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Preface

This lecture note is written for the course MATH 4033 (Calculus on Manifolds) taught
by the author in the Hong Kong University of Science and Technology. The main goal
of the course is to introduce advanced undergraduates and first-year graduates the
basic language of differentiable manifolds and tensor calculus. The topics covered in
the course is essential for further studies on Riemannian geometry, general relativity,
string theory, and related fields. The prerequisite of the course is a solid conceptual
background of linear algebra and multivariable calculus.

The course MATH 4033 covers Chapters 1 to 5 in this lecture note. These chapters
are about the analytic, algebraic, and topological aspects of differentiable manifolds.
The appendix in this lecture note forms a crush course on differential geometry of
curves and surfaces. They are not the essential parts of the course, but is strongly
recommended for readers who want to acquire some workable knowledge in differential
geometry (such as for the purpose of my UROP)

The author would like to thank the following students for their diligent readings of
the earlier version of this lecture notes and for pointing out many typographical errors:
Chow Ka-Wing, Alex Chan Yan-Long, Aaron Chow Tsz-Kiu, Jimmy Choy Ka-Hei, Toby
Cheung Hin-Wa, Poon Wai-Tung, Cheng Chun-Kit, Chu Shek-Kit, Wan Jingbo, and
Nicholas Chin Cheng-Hoong.
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Chapter 1

Regular Surfaces

“God made solids, but surfaces were
the work of the devil.”

Wolfgang Pauli

A manifold is a space which locally resembles an Euclidean space. Before we learn
about manifolds in the next chapter, we first introduce the notion of regular surfaces in
R® which motivates the definition of abstract manifolds and related concepts in the
next chapter.

1.1. Local Parametrizations

In Multivariable Calculus, we expressed a surface in R? in two ways, namely using a
parametrization F(u,v) or by a level set f(x,y,z) = 0. In this section, let us first focus
on the former.

In MATH 2023, we used a parametrization F(u,v) to describe a surface in R3 and
to calculate various geometric and physical quantities such as surface areas, surface
integrals and surface flux. To start the course, we first look into several technical
and analytical aspects concerning F(u,v), such as their domains and images, their
differentiability, etc. In the past, we can usually cover (or almost cover) a surface by a
single parametrization F(u,v). Take the unit sphere as an example. We learned that it
can be parametrized with the help of spherical coordinates:

F(6, ¢) = (sin ¢ cos6,sin ¢ sinb, cos ¢)

where 0 < 6 < 2w and 0 < ¢ < 7t. This parametrization covers almost every part
of the sphere (except the north and south poles, and a half great circle connecting
them). In order to cover the whole sphere, we need more parametrizations, such as
G(0, ) = (sin @ cos b, sin ¢ sin 6, cos @) with domain —771 < < rand 0 < ¢ < 7.

Since the image of either F or G does not cover the whole sphere (although almost),
from now on we call them local parametrizations.
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2 1. Regular Surfaces

Definition 1.1 (Local Parametrizations of Class C¥). Consider a subset M C R3. A
function F(u,v) : U — O from an open subset & C IR? onto an open subset O C M is
called a C¥ local parametrization (or a Ck local coordinate chart) of M (where k > 1) if all
of the following holds:
(1) F:U — R3 is Ck when the codomain is regarded as R.
(2) F:U — O is a homeomorphism, meaning that F : &/ — O is bijective, and both F
and F~! are continuous.
(3) For all (u,v) € U, the cross product:
oF OoF
ERae # 0.
The coordinates (u, v) are called the local coordinates of M.
If F: U — M is of class C for any integer k, then F is said to be a C* (or smooth)
local parametrization.

Definition 1.2 (Surfaces of Class C¥). A subset M C R3 is called a C¥ surface, where
k € NU {0}, in R? if at every point p € M, there exists an open subset & C R?, an
open subset O C M containing p, and a C¥ local parametrization F : & — O which
satisfies all three conditions stated in Definition 1.1.

We say M is a reqular surface in R3 if it is a C* surface.

Figure 1.1. smooth local parametrization

To many students (myself included), the definition of regular surfaces looks obnox-
ious at the first glance. One way to make sense of it is to look at some examples and
understand why each of the three conditions is needed in the definition.

The motivation behind condition (1) in the definition is that we are studying
differential topology/geometry and so we want the parametrization to be differentiable
as many times as we like. Condition (2) rules out surfaces that have self-intersection
such as the Klein bottle (see Figure 1.2a). Finally, condition (3) guarantees the existence
of a unique tangent plane at every point on M (see Figure 1.2b for a non-example).



1.1. Local Parametrizations 3

(a) Klein Bottle has a self-intersection. (b) F(u,v) = (u%,0%, uv) fails condition (3).

Figure 1.2. Examples of non-smooth parametrizations

Example 1.3 (Graph of a Function). Consider a smooth function f(u,v) : 4 — R
defined on an open subset / C R?. The graph of f, denoted by T f, is the subset

{(u,0, f(u,0)) : (u,0) € U} of R?. One can parametrize I'; by a global parametrization:

F(u,v) = (u, v, f(u,v)).
Condition (1) holds because f is given to be smooth. For condition (2), F is clearly
one-to-one, and the image of F is the whole graph I';. Regarding itasamap F: U — I'y,
the inverse map
Fl(xy,2) = (v,y)

is clearly continuous. Therefore, F : i/ — I'y is a homeomorphism. To verify condition
(3), we compute the cross product:

oF oF of of

EX%_( ou’ Bv'1> 70
for all (u,v) € U. Therefore, F is a smooth local parametrization of T's. Since the image
of this single smooth local parametrization covers all of I'r, we have proved that I'y is a
regular surface. U

Figure 1.3. The graph of any smooth function is a regular surface.
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Exercise 1.1. Show that F(u, ) : (0,27) x (0,1) — R3 defined by:
F(u,v) = (sinu, sin2u,v)
satisfies conditions (1) and (3) in Definition 1.1, but not condition (2). [Hint: Try to

show F~! is not continuous by finding a diverging sequence {(u,,v,)} such that
{F(un,vn)} converges. See Figure 1.4 for reference.]

Figure 1.4. Plot of F(u,v) in Exercise 1.1

In Figure 1.3, one can observe that there are two families of curves on the surface.
These curves are obtained by varying one of the (u,v)-variables while keeping the
other constant. Precisely, they are the curves represented by F(u, vy) and F(uo, v) where

oF

up and vy are fixed. As such, the partial derivatives §;(p) and g—g(p) give a pair of

tangent vectors on the surface at point p. Therefore, their cross product - (p) x g—ZF] (r)

is a normal vector to the surface at point p (see Figure 1.5). Here we have abused the

notations for simplicity: 9 (p) means & evaluated at (1,v) = F~!(p). Similarly for

& (p).
oF

Condition (3) requires that g—'; X §- is everywhere non-zero in the domain of F. An

equivalent statement is that the vectors {g—'; (p), &£« p)} are linearly independent for

any p € F(U).

|_OF OF
normal = % X % U ﬁxed
v changes

u changes
v fixed

Figure 1.5. Tangent and normal vectors to a surface in IR3
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Example 1.4 (Sphere). In IR?, the unit sphere S? centered at the origin can be repre-
sented by the equation x> + y? +z% = 1, or in other words, z = /1 — x2 — y2. We
can parametrize the upper and lower hemisphere by two separate local maps:

Fi(u,0) = (u, v, V1—u2—02):B;(0) C R? - S%
Fo(u,v) = (u, v, —/1—u2—22):B;(0) C R? —» &2
where B1(0) = {(u,v) : u?> + v? < 1} is the open unit disk in R? centered at the origin,

and S2 and S? are the upper and lower hemispheres of S* respectively. Since B; (0) is

open, the functions ++v/1 — u? — v? are smooth, and according to the previous example
both F; and F, are smooth local parametrizations.

SHESAN
RN
e \"):‘\\\\

R
OOX
{Y‘m

AN
D

VLI

\
/N (l‘\
ALY

Figure 1.6. A unit sphere covered by six parametrization charts

However, not all points on the sphere are covered by $% and S$2, since points
on the equator are not. In order for show that S? is a regular surface, we need to
write down more smooth local parametrization(s) so that each point on the sphere
can be covered by at least one smooth local parametrization chart. One can construct
four more smooth local parametrizations (left, right, front and back) similar to F; and
F» (see Figure 1.6). It is left as an exercise for readers to write down the other four
parametrizations. These six parametrizations are all smooth and they cover the whole
sphere. Therefore, it shows the sphere is a regular surface. 0

Exercise 1.2. Write down the left, right, front and back parametrizations F;’s
(i = 3,4,5, 6) of the sphere as shown in Figure 1.6. Indicate clearly the domain and
range of each F;.
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Example 1.5 (Sphere: revisited). We can in fact cover the sphere by two smooth local
parametrization described below. Define F (1,v) : R> — §2\{(0,0,1)} where:
2u 20 u?+0? -1
F+(u,v):(2 211 2+l 1 2+ )

u+ov*+1 u +ove+1 us+o0-+1
It is called the stereographic parametrization of the sphere (see Figure 1.7) , which assigns
each point (#,v,0) on the xy-plane of IR® to a point where the line segment joining
(1,0,0) and the north pole (0,0,1) intersects the sphere. Clearly F, is a smooth
function. We leave it as exercise for readers to verify that F_ satisfies condition (3) and
that F1 : S2\{(0,0,1)} — R? is given by:

_ X
F+1(x,y,z) = (1 7 KZ) .

As z # 1 for every (x,y,z) in the domain of F}!, it is a continuous function. Therefore,

F+ is a smooth local parametrization. The inverse map F;l is commonly called the
stereographic projection of the sphere.

north pole

B

Figure 1.7. Stereographic parametrization of the sphere

Note that the range of F; does not include the point (0,0,1). In order to show
that the sphere is a regular surface, we need to cover it by another parametrization
F_:R? — S\{(0,0, —1)} which assigns each point (#,v,0) on the xy-plane to a point
where the line segment joining (u,v,0) and the south pole (0,0, —1) intersects the
sphere. It is an exercise for readers to write down the explicit parametrization F_. [J

Exercise 1.3. Verify that F in Example 1.4 satisfies condition (3) in Definition 1.1,
and that the inverse map F1' : $2\{(0,0,1)} — R? is given as stated. [Hint: Write
down F(u,v) = (x,y,z) and solve (u,v) in terms of (x,y,z). Begin by finding
u? 4+ v? in terms of z.]

Furthermore, write down explicitly the map F_ described in Example 1.4, and
find its inverse map F_".

Exercise 1.4. Find smooth local parametrizations which together cover the whole

ellipsoid:

2 2 2

Xt oyt ozt
ZTpta=!

where 4, b and c are positive constants.
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Exercise 1.5. Let M be the cylinder {(x,y,z) € R3 : x> + y?> = 1}. The purpose
of this exercise is to construct a smooth local parametrization analogous to the
stereographic parametrization in Example 1.4:

Consider the unit circle x> + y> = 1 on the xy-plane. For each point (#,0) on
the x-axis, we construct a straight-line joining the point (0,1) and (u,0). This line
intersects the unit circle at a unique point p. Denote the xy-coordinates of p by
(x(u), y(u)).

(a) Find the coordinates (x(u),y(u)) in terms of u.
(b) Define:
Fi(u,0) = (x(u),y(u),0)

with R? as its domain. Describe the image of F;.

(c) Denote O; to be the image of Fi. Verify that F; : R — O; is smooth local
parametrization of M.

(d) Construct another smooth local parametrization F, such that the images of F;
and F, cover the whole surface M (hence establish that M is a regular surface).

Let’s also look at a non-example of smooth local parametrizations. Consider the
map:
G(u,v) = (u,2%,0), (1,v) ERxR.
It is a smooth, injective map from R? onto the xy-plane IT of R3, i.e. G : R* — II.
However, it can be computed that

oG aG

o (0,0) = ™ (0,0)0=0
and so condition (3) in Definition 1.1 does not hold. The map G is not a smooth local
parametrization of Il. However, note that IT is a regular surface because F(u,v) =
(4,0,0) is a smooth global parametrization of II, even though G is not a “good”

parametrization.

In order to show M is a regular surface, what we need is to show at every point
p € M there is at least one smooth local parametrization F near p. However, to show
that M is not a regular surface, one then needs to come up with a point p € M such
that there is no smooth local parametrization near that point p (which may not be easy).
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1.2. Level Surfaces

Many surfaces are defined using an equation such as x?> +y> +z2 = 1, or x> + y> =
z% + 1. They are level sets of a function g(x,y,z). In this section, we are going to prove
a theorem that allows us to show easily that some level sets ¢! (c) are regular surfaces.

Theorem 1.6. Let g(x,y,z) : R> — R be a smooth function of three variables. Consider
a non-empty level set g~ (c) where c is a constant. If Vg(xo,v0,20) # O at all points
(x0,Y0,20) € g7 (c), then the level set g~ (c) is a reqular surface.

Proof. The key idea of the proof is to use the Implicit Function Theorem. Given any
point p = (xo,Y0,20) € ¢ *(c), since Vg(xo,v0,20) # (0,0,0), at least one of the first
partials:

0g g og

a( )s @( ) g(}’)
is non-zero. Without loss of generality, assume g—g (p) # 0, then the Implicit Function
Theorem shows that locally around the point p, the level set ¢~!(c) can be regarded
as a graph z = f(x,y) of some smooth function f of (x,y). To be precise, there
exists an open set O of ¢~!(c) containing p such that there is a smooth function
f(x,y) : U C R?> - R from an open set U such that (x,y, f(x,y)) € O C g !(c) for
any (x,y) € U. As such, the smooth local parametrization F : &/ — O defined by:

F(u,v) = (1,0, f(u,v))

is a smooth local parametrization of ¢~ !(c).

