI) in 112216,0) connecting ( r
, ,xz ) and Cy , ,YD

/ the"n""E"r?a , :na , :c , .⇒xs+ty } ] , one ,

is a path connecting [ x , :xz :X } ] and EY , :Yz:Y} ] .

:R R +0 R 1122

0 → H°Cu
, uuz ) → H°CU

,
) @ HOCUD → H°Cu

,
ndz )

x 0 +0 0

→ H
' ( U

, uuz ) → H '( U
,

) @ H '(Uz)

Using alternating sum : 1 - Chi ) +2 - x =o

⇒ x=1

.

'

. dim HYU
,

uUz)= I
.



Next consider V ,
= a

, uuz

Vz= Us

then ✓
,

uVz=RP
'

,
V. n✓z={[x , :xz :X , ] : ¥50;se±×5±0' }

={ [ y , :yz :L ] : y , to or yzto }

= 4221 { co .nl
.

Consider :

, c.
connected

( , +1) 1

0 → HOCRPZ ) → H°( V
,
) @ Hook ) → HOCV ,

NVD

T (

In
+ o ) I c- R4{ and

→ H
' CRPY → H ' #) to H 'Cvz ) → H '

C Vink ) def . retr .

T onto § '
.

→

H2µRp2) previous ±R2
result

given

Consider alternating sum :

1 - 2 tl -

y +1 - 1=0

⇒ y=o .

:
. dim H 'drCRB2 ) = 0

,
i.e. H 'dr(RB2)=o .

#4ca ) ( dxindni ) ncdxkndnl ) = dxincdxkndne ) ndxi
-7 - swap twice

swap
twice

= ( dxkndnl ) ^ ( dxindxi )

( b ) Key observation :

xk= o VK > m sincedimM=2m .

~

ZK - form

pr=o fr > n since dim N=2n



Since 2- formscommute
,

one can apply Binomial Than :

( t*m×ttw*pT+" = n¥g Caf
" atxnxjkacqsxpymtnk

=[§o
"

Cmu"tm*(xK)ntn*( pmtnt
' ) - ( * ,

Since xk when

k@{pmtEE=o when mtnk > n

:@
)

the only (possibly) non . vanishing Term in as is

the one with k€ =n

" ⇐m×x+Tn*p)m*= Cmmtnffna )mn(t*np)m*Q

(c) Suppose [x]=[&
'

] in +12cm) ; , .

I 1- form oh on M st .

{[p3=Fp' ] in H
' Cn )

'

to '=dY
I 1 - form O on NS.t .

P - p1=dO .

Need to check :

,¥(T*m×ttn*PT
"

=m§nCTm*x' + aixpymtn
,

or equivalently ( by ( bn :

f×n⇐m*nmn⇐Fpt=mf.nl#na5nCt*nP's
"



Consider

fnn⇐*mxYn⇐*wPY=n!n⇐m*G'tdn )

)m^⇐*nM
"

=£wtm*( 41Mt CY @ ' smndytcincx' )mI(dp2+ . .
.

+ dpm
)^⇐n*P

)
"

* ,
I!⇐n*a' they )n

+ mfntmtYCY@smndytciCdsmHdp2e.com
)

" )nEFpM

Note that x
'

is closed ( as it represents Html )

By product rule one has :

CY@smhdyxCincnminCdnYt.i.t Cdy )
"

=d( t.cm
, @ in 'nq±cI@Mnnndn± .  - -

±mdnL÷dn)
where t or - is not essential .

:
. is exact

.

( say =D } )

Continue on our calculation :

the second integral in HH

' nfnttcd} )n⇐*npY=µ§µdHm*5sn⇐*nps
"=m!wd(Tm*3^⇐*np)n

) =o ← by Stokes
'

Theorem
since MXN has

she P is closed ( and so is tfnp )
no boundary .



From C** )
,

we have proved :

µ!w⇐m*xY×⇐n*PY=m§n⇐m*a
' )m^⇐n*pT .

Proceed similarly on P =P '+d0
, one can also prove :

fµ⇐m*d
'

)m×⇐n*PT=m§n⇐tm*x
' )m^⇐n*P ' )

"

as desired .