In the case where % (p) # 0, the above argument is similar as locally around p one

can regard ¢~ '(c) as a graph y = h(x, z) for some smooth function k. Similar in the

case g—f’;(p) # 0.

Since every point p can be covered by the image of a smooth local parametrization,
the level set ¢~!(c) is a regular surface. O

Example 1.7. The unit sphere x> + y?> +z2 = 1 is a level surface g~!(1) where
¢(x,y,2) := x* + y? + z2. The gradient vector Vg = (2x, 2y, 2z) is zero only when
(x,y,2z) = (0,0,0). Since the origin is not on the unit sphere, we have Vg(xo, yo,z0) #
(0,0,0) for any (xq,yo0,20) € g~ *(1). Therefore, the unit sphere is a regular surface.

Similarly, one can also check that the surface x> +y? = z + 1 is a regular surface.
It is a level set 11 (1) where h(x,y,z) = x> +y? — z2. Since Vh = (2x, 2y, —2z), the
origin is the only point p at which Vi (p) = (0,0,0) and it is not on the level set 1 ~1(1).
Therefore, h~(1) is a regular surface. O

However, the cone x? + y? = z? cannot be shown to be a regular surface using The-

orem 1.6. It is a level surface h~1(0) where h(x,y,z) := x? +y? — z%. The origin (0,0,0)
is on the cone and V1(0,0,0) = (0,0,0). Theorem 1.6 fails to give any conclusion.
The converse of Theorem 1.6 is not true. Consider g(x,y,z) = z2, then g~1(0) is

the xy-plane which is clearly a regular surface. However, Vg = (0,0, 2z) is zero at the
origin which is contained in the xy-plane.
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Exercise 1.6. [dC76, P.66] Let f(x,y,z) = (x +y +z — 1)2. For what values of c is
the set f~1(c) a regular surface?

Exercise 1.7. A torus is defined by the equation:

2
72— R*— (\/x2—|—y2—r>
where R > r > 0 are constants. Show that it is a regular surface.

The proof of Theorem 1.6 makes use of the Implicit Function Theorem which is an
existence result. It shows a certain level set is a regular surface, but it fails to give an
explicit smooth local parametrization around each point.

There is one practical use of Theorem 1.6 though. Suppose we are given F(u,v)
which satisfies conditions (1) and (3) in Definition 1.1 and that F is continuous and F~!
exists. In order to verify that it is a smooth local parametrization, we need to prove
continuity of F~!, which is sometimes difficult. Here is one example:

F(u,v) = (sinu cosv, sinu sinv, cosu), 0<u<m 0<v<2m

is a smooth local parametrization of a unit sphere. It is clearly a smooth map from
(0,71) x (0,27) C R? to R3, and it is quite straight-forward to verify condition (3) in
Definition 1.1 and that F is one-to-one. However, it is rather difficult to write down an
explicit F~1 let alone to show it is continuous.

The following result tells us that if the surface is given by a level set satisfying
conditions stated in Theorem 1.6, and F satisfies conditions (1) and (3), then F~1 is
automatically continuous. Precisely, we have the following:

Proposition 1.8. Assume all given conditions stated in Theorem 1.6. Furthermore, suppose
F(u,v) is a bijective map from an open set U C R? to an open set O C M := g~ 1(c) which
satisfies conditions (1) and (3) in Definition 1.1. Then, F satisfies condition (2) as well and
hence is a smooth local parametrization of g~ (c).

Proof. Given any point p € ¢~ '(c), we can assume without loss of generality that
3—{5( p) # 0. Recall from Multivariable Calculus that Vg(p) is a normal vector to the
level surface ¢~ !(c) at point p. Furthermore, if F(u,v) is a map satisfying conditions
(1) and (3) of Definition 1.1, then g—g(p) X g—z(p) is also a normal vector to ¢~ !(c) at p.

Now that the k-component of Vg(p) is non-zero since g—‘g(p) # 0, so the k-

component of the cross product %( p) x 3—5( p) is also non-zero. If we express F(u,v)

as:

F(u,v) = (x(u,v),y(u,v),z(u,v)),
then the k-component of 9 (p) x 9 (p) is given by:
oxdy  dy dx gz &
S 9uge ) () =% 3| (p).
Judv du dv = 5
u  Jv

Define 7t : R® — R? by 7(x,y,z) = (x,y). The above shows that the composition 7t o F
given by

(70 F)(u,0) = (x(u,0),y(u,0))
has non-zero Jacobian determinant at p. By the Inverse Function Theorem, 7 o F has a
smooth local inverse near p. In particular, (7t o F)~! is continuous near p.
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Finally, by the fact that (roF) o F~! = 7r and that (77 o F) ~! exists and is continuous
locally around p, we can argue that F~! = (710 F)~! o 77 is also continuous near p. It
completes the proof. O

Exercise 1.8. Rewrite the proof of Proposition 1.8 by assuming % (p) # 0 instead.

Example 1.9. We have already shown that the unit sphere x? + y% + z2 = 1 is a regular
surface using Theorem 1.6 by regarding it is the level set ¢~'(1) where g(x,y,z) =
x? +y? + z2. We also discussed that

F(u,v) = (sinu cosv, sinu sinv, cosu), 0<u<m 0<v<2mw
is a possible smooth local parametrization. It is clearly smooth, and by direct computa-
tion, one can show

oF OF . ) . .
— X — =sinu (sinu cosv, sinusinv, cos u)
Ju  Jv

9 » 9B —sinu # 0 for any (1,v) in the domain (0, 7r) x (0,27). We leave

andso‘@x%

it as an exercise for readers to verify that F is one-to-one (and so bijective when its
codomain is taken to be its image).

Condition (2) is not easy to verify because it is difficult to write down the in-
verse map F~! explicitly. However, thanks for Proposition 1.8, F is a smooth local
parametrization since it satisfies conditions (1) and (3), and it is one-to-one. (|

Exercise 1.9. Consider that the Mercator projection of the unit sphere:

F(u,v) = <
1

where sinhu := J(e* — ") and coshu := L(e* +e7").

cosv sinv sinhu
coshu’ coshu’ coshu

(a) What are the domain and range of F?
(b) Show that F is a smooth local parametrization.

Exercise 1.10. Consider the following parametrization of a torus T?:
F(u,v) = ((rcosu + R) cosv, (rcosu + R)sinv, rsinu)

where (u,v) € (0,2m) x (0,27), and R > r > 0 are constants. Show that F is a
smooth local parametrization.
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1.3. Transition Maps

Let M C R3 be a regular surface, and Fo(uy,u2) : Uy — M and Fﬁ(vl,vz) U - M
be two smooth local parametrizations of M with overlapping images, ie. W :=
Fo(Un) NFg(Up) # @. Under this set-up, it makes sense to define the maps F}gl oFy

and F;1o Fg. However, we need to shrink their domains so as to guarantee they are
well-defined. Precisely:

(Fg'oFa) : Fa ' (W) = F5 (W)
cFy

B
(Fo oFg) : F W) = B (W)

Note that F; 1 (W) and Fgl(W) are open subsets of U, and Up respectively. The
map Fgl o F, describes a relation between two sets of coordinates (u1, 1) and (vq,v7)

of M. In other words, one can regard Fﬁ_1 o Fy as a change-of-coordinates, or transition
map and we can write:

FEI o Fo(uy,uz) = (01(1,u2), v2(u1, u2)).

Y
Y

Figure 1.8. Transition maps

One goal of this section is to show that this transition map Fgl o F, is smooth

provided that F, and Fg are two overlapping smooth local parametrizations. Before we
present the proof, let us look at some examples of transition maps.
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Example 1.10. The xy-plane IT in IR? is a regular surface which admits a global smooth
parametrization Fy(x,y) = (x,y,0) : R — I1. Another way to locally parametrize IT is
by polar coordinates Fg : (0,00) x (0,27r) — II

Fg(r,0) = (rcos®,rsin,0)

Readers should verify that they are smooth local parametrizations. The image of F,
is the entire xy-plane I1, whereas the image of Fy is the xy-plane with the origin and

positive x-axis removed. The transition map F ! o Fp is given by:

FiloFg:(0,00) x (0,2) — R*\{(x,0) : x > 0}
(r,0) — (rcosf,rsinb)

To put it in a simpler form, we can say (x(r,80),y(r,0)) = (rcos6,rsinf). O

Exercise 1.11. Consider the stereographic parametrizations F; and F_ in Example
1.5. Compute the transition maps Fjr1 oF_ and F~! o F;. State the maximum
possible domain for each map. Are they smooth on their domains?

Exercise 1.12. The unit cylinder £? in R? can be covered by two local parametriza-
tions:

F:(0,2m) x R — X2 F:(—mm) xR — X?
F(6,z) := (cos6,sin#,z) f(g,ij := (cos 0, sing,i)

Compute the transition maps F~! o F and F~! o F. State their maximum possible
domains. Are they smooth on their domains?

Exercise 1.13. The Mobius strip 2 in R® can be covered by two local parametriza-
tions:

F:(-1,1) x (0,2m) — 2 F:(-1,1) x (—m, 1) = X2
3—|—ucos%>cos9 (3+ﬁcos§)cos9
F(u,0) = 3+ ucos%) sin 6 F(u,0) = (3 + 1 cos %) sinf
usin% ﬁsin%

Compute the transition maps, state their maximum possible domains and verify
that they are smooth.

The proposition below shows that the transition maps between any pair of smooth
local parametrizations are smooth:

Proposition 1.11. Let M C R3 be a reqular surface, and Fo(uy,up) : Uy — M and
Fg(v1,02) : Up — M be two smooth local parametrizations of M with overlapping images,
ie. W= Fy(Uy) NFg(Up) # D. Then, the transition maps defined below are also smooth
maps:
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Proof. It suffices to show Flgl o F, is smooth as the other one F; ! o Fg can be shown by
symmetry. Furthermore, since differentiability is a local property, we may fix a point
p € W C M and show that Fgl o F, is smooth at the point F; ! (p).

By condition of (3) of smooth local parametrizations, we have:

oF, oF,
aTll(P) X aTZ(P) #0
By straight-forward computations, one can show that this cross product is given by:

oF, _oF, a(y,z) d(z,x) a(x,y)
R A G A R L))

Hence, at least one of the determinants is non-zero. Without loss of generality, assume
that:

det 25Y) (1) 20

d(u, uz)
oF oF oF oF
Both 2% T hall:} hall:} )
ot Em (p) x 9ty (p) and 90, (p) x 90, (p) are normal vectors to the surface at p

Given that the former has non-zero k-component, then so does the latter. Therefore, we
have:

I(x,y)
det 3(on,0) (p) #0.

Then we proceed as in the proof of Proposition 1.8. Define 7t(x,y,z) = (x,y), then
7T O Fl; : Z/[/g — IRZ
(v1,v2) = (x(v1,v2),y(v1,02))
d(x,y)

8(01,02)
Theorem, (770 Fg)~! exists and is smooth near p. Since Fﬁ_1 oFy = (moFg)™lo(moF,),

has non-zero Jacobian determinant det at p. Therefore, by the Inverse Function

and all of (o Fﬁ)_l, 7t and F, are smooth maps, their composition is also a smooth
map. We have proved Fgl o F, is smooth near p. Since p is arbitrary, Fgl o F4 is in fact
smooth on the domain F; 1 (W). O

Exercise 1.14. Rewrite the proof of Proposition 1.11, mutatis mutandis, by assuming

I(y,2) :
det W(p) # 0 instead.
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1.4. Maps and Functions from Surfaces

Let M be a regular surface in R? with a smooth local parametrization F(uq, up) : U — M.
Then, for any p € F(U), one can define the partial derivatives for a function f : M — R
at p as follows. The subtle issue is that the domain of f is the surface M, but by
pre-composing f with F, i.e. f oF, one can regard it as a map from ¢/ C R? to R. With
a little abuse of notations, we denote:

of y._ 9(foF)

where (u1,17) is the point corresponding to p, i.e. F(uy, up) = p.

(u1,up)

Remark 1.12. Note that f - is defined locally on F(U/), and depends on the choice
Ju p y P
j

of local parametrization F near p. g

Definition 1.13 (Functions of Class C¥). Let M be a regular surface in R3, and
f: M — R be a function defined on M. We say f is CF at p € M if for any smooth
local parametrization F : i — M with p € F(U), the composition f o F is C at (uy, uy)
corresponding to p.

If f is CF at p for any p € M, then we say that f is a C* function on M. Here k
can be taken to be oo, and in such case we call f to be a C* (or smooth) function.

Remark 1.14. Although we require f o F to be CF at p € M for any local parametrization
F in order to say that f is C¥, by Proposition 1.11 it suffices to show that f o F is C¥ at p
for at least one F near p. It is because
foF=(foF)o(FloF)
and compositions of C¥ maps (between Euclidean spaces) are CF. O
Example 1.15. Let M be a regular surface in IR?, then each of the x, y and z coordinates
in IR? can be regarded as a function from M to R. For any smooth local parametrization
F:U — M around p given by
Flur, uz) = (x(u, uz), y(u1, uz), 2(u1, u2)),
we have x o F(uy,up) = x(uq,up). Since F is C®, we get x o F is C* as well. Therefore,
the coordinate functions x, y and z for any regular surface is smooth. g
Example 1.16. Let f : M — R be the function from a regular surface M in R® defined
by:
2
f(p) = Ip = pol
where po = (x0,0,20) is a fixed point of R3. Suppose F(u,v) is a local parametrization
of M. We want to compute 3, and 3;.

Write (x,y,z) = F(u,v) so that x, y and z are functions of (u,v). Then

of _ 0

TR TU AN
— %f(x(u, v),y(u,v),z(u,0))
= % ((x(u, '0) — xo)z + (y(u, ’0) _ yO)Z + (Z(u, ’0) B 20)2)
=2(x— xo)% +2(y —]/o)g% +2(z - Zo)%
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Note that we can differentiate x, y and z by u because F(u,v) is smooth. Similarly, we
have:
o _, ox %y

0z
5y = 2(x = x0) 504 2(y — yo) 5 +2(z — 20) 5.

Again since F(u,v) (and hence x, y and z) is a smooth function of (u,v), we can
f

differentiate g—u and % as many times as we wish. This concludes that f is a smooth
funciton. 0

Exercise 1.15. Let po(xo, ¥o,20) be a point in R® and let f(p) = |p — po| be the
Euclidean distance between p and pg in R3. Suppose M is a regular surface in R3,
one can then restrict the domain of f to M and consider it as a function:

fM—R
p = [p—pol
Under what condition is the function f : M — R smooth?

Now let M and N be two regular surfaces in R3. Then, one can also talk about
mappings ® : M — N between them. In this section, we will define the notion of
smooth maps between two surfaces.

Suppose F : Upy; — M and G : Uy — N are two smooth local parametrizations
of M and N respectively. One can then consider the composition G™! o ® o F after
shrinking the domain. It is then a map between open subsets of R?.

However, in order for this composition to be well-defined, we require the image
of ® o F to be contained in the image of G, which is not always guaranteed. Let
W = ®(Opm) N Oy be the overlapping region on N of these two images. Then,
provided that W # @, the composition G~! o ® o F becomes well-defined as a map on:

G lo®oF: (®oF) ' (W) — Uy.

From now on, whenever we talk about this composition G~! o ® o F, we always
implicitly assume that W # @ and its domain is (® o F)~1(W).

q)_l(q)(OM) N ON)

> Un :f
G H(®(Oum) NON)

Figure 1.9. maps between regular surfaces
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Definition 1.17 (Maps of Class C¥). Let M and N be two regular surfaces in R?, and
® : M — N be a map between them. We say ® is C* at p € M if for any smooth local
parametrization F : Uy — M with p € F(Uyr), and G : Uy — N with ®(p) € G(Uy),
the composition G™1 o ® o F is C¥ at F~1(p) as a map between subsets of R2.

If @ is Ck at p for any p € M, then we say that @ is C* on M. Here k can be taken
to be o0, and in such case we call ® to be C* (or smooth) on M.

Remark 1.18. Although we require G™' o ® o F to be CF at p € M for any local
parametrizations F and G in order to say that ® is C¥, by Proposition 1.11 it suffices to
show that G™' o ® o F is C at p for at least one pair of F and G. It is because

G lo®oF=(G1oG)o(GlodoF)o(FloF)
and compositions of C¥ maps (between Euclidean spaces) are C. g

Example 1.19. Let S? be the unit sphere in IR?. Consider the antipodal map ® : §? — S?
taking P to —P. In Example 1.4, two of the local parametrizations are given by:

F1(M1,Ll2) = (M], Uy, /1 — Ll% —M%) : Bl(O) C ]R2 — Si_
Fz(vl,vz) = (01, U2, —14/ 1-— ZJ% — U%) : B](O) C ]R2 — 52_

where By (0) is the open unit disk in IR? centered at the origin, and $3 and S% are the
upper and lower hemispheres of S respectively. One can compute that:

Fylo®oF(ug,up) =F,lo® <u1, Uy, \/1 —u%—u%)

=F,? (—ul, —up, —y\/1—u} —u%)

= (—uy, —up)

Clearly, the map (uq,up) — (—uj, —up) is C®. It shows the antipodal map P is
C* at every point in F1(B1(0)). One can show in similar way using other local
parametrizations that @ is C* at points on S? not covered by F.

Note that, for instance, the images of ® o F; and F; are disjoint, and so F;° lodoF
is not well-defined. We don’t need to verify whether it is smooth. g

Exercise 1.16. Let ® be the antipodal map considered in Example 1.19, and F
and F_ be the two stereographic parametrizations of S? defined in Example 1.5.
Compute the maps F;'o®oF,, F-lo®oF,, F;'o®oF_ and Flo®doF_.
State their domains, and verify that they are smooth on their domains.

Exercise 1.17. Denote S? to be the unit sphere x> + > +z> = 1. Let ® : 2 — S2
be the rotation map about the z-axis defined by:

P(x,y,z) = (xcosa — ysina, xsina + ycosa, z)

where « is a fixed angle. Show that ® is smooth.
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Let M and N be two regular surfaces. If a map & : M — N is C*, invertible, with
C* inverse map ®~! : N — M, then we say:

Definition 1.20 (Diffeomorphisms). A map ® : M — N between two regular surfaces
M and N in R3 is said to be a diffeomorphism if ® is C* and invertible, and also the
inverse map ®~! is C®. If such a map ® exists between M and N, then we say the
surfaces M and N are diffeomorphic.

Example 1.21. The antipodal map ® : > — S? described in Example 1.19 is a diffeo-

morphism between S? and itself. g
2 PR 22

Example 1.22. The sphere x? + 3> +2z? = 1 and the ellipse = + ” + 2= 1 are

diffeomorphic, under the map ®(x,y,z) = (ax, by, cz) restricted on S2. O

Exercise 1.18. Given any pair of C® functions f, g : R? — R, show that the graphs
I's and I'y are diffeomorphic.

Exercise 1.19. Show that ® : S — S? defined in Exercise 1.17 is a diffeomorphism.
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1.5. Tangent Planes and Tangent Maps

1.5.1. Tangent Planes of Regular Surfaces. The tangent plane is an important

geometric object associated to a regular surface. Condition (3) of a smooth local

parametrization F(u,v) requires that the cross-product g—z X % is non-zero for any

(u,v) in the domain, or equivalently, both tangent vectors 3—5 and ?Tz'j must be non-zero
vectors and they are non-parallel to each other.

Therefore, the two vectors % and g—f} span a two-dimensional subspace in IR3. We

call this subspace the tangent plane, which is defined rigorously as follows:

Definition 1.23 (Tangent Plane). Let M be a regular surface in R® and p be a point
on M. Suppose F(u,v) : Y C R? — M is a smooth local parametrization around p,
then the tangent plane at p, denoted by T, M, is defined as follows:
oF oF oF oF
TyM := span {au(p), Bv(p>} = {aau(p) + b%(p) ta,be ]R} .

Here we have abused the notations for simplicity: g—i(p) means ?TE evaluated at

(u,v) = F~(p). Similarly for % (p).

Rigorously, T, M is a plane passing through the origin while p + T, M is the plane
tangent to the surface at p (see Figure 1.10). The difference between T,M and p + T, M
is very subtle, and we will almost neglect this difference.

Figure 1.10. Tangent plane p + T,M atp € M

Exercise 1.20. Show that the equation of the tangent plane p + T, M of the graph
of a smooth function f(x,y) at p = (xo, Yo, f (%0, Y0)) is given by:

of of
z= f(xo,y0) + == (x —x0) + == (v — vo)
ox (x0.%0) %y (x0.40)

Exercise 1.21. [dC76, P.88] Consider the surface M given by z = xf(y/x), where
x # 0 and f is a smooth function. Show that the tangent planes p + T, M must
pass through the origin (0,0,0).

1.5.2. Tangent Maps between Regular Surfaces. Given a smooth map & :
M — N between two regular surfaces M and N, there is a naturally defined map called
the tangent map, denoted by @, in this course, between the tangent planes T, M and
To(p)N.
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Let us consider a smooth local parametrization F(uq,uy) : Uy — M. The composi-
tion @ o F can be regarded as a map from Uy to R, so one can talk about its partial

derivatives a(g)uo_':):
9® (P oF) d
— (P = = — Do F((uq,ur) + te;
aui( (p)) al/li () dt —0 (( 1 2) l)

where (u1,u5) is a point in Uy such that F(uq, uy) = p. The curve F((ug, up) + te;) is a
curve on M with parameter t along the u;-direction. The curve ® o F((uy, up) + te;) is
then the image of the u;-curve of M under the map ® (see Figure 1.11). It is a curve on
N so g—i which is a tangent vector to the surface N.

———e—— (u1,us) + te;
(u1,uz)

Figure 1.11. Partial derivative of the map ®: M — N

Exercise 1.22. Denote S? to be the unit sphere x> + 1> +z> = 1. Let ® : 2 — S2
be the rotation map about the z-axis defined by:

P(x,y,z) = (xcosa — ysina, xsina + ycosa, z)

where « is a fixed angle. Calculate the following partial derivatives under the
given local parametrizations:

(a) aa% and ?;(’Ij under F(6, ¢) = (sin ¢ cos 6, sin ¢ sin 6, cos ¢);

9P and oP under F, in Example 1.4;
ou v

0P 0P .
I and Fr under F in Example 1.5.

(b)
()

Next, we write the partial derivative gTq; in a fancy way. Define:

oF 0P
Dy | =— | i= —.
- (E)ui) Bui
Then, one can regard ®, as a map that takes the tangent vector % in T, M to another

vector % in Tg(,)N. Since {37': ( p)} is a basis of T, M, one can then extend ®. linearly
] 1

and define it as the tangent map of ®. Precisely, we have:
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Definition 1.24 (Tangent Maps). Let ® : M — N be a smooth map between two
regular surfaces M and N in R3. Let F: Uy — M and G : Uy — N be two smooth
local parametrizations covering p and ®(p) respectively. Then, the tangent map of ®
at p € M is denoted by (®.), and is defined as:

(q)*)p : TpM — TCI?'(P)N

2 2
(), <Zﬂi§;(P)> = Zﬂigi(q’(i?))

i=1 i=1

If the point p is clear from the context, (®), can be simply denoted by ®.,.

p

Remark 1.25. Some textbooks may use d®;, to denote the tangent map of ® at p. [

Example 1.26. Consider the unit sphere S? locally parametrized by
F(6,9) = (sin ¢ cos B, sin ¢ sin 6, cos ¢)
and the rotation map:
®(x,y,z) = (xcosa — ysina, xsina + ycosa, z)
From Exercise 1.22, one should have figured out that:
%% = (—sin¢sin(0 + «), sin ¢ cos(6 + «),0)

?f; = (cos @ cos(8 +a),cos ¢sin(6 + a), — sin ¢)

F oF
Next we want to write them in terms of the basis {29' S(P } However, we should
be careful about the base points of these vectors. Consider a point p € S? with local

coordinates (6, ¢), the vectors =0 and 39 computed above are based at the point ®(p)

with local coordinates (6 + «, ¢). Therefore, we should express them in terms of the
oF oF oF

basis { 55.@(0), (@) | mot { o000, 5E ) 1
At ®(p), we have:

%(cp@)) — (—singsin(6+ &), sin g cos(8 + a),0) = °2 (@(p))

g; (®(p)) = (cos ¢ cos(8 + ), cos @sin(f + a), —sin @) = aE(CD(p))
Therefore, the tangent map (), acts on the basis vectors by:
oF oF
@, (550) = S5 (@)
oF oF
@y (550)) = 5o @)
In other words, the matrix representation [(®.),] with respect to the bases

(S0 s erns (@), 5@} for To,s?

is the identity matrix. However, it is not perfectly correct to say (®.), is an identity
map, since the domain and co-domain are different tangent planes. O
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Exercise 1.23. Let ® be as in Example 1.26. Consider the stereographic parametriza-
tion F (u,v) defined in Example 1.5. Suppose p € S?, express the matrix represen-

tation [(®.),] with respect to the bases 8F7+’ oF+ and 8F7+’ o
Ju’ dv J, ou’ 90 J gy

1.5.3. Tangent Maps and Jacobian Matrices. Let ® : M — N be a smooth
map between two regular surfaces. Instead of computing the matrix representation of
the tangent map @, directly by taking partial derivatives (c.f. Example 1.26), one can
also find it out by computing a Jacobian matrix.

Suppose F(uy,up) : Uy — M and G(vq,v72) : Uy — N are local parametrizations
of M and N. The composition G~! 0 ® o F can be regarded as a map between the
uup-plane to the v1vp-plane. As such, one can write

Glodo F(uy,uz) = (v1(uq, uz), v2 (11, uz)).

By considering ® o F(uq,uy) = G(v1(u1, u2), v2(11, u2)), one can differentiate both sides
with respect to u;:

d

2
1 2 (@ 0F) = - Glon ) ool ) = Y- 5 S

Here we used the chain rule. Note that {g—fk} is a basis for Tg,)N.

Using (1.1), one can see:

oF od 0 dvy 0G  dup 9G
@* = i=—=—(®PoF)= —— —
(8u1> Ju;  Jdug (®oF) duy 0vy  0duq vy

AR JHE NP O ' '
P (aug> T Qup Buz(q)o F)= dur dv; Oty AV

Uj

F
Hence the matrix representation of (®.), with respect to the bases {g( p)} and

{35 (@(p))} is the Jacobian matrix:

v dyy
_ | du;  dup
- lavz avz]
F1(p) dup  duz JF-1(p)
Example 1.27. Let @ : 5> — S2 be the rotation map as in Example 1.26. Consider again
the local parametrization:

d(vy,v7)
a(”l/ uZ)

F(6, ¢) = (sin g cos6,sin ¢ sinb,cos ¢).
By standard trigonometry, one can find out that ®(F(6, ¢)) = F(6 + a, ¢). Equivalently,
the map F~! o ® o F (in a suitable domain) is the map:
(6/ (P) — (0 + DC, (P)
As a is a constant, the Jacobian matrix of F~! o ® o F is the identity matrix, and so the
- . 9F OF 9F OF . . .
matrix [(Py),] with respect to the bases {W' %}p and {%, %}é(p) is the identity
matrix (which was also obtained by somewhat tedious computations in Example
1.26). O

Exercise 1.24. Do Exercise 1.23 by considering Jacobian matrices.






Chapter 2

Abstract Manifolds

“Manifolds are a bit like pornography:
hard to define, but you know one
when you see one.”

Shmuel Weinberger

2.1. Smooth Manifolds

Intuitively, a manifold is a space which locally resembles an Euclidean space. Regular
surfaces are examples of manifolds. Being locally Euclidean, a manifold is equipped
with a local coordinate system around every point so that many concepts in Calculus
on Euclidean spaces can carry over to manifolds.

Unlike regular surfaces, we do not require a manifold to be a subset of R". A
manifold can just stand alone by itself like the Universe is regarded as a curved space-
time sheet with nothing “outside” in General Relativity. However, we do require that a
manifold satisfies certain topological conditions.

2.1.1. Point-Set Topology. In order to state the formal definition of a manifold,
there are some topological terms (such as Hausdorff, second countable, etc.) we will
briefly introduce. However, we will not take a long detour to go through every single
topological concept, otherwise we will not have time to cover the more interesting
material about smooth manifolds. Moreover, these topological conditions are very
common as long as the space we are looking at is not “strange”.

A topological space X is a set equipped with a collection 7 of subsets of X such that:
(@) ©,X € T;and

(b) for any arbitrary sub-collection {Uy },c4 C T, we have U U, € 7; and
xeA
N
(c) for any finite sub-collection {Uy,..., Uy} C T, we have ﬂ u,eT.
i=1
If T is such a collection, we call 7" a fopology of X. Elements in 7 are called open sets of
X.
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Example 2.1. The Euclidean space R" equipped with the collection
T = collection of all open sets (in usual sense) in R"

is an example of a topological space. The collection 7 is called the usual topology of
R"™. O

Example 2.2. Any subset S C R”, equipped with the collection
Ts ={SNU: U is an open set (in usual sense) in R" }

is an example of a topological space. The collection 7g is called the subspace topology. [

Given two topological spaces (X, Tx) and (Y, 7y), one can talk about functions or
mapping between them. A map ® : X — Y is said to be continuous with respect to Tx
and Ty if for any U € Ty, we have ®~1(U) € Tx. This definition is a generalization of
continuous functions between Euclidean spaces equipped with the usual topologies. If
the map @ : X — Y is one-to-one and onto, and both ¢ and @1 are continuous, then
we say P is a homeomorphism and the spaces (X, Tx) and (Y, Ty) are homeomorphic.

A topological space (X, T') is said to be Hausdorff if for any pair of distinct points
p,q € X, we have Uy, U, € T such that p € Uy, g € Uy and U; N Uy = @. In other
words, points of a Hausdorff space can be separated by open sets. It is intuitive that
R" with the usual topology is a Hausdorff space. Any subset S C IR" with subspace
topology is also a Hausdorff space.

A topological space (X, Tx) is said to be second countable if there is a countable
sub-collection {U;}{°; C T such that any set U € 7 can be expressed as a union of
some of these U;’s. For instance, IR” with usual topology is second countable since by
density of rational numbers, any open set can be expressed as a countable union of
open balls with rational radii and centers.

This introduction to point-set topology is intended to be short. It may not make
sense to everybody, but it doesn’t hurt! Point-set topology is not the main dish of
the course. Many spaces we will look at are either Euclidean spaces, their subsets or
sets derived from Euclidean spaces. Most of them are Hausdorff and second countable.
Readers who want to learn more about point-set topology may consider taking MATH
4225. For more thorough treatment on point-set topology, please consult [Mun00].
Meanwhile, the take-home message of this introduction is that we don’t have to worry
much about point-set topology in this course!

2.1.2. Definitions and Examples. Now we are ready to learn what a manifold is.
We will first introduce topological manifolds, which are objects that locally look like
Euclidean space in certain continuous sense:

Definition 2.3 (Topological Manifolds). A Hausdorff, second countable topological
space M is said to be an n-dimensional topological manifold, or in short a topological
n-manifold, if for any point p € M, there exists a homeomorphism F : f — O between
a non-empty open subset &/ C R" and an open subset O C M containing p. This
homeomorphism F is called a local parametrization (or local coordinate chart) around p.

Example 2.4. Any regular surface is a topological manifold since its local parametriza-
tions are all homeomorphisms. Therefore, spheres, cylinders, torus, etc. are all
topological manifolds.

However, a double cone (see Figure 2.1) is not a topological manifold since the
vertex is a “bad” point. Any open set containing the vertex cannot be homeomorphic
to any open set in Euclidean space.
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Figure 2.1. Double cone is not locally Euclidean near its vertex.

Remark 2.5. Note that around every p there may be more than one local parametriza-
tions. If F, : Uy — Oy and Fp:Up — (’)[; are two local parametrizations around p, then
the composition:

(Fg' oFa) 1 F ' (0a N Op) — F5 1 (Ox N Op)

(Fe'oFp) 1 F51 (0N Op) = F 1 (Ou N Op)

are often called the transition maps between these local parametrizations. We need
to restrict their domains to smaller sets so as to guarantee the transition maps are
well-defined (c.f. Section 1.3). O

On a topological manifold, there is a coordinate system around every point. How-
ever, many concepts in Calculus involve taking derivatives. In order to carry out
differentiations on manifolds, it is not sufficient to be merely locally homeomorphic to
Euclidean spaces. We need the local parametrization F to be differentiable in a certain
sense.

For regular surfaces in R3, the local parametrization F : &/ — IR® are maps between
Euclidean spaces, so it makes sense to take derivatives of F. However, an abstract
manifold may not be sitting in R* or RN, and therefore it is difficult to make of sense
of differentiability of F : i/ — O. To get around this issue, we will not talk about the
differentiability of a local parametrization F, but instead talk about the differentiability
of transition maps.

In Proposition 1.11 of Chapter 1 we showed that any two overlapping local
parametrizations F, and Fg of a regular surface M have smooth transition maps
Flgl oFyand Flo Fg. Now consider an abstract topological manifold. Although the
local parametrizations F, and Fg may not have a codomain sitting in Euclidean spaces,
the transition maps Fgl oF,and F;lo Fg are indeed maps between open subsets of
Euclidean spaces!

While we cannot differentiate local parametrizations F : i/ — O C M for abstract
manifolds, we can do so for the transition maps Fgl oFyand F;1oF p- This motivates
the definition of a smooth manifold:
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» »
> >

Figure 2.2. transition maps of a manifold

Definition 2.6 (Smooth Manifolds). A n-dimensional topological manifold M is said
to be an n-dimensional smooth manifold, or in short a smooth n-manifold, if there is a
collection A of local parametrizations F, : Uy — O, such that

(1) U O = M, i.e. these local parametrizations cover all of M; and
aeA

(2) all transition maps F; ! o Fg are smooth (i.e. C*) on their domains.

Remark 2.7. Two local parametrizations F, and Fg with smooth transition maps
Fy!oFgand Flgl o F, are said to be compatible. O

Remark 2.8. We often use the superscript n, i.e. M", to mean that the manifold M is
n-dimensional. O

Remark 2.9. A 2-dimensional manifold is sometimes called a surface. In this course,
we will use the term regular surfaces for those surfaces in R® discussed in Chapter 1,
while we will use the term smooth surfaces to describe 2-dimensional smooth manifolds
in the sense of Definition 2.6. O

Example 2.10. Any topological manifold which can be covered by one global parametriza-
tion (i.e. image of F is all of M) is a smooth manifold. Examples of which include
R" which can be covered by one parametrization Id : R" — R". The graph of I'y
of any continuous function f : R* — R is also a smooth manifold covered by one
parametrization F(x) = (x,f(x)) : R" — I's. Any regular curve r(f) is a smooth
manifold of dimension 1. 0
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Example 2.11. All regular surfaces in IR® are smooth manifolds by Proposition 1.11
(which we showed their transition maps are smooth). Therefore, spheres, cylinders,
tori, etc. are all smooth manifolds. O

Example 2.12 (Extended complex plane). Define M = C U {co}. One can show (omitted
here) that it is a Hausdroff, second countable topological space. Furthermore, one can
cover M by two local parametrizations:

FI:RZ—>CcM Fp:R? — (C\{0})U{eo} C M

(x,y) — x+yi (x,y)»—>x+yi

The overlap part on M is given by C\{0}, corresponding to R?\{(0,0)} in R?
under the parametrizations F; and F;. One can compute that the transition maps are

given by:
_ x Yy
leoFl(X,y>: (x2+y2,—x2+y2)

-1 _ x Yy
Fl OFZ(X,]/) - (x2+y2/_x2+y2)

Both are smooth maps on IR?\{(0,0)}. Therefore, C U {co} is a smooth manifold. [

Exercise 2.1. Show that the n-dimensional sphere
S"i= {(x1,..., Xpp1) ER™ i 4 442 =1}

is a smooth n-manifold. [Hint: Generalize the stereographic projection to higher
dimensions]

Exercise 2.2. Discuss: According to Example 2.10, the graph of any continuous
function f : R” — R is a smooth manifold as there is no transition map. However,
wouldn’t it imply the single cone:

{(X,y,z) ER3:z= \/m}

is a smooth manifold? It appears to have a “corner” point at the vertex, isn't it?

2.1.3. Product and Quotient Manifolds. Given two smooth manifolds M™ and
N", one can form an (m + n)-dimensional manifold M™ x N", which is defined by:
M" x N":={(x,y) :x € M" and y € N""}.
Given a local parametrization F : Uy — Oy for M™, and a local parametrizaiton
G : Uy — Oy for N, one can define a local parametrization:
FxG:UyxUy — Op x Oy C M™ x N*
(u,v) = (F(u), G(v))
If {F,} is a collection of local parametrizations of M™ with smooth transition maps,
and {Gg} is that of N" with smooth transition maps, then one can form a collection
of local parametrizations Fy X Gg of the product M™ x N". It can be shown that these

local parametrizations of M™ x N" also have smooth transition maps between open
subsets of R"1" (see Exercise 2.3).
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Exercise 2.3. Show that if F, and F; are local parametrizations of M™ with smooth
transition maps, and similarly for Gp and GB for N”, then F, x G g and Fg x GE

have smooth transition maps.

The result from Exercise 2.3 showed that the product M™ x N" of two smooth
manifolds M™ and N" is a smooth manifold with dimension m + n. Inductively, the
product M{"" x ... M;"* of k smooth manifolds M;",..., M;'* is a smooth manifold
with dimension my + ... + my.

Example 2.13. The cylinder x> + y?> = 1 in R® can be regarded as R x S'. The torus

can be regarded as S! x S'. They are both smooth manifolds. By taking products of

known smooth manifolds, one can generate a great deal of new smooth manifolds. The

n-dimensional cylinder can be easily seen to be a smooth manifold by regarding it as

R x §"~1. The n-dimensional torus 8! x ... x 8! is also a smooth manifold. g
—_————

n times

Another common way to produce a new manifold from an old one is to take
quotients. Take R as an example. Let us define an equivalence relation ~ by declaring
that x ~ y if and only if x — y is an integer. For instance, we have 3 ~ 5 while 4 /£ 3.
Then, we can talk about equivalence classes [x] which is the following set:

¥ ={yeR:y~x}.
For instance, we have 5 € [2] as 5 ~ 2. Likewise —3 € [2] as —3 ~ 2 too. The set [2] is
the set of all integers. Similarly, one can also argue [-1] = [0] = [1] = [2] = [3] = ...
are all equal to the set of all integers.

On the contrary, 1 ¢ [0.2] as 1 % 0.2. Yet —1.8, —0.8, 0.2, ... are all in the set [0.2].
The set [0.2] is simply the set of all numbers in the form of 0.2 + N where N is any
integer. One can also see that [—1.8] = [-0.8] = [0.2] = [1.2] = ....

Under such notations, we see that [1] = [2] while [1] # [0.2]. The notion of
equivalence classes provides us with a way to “decree” what elements in the “mother”
set (R in this case) are regarded as equal. This is how topologists and geometers
interpret gluing. In this example, we can think of 1, 2, 3, etc. are glued together, and
also —1.8, —0.8, 0.2, etc. are glued together. Formally, we denote

R/~ :={[x] : x € R}
which is the set of all equivalence classes under the relation ~. This new set R/ ~ is

called a quotient set of R by the equivalence relation ~. By sketching the set, we can
see R/ ~ is topologically a circle S! (see Figure 2.3):

Exercise 2.4. Describe the set R?/ ~ where we declare (x1,y1) ~ (x2,2) if and
onlyifxl — Xy €EZ andy1 — Y2 € Z.

Example 2.14 (Real Projective Space). The real projective space IRIP” is the quotient set
of R"1\ {0} under the equivalence relation: (xq,x1,...,%;) ~ (Yo,Y1,...,yn) if and
only if there exists A € R\{0} such that (xg, x1,...,%:) = (Ayo,Ay1,...,Ayn). Each
equivalence class is commonly denoted by:

[x0:x1 1 xy)
For instance, we have [0:1: —1] = [0 : —7t : 7t]. Under this notation, we can write:
RP" := {[xo Cxp et x] t (X0, X e, Xn) € R"+1\{o}}

It is important to note that [0: 0: - - - : 0] ¢ RIP".



2.1. Smooth Manifolds 29

equivalent
—2.8 -1.8 —-0.8 0.2 1.2
*—0 —& —& —& *—0—
_3\_\i/1/“
equivalent [0.2]
R/~ $[0]

Figure 2.3. Quotient set R/ ~

We are going to show that RIP" is an n-dimensional smooth manifold. For each
i=0,1,...,n, we denote:

Oj:={xg:x1:-:1x5] € RP": x; # 0} C RP".
Define F; : R" — O; by:
Fi(xq,...,xp) =[x1:---: 1 I
1
For instance, Fo(x1,...,x5) = [1:x7 -+t xy), Fr(xg, .o, x0) =[x 0 1:xp 0 -+ 1 2y
and Fy(xq,...,x5) = [x1: - 12y 0 1]

The overlap between images of Fy and Fy, for instance, is given by:
OyN Oy :{[X():JC1:X2:“':xn} 1 X, X1 750}
Fal (OO N 01) = {(xl,xz,. ..,xn) eR": X1 # 0}

One can compute that the transition map F;° 1o Fy is given by:

1 x X
F;l oFO(xl,...,xn) = (,2,...,n>
X1 X1 X1
which is smooth on the domain F 1(Og N O1). The smoothness of transition maps
between any other pairs can be verified in a similar way. 0

Exercise 2.5. Express the transition map F5 Lo F; of RIP® and verify that it is
smooth on its domain.

Example 2.15 (Complex Projective Space). The complex projective space CPP” is an
important manifold in Complex Geometry (one of my research interests) and Algebraic
Geometry. It is defined similarly as IRIP”, with all R’s replaced by C’s. Precisely, we
declare for any two elements in (zo, ..., zx), (W, ..., wy) € C"*1\{(0,...,0)}, we have
(zo,.-,zn) ~ (wp, ..., wy) if and only if there exists A € C\{0} such that z; = Aw; for
any i = 0,...n. Under this equivalence relation, the equivalence classes denoted by
[zo :z1: - :zy,] constitute the complex projective space:

CP":={[zp:21: - :24) : z; not all zero }.

It can be shown to be a smooth 2n-manifold in exactly the same way as in RP". O
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Exercise 2.6. Show that CIP" is an 2n-dimensional smooth manifold by construct-
ing local parametrizations in a similar way as for RIP”. For the transition maps,
express one or two of them explicitly and verify that they are smooth. What's
more can you say about the transition maps apart from being smooth?

Exercise 2.7. Consider the equivalence relation of IR” defined as follows:
x ~ vy if and only if x —y € Z"

Show that R/ ~ is a smooth n-manifold.

Example 2.16. The Klein Bottle K (see Figure 1.2a) cannot be put inside R® without
self-intersection, but it can be done in R*. It is covered by two local parametrizations
given below:

Fi:U; - R* where U :={(u1,v1):0<u; <2mand0< v <27}

[(cosvy +2) cosuy
(cosvy +2)sinug
sin vy cos 4

sin vy sin %

Fo:Up - R* where U :={(
)

[—(cos vy +2) cos up
(cosvy +2) sinuy
sinv, cos (%2 + %)

| sinvysin (2 + F)

Fi(ui,vm) =

Up,v7) : 0 <up <2mand 0 < v < 27}

Fo(up, v2) =

Geometrically speaking, the Klein bottle is generated by rotating the unit circle
by two independent rotations, one parallel to the xy-plane, another parallel to the
zw-plane. For geometric explanations for these parametrizations, see [dC94, P.36].

We leave it to readers to check that F; and F; are both injective and compatible
with each other. It will show that K is a 2-manifold. g

Exercise 2.8. Consider the Klein bottle K given in Example 2.16.

(a) Show that both F; and F; are injective.
(b) Let W = Fy1(Uy) NFa(Uy). Find F{1(W) and F, ' (W).

(c) Compute the transition maps F, ' o F; and Fi 1o F, defined on the overlaps.

2.1.4. Differential Structures. A smooth manifold M" is equipped with a collec-
tion smooth local parametrizations F, : Uy C R" — O, C M" such that the images of
these F,’s cover the entire manifold, i.e.

M= |J Ou= | Fallha).
all a’s all a’s
These local parametrizations need to be compatible with each other in a sense that any
overlapping parametrizations F, and Fg must have smooth transition maps Folo Fg
and F;! o F,. Such a collection of local parametrizations A = {F, Uy, Oy} is called a
smooth atlas of M.

Given a smooth atlas A of M, we can enlarge the atlas by including more local
parametrizations Fpew : Unew — Onew that are compatible to all local parametrizations
in A. The differential structure generated by an atlas A is a gigantic atlas that contains
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all local parametrizations which are compatible with every local parametrizations in A
(for more formal definition, please read [Lee09, Section 1.3]).

Let’s take the plane R? as an example. It can be parametrized by at least three
different ways:

e the identity map F; :=id : R?> — R2.
e the map Fp : R?> — (0,00) x (0,00) C R?, defined as:
Fo(u,v) := (", ¢").
e and pathologically, by F3 : R? — IR? defined as:
Fs(u,v) = (u, v+ |u|).

It is clear that F{ ' o Fo(u,0) = (¢",¢%) and F5 ! o F;(u,0) = (logu,log v) are smooth on
the domains at which they are defined. Therefore, we say that F; and F, are compatible,
and the differential structure generated by F; will contain F;.

On the other hand, F;! o F3(1,0) = (1,0 + |u|) is not smooth, and so F; and F3

are not compatible. Likewise, F; ! o F3(u,v) = (logu,log(v + |u|)) is not smooth either.
Therefore, F3 does not belong to the differential structure generated by F; and F».

As we can see from above, a manifold M can have many distinct differential
structures. In this course, when we talk about manifolds, we usually only consider
one differential structure of the manifold, and very often we will only deal with the
most “natural” differential structure such as the one generated by F; or F, above for
IR3, but not like the pathological one such as F3. Therefore, we usually will not specify
the differential structure when we talk about a manifold, unless it is necessary in some
rare occasions.

Exercise 2.9. Show that any smooth manifold has uncountably many distinct
differential structures. [Hint: Let B(1) := {x € R” : |x| < 1}, consider maps
¥, : B(1) — B(1) defined by ¥5(x) = |x|*x where s > 0.]
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2.2. Functions and Maps on Manifolds

2.2.1. Definitions and Examples. Let’s first review how smooth functions f :
M — R and smooth maps ® : M — N are defined for regular surfaces (Definitions
1.13 and 1.17). Given two and G : Uy — Oy C N, the compositions f o F and
G~! o ® oF are functions or maps between Euclidean spaces. We say the function f is
smooth if f o F is smooth for any local parametrizations F : Uy — Op C M. We say ©
is smooth if G™! o ® o F is smooth.

The definitions of differentiable functions and maps for regular surfaces carry over
to abstract manifolds in a natural way:

Definition 2.17 (Functions and Maps of Class C¥). Let M"™ and N" be two smooth
manifolds of dimensions m and n respectively. Then:

A scalar-valued function f : M — R is said to be C¥ at p € M if for any smooth
local parametrization F : i — M with p € F(U), the composition f o F is C* at the
point F~1(p) € U as a function from subset from R™ to R. Furthermore, if f : M — R
is CK at every p € M, then we say f is CK on M.

A map ®: M — N is said to be C¥ at p € M if for any smooth local parametriza-
tionF : Uy — Oy C MWithp S F(UM), and G : Uy — Oy C N with @(}7) € G(UN),
the composition G™! o ® o F is CF at F~1(p) as a map between subsets of R and R".
Furthermore, if ® : M — N is Ck at every p € M, then ® is said to be Ck on M.

When k is co, we can also say that the function or map is smooth.

(I)_l(q)(OM>ﬁ0N) ‘I’(O]VI)QON

> u |
@O NONT

e (®oF)~(®(Onm) N ON)
¢

G lodoF

Figure 2.4. maps between two manifolds

Remark 2.18. By the definition of a smooth manifold (see condition (2) in Definition
2.6), transition maps are always smooth. Therefore, although we require f o F and
G~ o ® oF to be smooth for any local parametrizations around p, it suffices to show
that they are smooth for at least one F covering p and at least one G covering ®(p).

Exercise 2.10. Suppose @ : M — N and ¥ : N — P are C* maps between smooth
manifolds M, N and P. Show that the composition ¥ o & is also C¥.
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Example 2.19. Consider the 3-dimensional sphere
83 = {(x1,x2,x3,%4) ER*: 23 + 33 + 23+ 22 =1 € R}
and the complex projective plane
CP'={[z:w]:z#0orw #0}.
Define a map @ : §* — CIP! by:
D(x1,x2, X3, x4) = [X1 + X2, X3 + ixy4].
Locally parametrize S by stereographic projection:

F:R>—S?

2u 2u 2u —1+4 Y u?
Fu, ug, u3) = —, 2 . : S
1+Zkuk 1+Zkuk 1+Zkuk 1+):kuk
The image of F is $3\{(0,0,0,1)}. As usual, we locally parametrize CP! by:
G:R? — CP!
G(vq,v2) = [1: v1 + ivy]

The domain of G" o @ o Fis (@ oF)~! (®oF(R%) NG(IR?)), and the map is explicitly
given by:

G o ®oF(uy,u,u3)

1 2141 2uy 2143 -1+ Zk ui
=G"o® 2 2 2 2
T+Ypup 1+ 1eup 14+ Leup 14+ Yug

2 2 2 —1+ Yyu?

—G | i S8y Zka
1—|—Zkuk 1+Zkuk 1+Zkuk 1+Zkuk

_ 1‘2u3+i(—1+zku%)
’ 2uq + 2iuy

ey 2uquz + up(—1+ Ly uf) i—2u2u3 +up (=14 Ly u?)
’ 2(u? +u3) 2(u? +u3)

[ 2uqus + up (=14 Y u%) —2upuz +u1 (=14 Yy u%)
2(u? +u3) ’ 2(u? +u3) '

For any (u1, 2, u3) in the domain of G' o ® o F, which is (®o F)~! (® o F(R®) N G(R?)),
we have in particular ® o F(uy, up, u3) € G(IR?), and so
2Ll1 2uy

b £0.
1+Zku,2( 1+Eku%

Therefore, (11, 1u7) # (0,0) whenever (u1, up, u3) is in the domain of G lo®oF. From
the above computations, Gl o ®oF is smooth.

One can also check similarly that G~ o @ o F is smooth for other combinations of
local parametrizations, concluding ® is a smooth map.

O
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Example 2.20. Let M x N be the product of two smooth manifolds M and N. Then,
the projection map ) and 7ry defined by:

v MxN—=M
(pq) = p
nN:MXxN—N
() = q
are both smooth manifolds. It can be shown by considering local parametrizations
F:Uy — Opof M,and G: Uy — On of N. Then F x G : Uy x Uy — Oy x On is a
local parametrization of M x N. To show that 7ty is smooth, we compute:
Flomyo (FxG)(uv)=Ftomy(F(u),G(v))
=F (F(u))
=u
The map (u,v) + u is clearly a smooth map between Euclidean spaces. Therefore, 1)

is a smooth map between M x N and M. Similarly, 7ty is also a smooth map between
M x N and N. O

Exercise 2.11. Suppose @ : R""1\{0} — R”*1\{0} is a smooth map which
satisfies

D(cxg,cx1, ..., CXp) = chD(xO, X1,--,%n)
for any ¢ € R\{0} and (xq, x1,...,x;) € R**1\{0}. Show that the induced map
@ : RP" — RIP™ defined by:

EIVD([xO PXp e Xp]) = D(xg, X1, .-, Xn)
is well-defined and smooth. [Hint: To check ® is well-defined means to verify that
two equivalent inputs [xg : X1 : -+ x| = [Yo 1 Y1 : -+ - : Yu] Will give the same
outputs ®(xg, x1,...,x,) and D(yo,y1,---,Yn)-]

Exercise 2.12. Let M = {(w,z) € C?: |w|* + |z]* = 1}.
(a) Show that M is a 3-dimensional manifold.
(b) Define
_ sy 12 2
P(w,z) := (zw—l—wz,l(wz —z), |z]” — |w] )
for any (w,z) € M. Show that ®(w,z) € R® and it lies on the unit sphere S?,
and then verify that ® : M — S? is a smooth map.

2.2.2. Diffeomorphisms. Two smooth manifolds M and N are said to be diffeo-
morphic if they are in one-to-one correspondence with each other in smooth sense. Here
is the rigorous definition:

Definition 2.21 (Diffeomorphisms). A smooth map ® : M — N between two smooth
manifolds M and N is said to be a diffeomorphism if ® is a one-to-one and onto (i.e.
bijective), and that the inverse map ®~! : N — M is also smooth.

If such a map exists between M and N, the two manifolds M and N are said to
be diffeomorphic.
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Example 2.22. Given a smooth function f : I/ — R from an open subset &/ C R". The
graph I'y defined as:

Tri={(xf(x) € R x e U}
is a smooth manifold by Example 2.10. We claim that the projection map:
TT : l"f - U
(% f(x)) = x

is a diffeomorphism. Both I'y and U/ are covered by one global parametrization. The
parametrization of ¢/ is simply the identity map idy, on /. The parametrization of I's
is given by:

F:U — l"f
x = (%, f(x))
To show that 7t is smooth, we consider id;{l o 7t o F, which is given by:
id,,! o o F(x) = id;, " o 7r(x, f(x))
=id,,' (x)
= X.

Therefore, the composite idz;1 o 7t o F is simply the identity map on I/, which is clearly
smooth.

7T is one-to-one and onto with inverse map 77! given by:
7'[71 U — Ff
x = (%, f(x))

1 is smooth, we consider the composite F~! o 771 0 id;;:

To show 7~
Flomtoidy(x) =F lon1(x)
=F 1 (x f(x))

= X.

Therefore, the composite F~! o 771 0 idy, is also the identity map on U, which is again
smooth. O

Example 2.23. Let M be the cylinder x? + > = 1 in IR3. We are going to show that M
is diffeomorphic to IR?\{(0,0)} via the diffeomorphism:

®: M — R>\{(0,0)}
(x,y,2) = € (x,y)

We leave it for readers to verify that & is one-to-one and onto, and hence ®~! exists.
To show it is a diffeomorphism, we first parametrize M by two local coordinate charts:

Fr:(0,2) x R —» M Fo:(—mm) xR — M
F1(6,z) = (cosf,sinb,z) F2(6,%) = (cos,sin,z)

The target space IR?\ {(0,0)} is an open set of R?, and hence can be globally parametrized
by id s RA{(0,0)} — R2\{(0,0)}.
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We need to show ® o F; and Fl.’1 o ®~! are smooth for any i = 1,2. As an example,
we verify one of them only:

®doFq(8,z) = D(cosb,sinb,z)
= (€ cos b, ¢*sinb).
To show F° Lo® 1 = (®oF;) ! is smooth, we use Inverse Function Theorem. The
Jacobian of ® o F; is given by:

—e*sinf  e*cosf|

D(®oFy) = det e?cosf® efsinf|

—e? 2 0.
Therefore, ® o F1 has a C* local inverse around every point in the domain. Since ® o F;
is one-to-one and onto, such a local inverse is a global inverse.

Similarly, one can show ® o F, and Fy 15 @1 are smooth. All these show ® and
&~ are smooth maps between M and R?\{(0,0)}, and hence are diffeomorphisms. [J

Exercise 2.13. Show that the open square (—1,1) x (—1,1) C R? is diffeomorphic
to IR2. [Hint: consider the trig functions tan or tan~—1.]

Exercise 2.14. Consider the map ® : B;(0) — R" defined by:
X
1—|x?

where B1(0) is the open unit ball {x € R" : |x| < 1}. Show that ® is a diffeomor-
phism.

D(x) =

Exercise 2.15. Let M = IR?/ ~ where ~ is the equivalence relation:
x~y ifandonlyif x-—y e 7.

From Exercise 2.7, we have already showed that M is a smooth manifold. Show
that M is diffeomorphic to a ! x S!.
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2.3. Tangent Spaces and Tangent Maps

At a point p on a regular surface M C IR3, the tangent plane Ty M at p is spanned by the
oF oF

basis {au} where F is a local parametrization around p. The basis 5, are vectors
ili=12 i

in IR? since F has an image in R®. However, this definition of tangent plane can hardly

be generalized to abstract manifolds, as an abstract manifold M may not sit inside any

Euclidean space. Instead, we define the tangent space at a point p on a smooth manifold

a n
as the vector space spanned by partial differential operators {E)u} . Heuristically,
i)i=1
we generalize the concept of tangent planes of regular surfaces in R® by “removing”

. F .
the label F from the geometric vector 5.7 5° that it becomes an abstract vector . For
i i
this generalization, we first need to define partial derivatives on abstract manifolds.

2.3.1. Partial Derivatives and Tangent Vectors. Let M" be a smooth manifold
and F: U C R" — O C M" be a smooth local parametrization. Then similar to regular
surfaces, for any p € O, it makes sense to define partial derivative for a function
f:M — R at p by pre-composing f with F, i.e. f oF, which is a map from ¢/ C R” to
R. Let (u,...,un) be the coordinates of & C IR", then with a little abuse of notations,

we denote:
of . \._9(foF)
8u]( ) o aM] (u)

where u is the point in ¢/ corresponding to p, i.e. F(u) = p.

Remark 2.24. Note that %(p) is defined locally on O, and depends on the choice of

local parametrization F near p. O

The partial derivative 2 (p) can be thought as an operator:

8uj
9 (p): CY(M,R) - R
au]-
af
f= 5 (p)-

Here C!(M,R) denotes the set of all C! functions from M to R.

oF
On regular surfaces E(p) is a tangent vector at p. On an abstract manifold,
j

3 (p) cannot be defined since F may not be in an Euclidean space. Instead, the partial
j

differential operator i(p) plays the role of oF
ou j au]

0
3 (p) a tangent vector for an abstract manifold. It does sound less concrete and more
j
abstract than a geometric tangent vector, but one good quote by John von Neumann is:

(p), and we will call the operator

“In mathematics you don’t understand things. You just get used to
them.”

Example 2.25. Let F(x,y,z) = (x,y,z) be the identity parametrization of R3, and
G(p, 0, ¢) = (psin ¢ cos b, psin ¢sin b, p cos @) be local parametrization of R3 by spheri-
cal coordinates.
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Figure 2.5. % and % are used in place of 3—5 and 3—5 on abstract manifolds.

Then at any point p € R3, the vectors %(p), ai(p), %(p) are regarded as the
oF . oF oF

abstract form of the geometric vectors a(p), @(p), > (p), which are respectively i, j

and k in standard notations.

Also, the vectors %(p), %(p), %(p) are regarded as the abstract form of the
. aG aG aG . .
geometric vectors 3 (), 3 (), EP (p), which are respectively the vectors at p tangent

to the p-, - and ¢-directions on the sphere. O
Example 2.26. Take another example:

RIP? = {[xp : x; : Xp] : at least one x; # 0}.
According to Example 2.14, one of its local parametrizations is given by:

F:R? — RP?
(x1,22) = [L: 37 2 2o

oF OoF .
Such a manifold is not assumed to be in RN, so we can’t define —, — as geometric

dx1’ dxp

vectors in RN. However, as a substitute, we will regard the operators as

dx1 9x
abstract tangent vectors along the directions of x; and x; respectively.

2.3.2. Tangent Spaces. Having generalized the concept of partial derivatives to
abstract manifolds, we now ready to state the definition of tangent vectors for abstract
manifolds.

Definition 2.27 (Tangent Spaces). Let M be a smooth n-manifold, p € Mand F: U C
R" = O C M be a smooth local parametrization around p. The tangent space at p of
M, denoted by T, M, is defined as:

0 d
T,M = span{a—ul(;?),--',a—(l?)}/

Un

d N . . N
where a’s are partial differential operators with respect to the local parametrization
i

F(ul,. . .,un).
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It seems that the definition of T, M depends on the choice of local parametrization

a n
F. However, we can show that it does not. We first show that {au (p)} are linearly
i

i=1

independent, then we have dim T,M = n = dim M.

Given a local parametrization F : &/ — O C M with local coordinates denoted
by (u1,...,un), then each coordinate u; can be regarded as a locally defined function
u; : O — R. Then we have:

Jou 1 ifi=j
k(P)Z%’Z{ /

Ju i 0 otherwise

a n

Next we want to show {au} are linearly independent. Suppose 4;’s are real
i)i=1

numbers such that

o _
— aui N
functions u;’s). Therefore, we have:

" uy n
0= Zaiw =Y a6 = a
i=1 iia

n
meaning that Z a; 0 for any differential function f (including the coordinate
i=1

n
for any k. This shows {Bi} are linearly independent, show that dimT,M =
i)i=1
dim M. ’
Now we show T, M does not depend on the choice of local coordinates. Suppose

F:UCR" - OCMandF:U CR"— O be two local parametrizations. We use
(uq,...,uy) to denote the Euclidean coordinates on U, and use (vy,...,v,) for U.

d 0 -
The partial derivatives % are % are different. Via the transition map F~' oF,
] 1

(v1,...,v,) can be regarded as functions of (uy,...,u,), and therefore it makes sense
ov;
of defining —.
& aui

Given a smooth function f : M — R, by the chain rule, one can write the partial

derivative i in terms of i as follows:
au]- an
of d(f oF)
2.1 - =
2.1) o () e
) o
= — oF)o(FloF
GG EGREL
_ Z I(foF) 9v;
j=1 avj F-1(p) du; F1(p)
-y Y
=1 aui F-1(p) a‘()]




40 2. Abstract Manifolds

In short, we can write:

o0 g d
ou; = du; dv;
a /!
In other words, ET can be expressed as a linear combination of 30, s.
i ]

n n
Therefore, span {a(p)} C span {a(p)} . Since both spans of vectors
ou; i=1 dv; i=1

have equal dimension, their span must be equal. This shows T, M is independent of
choice of local parametrizations. However, it is important to note that each individual

basis vector S (p) does depend on local parametrizations.
i

Example 2.28. Consider again the real projective plane:
RIP? = {[xg : X1 : X] : at least one x; # 0}.
Consider the two local parametrizations:
F:R* — RP? G:R* — RP?
F(x1,x2) = [1:x1: x)] G(yo,y2) = [yo = 1: 2l
Then, (yo,y2) can be regarded as a function of (x1,x,) via the transition map G~! o F,
which is explicitly given by:
(Yo,y2) = G oF(xy,x2) = G ([1: 11 : 1))
= 6Nyt 1yl = (1 ”) .

xl'xl
d d . Jd 0
E’ a—xz in terms of %, @:
0 - ayo d 8y2 d

ax1 o E ayo E ayz

Using the chain rule, we can then express

_ 19 xmo
x2dyo  x2 Y2
_ 29 0
=Y o Yoy2 FT
We leave i as an exercise. O

X2

d 0 0
Exercise 2.16. Express — as a linear combination —, — in Example 2.28.
aXZ ayo ayz

Leave the final answer in terms of vy and v only.

Exercise 2.17. Consider the extended complex plane M := C U {co} (discussed in
Example 2.12) with local parametrizations:

Fi:RP?=CcM Fp:R* — (C\{0})U {0} c M

X1,X2) — X1 + Xoi , — :
(x1,x2) 1+ x2 (Y1, 92) e

Express the tangent space basis 9 in terms of the basis 9 .
axl- a]/]
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Exercise 2.18. Given two smooth manifolds M™ and N", and a point (p,q) €
M x N, show that the tangent plane T(, ,)(M x N) is isomorphic to T,M & TyN.
Recall that V @ W is the direct sum of two vector spaces V and W, defined as:

VeW={(v,w):veVand w e W}.

2.3.3. Tangent Maps. Given a smooth map ® between two regular surfaces in
R, we discussed in Section 1.5.2 on how to define its partial derivatives using local
parametrizations. To recap, suppose ® : M — N and F(uy,uz) : Upy — Oy C M and
G(v1,v3) : Uy — On C N are local parametrizations of M and N respectively. Via @,
the local coordinates (v1,vp) of N can be regarded as functions of (u1,uy), i.e.

(01,v2) = G Lo®oF(uy,up).

Then, according to (1.1), the partial derivative gg of the map @ is given by:
i

od o(doF 9(Go (G lodoF
0 (@(p)) = ALoF)_AGo(G _o@oF))
ou; i [p-1(p) ou; F1(p)
2 Jv; oG
=Y S @)
,; 9 |F-1(p) 99

which is a vector on the tangent plane Tg(,)N.

Now, if we are given a smooth map ® : M — N" between two smooth abstract
manifolds M™ and N" with local parametrizations F(uy,...,uy) : Uy CR™ — Op C
M"™ around p € M, and G(vy,...,v,) : Uy C R" — Oy C N" around ®(p) € N, then

the tangent space Tg(,) N is spanned by {8?) (CID(p))} . In view of (1.1), a natural

I . .. 0D . .
generalization of partial derivatives 30 (p) to smooth maps between manifolds is:
i

Definition 2.29 (Partial Derivatives of Maps between Manifolds). Let & : M" — N"
be a smooth map between two smooth manifolds M and N. Let F(uy, ..., uy) : Uy —
Oum C M be a smooth local parametrization around p and G(vy,...,v,) : Uy —
On C N be a smooth local parametrization around ®(p). Then, the partial derivative
of @ with respect to u; at p is defined to be:

oD L Jv; )
22) 5 P = st o (@(p).

au,» ]; aui F1(p) avj
Here (vy,...,vy) are regarded as functions of (uj,..., 1) in a sense that:

(v1,...,04) = Gt o®oF(uy,...,Up).

Note that the partial derivative g% defined in (2.2) depends on the local parametriza-

1
tion F. However, one can show that it does not depend on the choice of the local
parametrization G in the target space.
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Suppose G(wy, . ..,wy) is another local parametrization around ®(p). Then by the
chain rule:

n aw a n aw n av a
j j k
L o o, = oy \ & 5w, 90y
j=1 9% O =1 OF \k=1 9] 9%
L o d
Pt} du; dw; Ivy
oo
=1 uiavk

Therefore, the way to define g% in (2.2) is independent of choice of local parametriza-

tion G for the target manifold N.
Example 2.30. Consider the map @ : RIP! x RIP> — RIP° defined by:
D([xo : x1], [Yo 1 y1 1 y2]) = [XoYo : Xoy1 : XoY2 : X1Yo : X1Y1 : X1Y2)-
Under the standard local parametrizations F(u) = [1 : u] for RIP!, G(v1,v5) = [1: 0y :

] for RIP?, and H(wy, ..., ws5) = [1:wy : - - - : ws] for RIP%, the local expression of ®
is given by:

H lo®o (Fx G)(u,0v1,v0)

=H lo®([1:u],[1:0;:0])

=H ' (1:0;:0:u:uvy : uvy))
= (v1, 02, U, UV, UVy).

Via the map @, we can regard (wq, wp, w3, wg, w5) = (v1, v, U, 11, Uv,), and the partial
derivatives of @ are given by:

od Jdw; 9 Jdws 9 0

EZWE ...—I—gai%:%—f—vlaim-i-’dz%
o0 dw; 0 dws & 9 9

01 v ow T dvsows  owy  Mows

o dw; 9 dws 9 9

0, o ow v, 0ms  owy T Maws

Similar to tangent maps between regular surfaces in R®, we define:

@), (50 0)) = 50

and extend the map linearly to all vectors in T, M. This is then a linear map between
TpM and Tg(,)N, and we call this map the tangent map.

Definition 2.31 (Tangent Maps). Under the same assumption stated in Definition
2.29, the tangent map of ® at p € M denoted by (Py),, is defined as:

((D*)p : TPM — T@(p)N

(®.), (; ai;j{i(p)) =L a5

If the point p is clear from the context, (dD*)p can be simply denoted by ®,.
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For brevity, we will from now on say “(u,...,u;) are local coordinates of M
around p” instead of saying in a clumsy way that “F : «f — M is a local parametrization
of M around p and that (u1,...,u,) are coordinates on U”.

Given a local coordinates (u1, ..., uy) around p, and local coordinates (v1,...,v,)
around ®(p), then from (2.2), the matrix representation of (®.), with respect to bases

9 m 9 n av j=1...n
{a”z(p) }i_l and aif)](q)(p)) i1 E)uz}
column, and j stands for the row. The matrix is nothing but the Jacobian matrix:

N a(vl,...,vn)
(23) [(CD*)p] N {a(ul,...,um)},:up) F_l(p).

Example 2.32. Consider again the map @ : RP! x RIP? — RIP® in Example 2.30. Under
the local parametrizations considered in that example, we then have (for instance):

o ()P0 00

“\ou) ” u ~ ows ' lowsy | ows’
Using the results computed in Example 2.30, the matrix representation of ®, is given
by:

is given by { where i stands for the

i=1,..

= [D(G*1 odo F)}

0 1 0
0 0 1
[@®]=1]1 0 O
v1 u O
v 0 u

Hence, @, is injective. Remark: To be rigorous, we have only shown (®, ), is injective
at any p covered by the local coordinate charts we picked. The matrix [®,] using other
local coordinate charts can be computed in a similar way (left as an exercise). O

Exercise 2.19. Consider the map ® : RIP* x RIP?> — RIP° defined as in Example
2.30. This time, we use the local parametrizations

F(u) = [u:1]
G(Uo, 7)2) = [?)0 o 7)2]
H(ZUO, w1, W3, Wy, w5) = [wo twy I W3 Wy : ZU5}

for RP!, RIP? and RIP® respectively. Compute matrix representation of ®, using
these local parametrizations.

Exercise 2.20. Note that in Definition 2.31 we defined ®. using local coordinates.
Show that ®, is independent of local coordinates. Precisely, show that if:

)

Z“Za 2 9w,

where {ui} and {w;} are two local coordmates of M, then we have:

BCD L. . ) d
Zal o Z 18 which implies P, <Zi;ai8ui> =, (;blazvl) .

Exercise 2.21. The identity map idys of a smooth manifolds M takes any point
p € M to itself, i.e. idy(p) = p. Show that its tangent map (idy)« at p is the
identity map on the tangent space T), M.
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Exercise 2.22. Consider two smooth manifolds M™ and N", and their product
M™ x N". Find the tangent maps (7tpr)« and (71 )« of projection maps:

m:MxN—M
(x,y) = x
N:MxN—N
(x,y) =y
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2.4. Inverse Function Theorem

2.4.1. Chain Rule. Consider a smooth function ¥ (v1, ..., ;) : R — R™, another
smooth function ®(uy,...,u,;) : R" — R and the composition ¥ o . Under this
composition, (v1,...,vx) can be regarded as a function of (uy,...,u,), and the output
(wy,...,wm) =¥ (vy,...,vx) is ultimately a function of (u1,...,u,). In Multivariable
Calculus, the chain rule is usually stated as:

aw 801

au, Z avl u;
or equivalently in an elegant way using ]acoblan matrices:
(w1, ..., W) _ d(wy, ..., wm) d(v1,...,0%)
o(uy, ..., uy) d(vy,...,vr) O(uy, ..., uy)

Our goal here is to show that the chain rule can be generalized to maps between
smooth manifolds, and can be rewritten using tangent maps:

Theorem 2.33 (Chain Rule: smooth manifolds). Let ® : M"™ — N" and ¥ : N" — Pk
be two smooth maps between smooth manifolds M, N and P, then we have:

(TOQ)* :T*OQ*

Proof. Suppose F(u1,...,uy) is a smooth local parametrization of M, G(vy,...,v,) is
a smooth local parametrization of N and H(wy, ..., wy) is a smooth parametrization
of P. Locally, (w1, ..., wy) are then functions of (vy,...,v,) via ¥; and (vy,...,v,) are
functions of (uy,...,uy) via @, i.e.

(wi, ..., wg) = H1 o¥YoG(vy,...,04)
(v1,...,04) = G! o®oF(uy,..., Uy)

Ultimately, we can regard (wj, ..., w) as functions of (uy,...,u,) via the composition
Yo d:

(we,...,wg) = (Hfl o¥oG)o (Gf1 o®oF)(uy,..., Un)
=H o (Yod)oF(uy,...,un)

To find the tangent map (¥ o ®@),, we need to figure out how it acts on the basis

vectors aa and recall that it is defined (see (2.2)) as follows:

oo () =5 - Lo

ow; 801 8

Therefore, we get:
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u; u; /= du; 9
0 " du; 9 " Jv 0
wooo (5] =¥, (laa> Lo (o)
g Y gaw (g0 o
= oujdvp = du; =19 ow;
_ i y dw;j vy 9
fo e dv; du; dw;’

Therefore, we have:

v (@) -voo(2)

for any 7, and hence (¥ o @), = ¥, 0 P,. O

Here is one immediate corollary of the chain rule:

Corollary 2.34. If ® : M — N is a diffeomorphism between two smooth manifolds M and
N, then at each point p € M the tangent map @, : TyM — Tg ()N is invertible.

Proof. Given that @ is a diffeomorphism, the inverse map ® ! : N — M exists. Since
@1 o ® = idy,, using the chain rule and Exercise 2.21, we get:

idryr = (idpy)s = (@ Lo ®), = (@7 1), 0 ..

Similarly, one can also show @, o ® 1 — idyy. Therefore, ®., and (1), as well, are
invertible. U

Exercise 2.23. Given two diffeomorphic smooth manifolds M and N, what can
you say about dim M and dim N?

Exercise 2.24. Let S = {(x,y,z) € R3 : 2 +y? + 22 = 1} be the unit sphere.
Consider the maps 7 : $> — RIP? defined by

t(x,y,z):=[x:y:z]
and @ : RP? — R* defined by:

O([x:y:z]) = (2 — 2 xy, xz,y2).
Locally parametrize S? stereographically:

2 D
F(u,v):( 2u 20 uc+o 1>

wW+2+1"u?+02+1"u2+ 02+ 1
and RIP? by a standard parametrization:

G(wy, wz) = [1: wy : wp).
Compute [®,], [r,] and [(P o 7),] directly, and verify that [(® o 77).] = [D:][7T4].
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2.4.2. Inverse Function Theorem. Given a diffeomorphism & : M — N, it is
necessary that @, is invertible. One natural question to ask is that if we are given & is
invertible, can we conclude that @ is a diffeomorphism?

Unfortunately, it is too good to be true. One easy counter-example is the map
® : R — 8!, defined as:
®(t) = (cost,sint).
As both R and 8! are one dimensional manifolds, to show that ®, is invertible it
suffices to show that @, # 0, which can be verified by considering:

] od .
D, (at) =5 = (—sint,cost) # 0.

However, it is clear that ® is not even one-to-one, and hence ®~! does not exist.

Fortunately, the Inverse Function Theorem tells us that @ is locally invertible near p
whenever (CID*)p is invertible. In Multivariable Calculus/Analysis, the Inverse Function
Theorem asserts that if the Jacobian matrix of a smooth map ® : R” — R" at p is
invertible, then there exists an open set &/ C IR"” containing p, and an open set V C R”"
containing ®(p) such that ®|,, : U« — V is a diffeomorphism.

Now suppose @ : M — N is a smooth map between two smooth manifolds M
and N. According to (2.2), the matrix representation of the tangent map P, is a
Jacobian matrix. Therefore, one can generalize the Inverse Function Theorem to smooth
manifolds. To start, we first define:

Definition 2.35 (Local Diffeomorphisms). Let ® : M — N be a smooth map between
two smooth manifolds M and N. We say & is a local diffeomorphism near p if there
exists an open set Op; C M containing p, and an open set Oy C N containing ®(p)
such that @[, : Oym — Oy is a diffeomorphism.

If such a smooth map exists, we say M is locally diffeomorphic to N near p, or
equivalently, N is locally diffeomorphic to M near ®(p). If M is locally diffeomorphic to
N near every point p € M, then we say M is locally diffeomorphic to N.

—e & @ @ o— ¢

®(t) = (cost,sint) is not injective
since the red points
are mapped to the same
point

However, ® is a local diffeomorphism.

Figure 2.6. A local diffeomorphism which is not injective.

Theorem 2.36 (Inverse Function Theorem). Let ® : M — N be a smooth map between
two smooth manifolds M and N. If (®«)p : TyM — To,) N is invertible, then M is locally
diffeomorphic to N near p.




48 2. Abstract Manifolds

Proof. The proof to be presented uses the Inverse Function Theorem for Euclidean
spaces and then extends it to smooth manifolds. For the proof of the Euclidean case,
readers may consult the lecture notes of MATH 3033/3043.

Let F be a local parametrization of M near p, and G be a local parametrization
of N near ®(p). Given that (®.), is invertible, by (2.3) we know that the following
Jacobian matrix D(G~! o ® o F) is invertible at F~!(p). By Inverse Function Theorem
for Euclidean spaces, there exist an open set Uy; C RY¥™M containing F~!(p), and an
open set Uy C RYI™N containing G~1(®(p)) such that:

G lodoF Up — Uy
Unm

is a diffeomorphism, i.e. the inverse F~! o ®~1 o G exists when restricted to Uy and is
smooth.

Denote Oy = F(Up) and Oy = G(Uy ). By the definition of smooth maps, this
shows @[, and o1 }ON are smooth. Hence ®|, is alocal diffeomorphism near p.

O
Example 2.37. The helicoid ¥ is defined to be the following surface in R3:
Y :={(rcosf,rsinf,f) € R®:7 > 0and 6 € R}.

-05 —

(a) A helicoid (b) Locally diffeomorphic to R?\ {0}

Figure 2.7. a helicoid is not globally diffeomorphic to R?\ {0}, but is locally diffeomor-
phic to R?\ {0}.

It can be parametrized by:
F:(0,0) xR — X
F(r,0) = (rcos6,rsin,6)
Consider the map @ : ¥ — R?\{0} defined as:

d(rcosb,rsinb,0) = (rcosb,rsinbh).
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It is clear that @ is not injective: for instance, ®(cos 27, sin 27, 27r) = P(cos0,sin0,0).
However, we can show that (®.), is injective at each point p € Z.

The set R?\ {0} is open in IR?. The matrix [®.] is the Jacobian matrix of ® o F:
PoF(r,0) = P(rcosb,rsinb, )
= (rcosf,rsinf)

[®.] = D(®oF) = |:COSG rsin@} .

sinff  rcosf

As det[®,]| = r # 0, the linear map [P, ] is invertible. By Inverse Function Theorem, ®
is a local diffeomorphism.

Exercise 2.25. Show that 5" and RIP" are locally diffeomorphic via the map:
D(x0,...,%n) =[xt Xn].
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2.5. Immersions and Submersions

2.5.1. Review of Linear Algebra: injectivity and surjectivity. Given a linear
map T : V — W between two finite dimensional vector spaces V and W, the following
are equivalent:

(a) T is injective;
(b) ker T = {0};
(c) The row reduced echelon form (RREF) of the matrix of T has no free column.

In each RREF of a matrix, we call the first non-zero entry (if exists) of each row to be a
pivot. A free column of an RREF is a column which does not have a pivot. For instance,
the following RREF:

1 3 000
R=(0 0110
0 00 001

has three pivots, and two free columns (namely the second and fourth columns). Any
map with a matrix which can be row reduced to this R is not injective.

Surjectivity of a linear map T : V — W can also be stated in several equivalent
ways:
(a) T is surjective;
(b) rank(T) = dim W;
(c) All rows in the RREF of the matrix of T are non-zero.

For instance, all rows of the matrix R above are non-zero. Hence any map with a matrix
which can be row reduced to R is surjective.

Exercise 2.26. Let T : V. — W be a linear map between two finite dimensional
vector spaces V and W. Given that T is injective, what can you say about dim V
and dim W? Explain. Now given that T is surjective, what can you say about
dim V and dim W? Explain.

2.5.2. Immersions. Loosely speaking, an immersion from one smooth manifold
to another is a map that is “locally injective”. Here is the rigorous definition:

Definition 2.38 (Immersions). Let ® : M — N be a smooth map between two
smooth manifolds M and N. We say @ is an immersion at p € M if the tangent map
(Ds)p : TyM — To(p)N is injective. If ® is an immersion at every point on M, then
we simply say @ is an immersion.

Remark 2.39. As a linear map T : V — W between any two finite dimensional vector
spaces cannot be injective if dim V > dim W, an immersion ¢ : M — N can only exist
when dim M < dim N. O

Example 2.40. The map ® : R — S! defined by:
®(t) = (cost,sint)
9 . The
ot t=tgy

is an immersion. The tangent space of R at any point £ is simply span {

tangent map (P )y, is given by:
0 0P
(@)t (at) 5

= (—sintp,costg) # 0.
t=ty
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Therefore, the “matrix” of @, is a one-by-one matrix with a non-zero entry. Clearly,
there is no free column and so P, is injective at every ty € IR. This shows @ is an
immersion.

This example tells us that an immersion ® is not necessary injective. O

Example 2.41. Let M? be a regular surface in R3, then the inclusion map ¢ : M? — RR3,
defined as ((p) = p € R3, is a smooth map, since for any local parametrization F (1, u5)
of M?, we have 1o F = F, which is smooth by definition (see p.2). We now show that ¢

is an immersion:
oF \  9(toF)
(t-)p <a”t> - oy

Let F(ul, le) = (xl(ul,uz), Xz(u1, le), X3(1/t1,u2)), then

_ oF
Fip) Ui

F-1(p)

o _ 2oy

= = €
aui — aui !

where {e;} is the standard basis of R3. Therefore, the matrix of 1, is given by:

9x 9x
Juq  Juy
1] = ox 91y
* 7wy dup
BX3 8x3
ou;  duy

. oF oF  d(xp,x3) d(x3,x1) d(x1,x2)
By the condition 0 7 duy * duy a(”lfuz)e1 a(”l,uz)ez d(uy, uz)

M one least one of the following is invertible:
a(X2,X3) a(X3,X1) a(xl,xz)
d(uy,up)’  O(uy,up)” 9(ug,uz)

and hence has the 2 x 2 identity as its RREF. Using this fact, one can row reduce [t] so
that it becomes:

e3,ateach p €

1 0 10

()] > ...— |0 1| — |0 1

* % 0 0
which has no free column. Therefore, [i,] is an injective linear map at every p € M.
This shows ¢ is an immersion. 0

Exercise 2.27. Define a map @ : R?> — R* by:

O(x,y) = (°, 2%y, 2%, y°).
Show that ® is an immersion at any (x,y) # (0,0).

Exercise 2.28. Given two immersions ® : M — N and ¥ : N — P between smooth
manifolds M, N and P, show that ¥ o ® : M — P is also an immersion.

Exercise 2.29. Consider two smooth maps ®; : M; — Nj and @, : Mp — N,
between smooth manifolds. Show that:

(a) If both ®; and ®, are immersions, then so does ®; x &, : M; x M, —
N1 X Np.

(b) If ®; is not an immersion, then ®; x ®, cannot be an immersion.
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A nice property of an immersion ® : M" — N" is that for every ®(p) € N, one
can find a special local parametrization G of N such that G™! o ® o F is an inclusion
map from R” to R", which is a map which takes (x1,..., %) to (x1,...,xm,0,...,0).
Let’s state the result in a precise way:

Theorem 2.42 (Immersion Theorem). Let & : M™ — N4k be an immersion at peEM
between two smooth manifolds M™ and N"* with k > 1. Given any local parametrization
F:Upm — Op of M near p € M, and any local parametrization G : Uy — Oy of N near
®(p) € N, there exists a smooth reparametrization map ¥ : Uy — Uy such that:

Go) Yo®oF(uy, ..., um) = (ug,...,un0,...,0).
( 4’) ( 1 m) ( 1 m ' /)

See Figure 2.8 for an illustration.

Proof. The proof uses the Inverse Function Theorem. By translation, we may assume
that F(0) = p and G(0) = ®(p). Given that (®.), is injective, there are n linearly
independent rows in the matrix [(®.),]. WLOG we may assume that the first m rows
of [(®4),] are linearly independent. As such, the matrix can be decomposed into the
form:

[(Pp)«] = m
where A is an invertible m x m matrix, and * denotes any k x m matrix.
Now define 1 : Rk — R"k as:
)
Y(U1, oo U, U1y e e Uy k) = Glodo Flug, ... ttm) +(0,...,0, Uya1, oo Upik)-
We claim that this is the map 1 that we want. First note that ¢»(0) = G~ o ®(p) = 0

by our earlier assumption. Next we show that ¢ has a smooth inverse near 0. The
Jacobian matrix of this map at 0 is given by:

A 0
(ol =4 7.
As rows of A are linearly independent, it is easy to see then all rows of [(Dy)o] are
linearly independent, and hence [(D)o] is invertible. By Inverse Function Theorem, i

is locally invertible near 0, i.e. there exists an open set Uy C R"*¥ containing 0 such
that the restricted map:

¢|ﬁN : Z/~[N — l/J(aN) C Uy.
has a smooth inverse.

Finally, we verify that this is the map ¢ that we want. We compute:
(Gotp) Lo®oF(uy,... 1) =1 ((G—l odo F)(ul,...,um)) .
By (*), we have (uy, ..., um,0,...,0) = G Lo®oF(uy,...,uy), and hence:
P! ((G*1 odDOF)(ul,...,um)) = (u1,...,Um,0,...,0).

It completes our proof. O
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Go

U2

(Gow) ™t o®oF(ur,ug) = (u,uz,0)

A -
>

Uy

Figure 2.8. Geometric illustration of the Immersion Theorem.

Example 2.43. Consider the map @ : R — IR? defined by:
®(0) = (cosh,sinb).

It is easy to see that [®,] = (—sin6,cos @) # (0,0) for any 6. Hence ® is an immersion.
We can locally parametrize R? near image of ® by:

G(0,7):= ((1—r)cos@, (1 —r)sinf),

then G~ o ®(0) = G !(cos6,sinf) = (6,0). Note that the Immersion Theorem (Theo-
rem 2.42) asserts that such G exists, it fails to give an explicit form of such a G. O

Exercise 2.30. Consider the sphere $? = {(x,y,z) : x> + y* + 2> = 1} in R>. Find
local parametrizations F for $2, and G for R such that the composition
G loioF

takes (u1,up) to (u1,up,0). Here 1 : S — RR3 is the inclusion map.

2.5.3. Submersions. Another important type of smooth maps are submersions.
Loosely speaking, a submersion is a map that is “locally surjective”. Here is the
rigorous definition:

Definition 2.44 (Submersions). Let ® : M — N be a smooth map between smooth
manifolds M and N. We say @ is a submersion at p € M if the tangent map (®.), :
TyM — Tg(p)N is surjective. If ® is a submersion at every point on M, then we
simply say ® is a submersion.

Remark 2.45. Clearly, in order for ® : M — N to be a submersion at any point p € M,
it is necessary that dim M > dim N.

Example 2.46. Given two smooth manifolds M and N, the projection maps 7ps :
M x N — M and 7ty : M x N — N are both submersions. To verify this, recall that
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T(M)(M x N) = T,M & T;N, and from Exercise 2.22 that (71p1)« = 7t where 77y is
the projection map of the tangent space:

nrm(v,w) =v  forany v € T,M and w € T;N.

The matrix [7r7p] is then of the form: [I 0] where I is the identity matrix of dimension
dim M and 0 is the dim M x dim N zero matrix. There are pivots in every row so 7ty
is surjective. Similarly we can also show (71 )« = 77N is also surjective. g

Example 2.47. Given a smooth function f : R" — R, and at the point p € IR” such
that Vf(p) # 0, one can show f is a submersion at p. To show this, let {e;} ; be the

standard basis of R”, then
Jd\ _ of
fi(ei) = fe <8x1> = 871

and so the matrix of [f.] is given by {i e 57”} At the point p, we have Vf(p) # 0

X1
which is equivalent to show [f,] at p is a non-zero 1 x n matrix, which always have 1
pivot in its RREF. Therefore, (f: ), is surjective and f is a submersion at p. O

Exercise 2.31. Show that if M and N are two smooth manifolds of equal dimension,
then the following are equivalent:

(i) @ : M — N is a local diffeomorphism.
(i) ®: M — N is an immersion.
(iii) ® : M — N is a submersion.

Exercise 2.32. Find a smooth map ® : R — R which is a submersion but is not
surjective.

Exercise 2.33. Show that the map ® : R"*1\{0} — RIP” defined as:
D(xg,. .., %) = [x0: -t xp]

is a submersion.

One nice property of a submersion ® : M™ — N" that locally around every p € M,
one can find special local parametrizations F of M near p, and G of N near ®(p) such
that G™1 o ® o F is a projection map. We will see later that this result will show any
level-set of ®, if non-empty, must be a smooth manifold. Let’s state this result in a
precise way:

Theorem 2.48 (Submersion Theorem). Let ® : M"** — N be a submersion at peEM
between two smooth manifolds M"+* and N™ with k > 1. Given any local parametrization
F:Uy — Op of M near p € M, and any local parametrization G : Uy — Op of N near
®(p) € N, there exists a smooth reparametrization map ¥ : Upy — Uny such that:

G lo®o(Foup)(ur, ... un thyity .- tysg) = (U1,... Uy).
See Figure 2.9 for illustration.

Proof. The proof uses again the Inverse Function Theorem. First by translation we
may assume that F(0) = p and G(0) = ®(p). Given that (®.), is surjective, there are
n linearly independent columns in the matrix [(®s),]. WLOG assume that they are the
first n columns, then [(®.),] is of the form:

[(@.),] = [D(G—l ocpoF)o} =[A +]
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where A is an n X n invertible matrix, and * is any n X k matrix.
Now define ¢ : Uy — R" ¥ as:

) p(uy, ...ty Upy1, oo Upyg) = (G*1 o®oF(uy, ..., Uyik), Unt1,- - Upik)-
€R"

This map is has an invertible Jacobian matrix at F~1(p) since:
(ol =[5 3]
By Inverse Function Theorem, there exists a local inverse 47_1 : ZIM — ¢_1(L~{M) C Upm.
Finally, we verify that:
G lod®o(Fodp N)(uy,... tn thyyt, .-, Upik)
— (G lo®oF) (¢*1(u1,...,un+k))

Let o~ M(uy, ..., tyik) = (01,...,0psr), then ¢p(vy,...,v,4%) = (U1, ..., Uyqx). From (*),
we get:

(G71 o®oF(v1,..., Vyik), Ungtse oo s Ungk) = P(O1, -+, Vpgk)
= (U1, Un, U1, Upik)

which implies G™t o ® o F(vy,...,v,,%) = (u1,...,uy). Combine with previous result,
we get:

(G_1 o®oF) (4)_1 (uq, ... ,un+k))
(G lod®oF)(vq,...,0n1k)

= (Uq,...,Un).

Hence, G o @ o (Fo ¢~ !) is the projection from R"** onto R". It completes the proof
by taking ¢ = ¢~ 1. g

G lo®o(Fou)

Fou

A -
>

(u17u27u3) = (u17u2) °

Uy

Figure 2.9. Geometric illustration of the Submersion Theorem
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2.6. Submanifolds

In this section we talk about submanifolds. A subspace W of a vector space V is a
subset of V and is itself a vector space. A subgroup H of a group G is a subset of G
and is itself a group. It seems that a smooth submanifold N of a smooth manifold M
might be defined as a subset of M and is itself a smooth manifold. However, it is just
one side of the full story — we need more than that because we hope that the local
coordinates of a submanifold is in some sense compatible with the local coordinates of
the manifold M.

Definition 2.49 (Submanifolds). Let M be a smooth n-manifold. A subset N C M is
said to be a smooth k-submanifold of M if N is a smooth k-manifold and the inclusion
map ¢ : N — M is an smooth immersion.

Example 2.50. Let ® : M™ — N" be a smooth map. Define I'y to be the graph of ®.
Precisely:

I'o ={(p,®(p)) e MxN:pe M}

We are going to show that the graph I'p is a submanifold of M x N, with dimI'¢ =
dim M. To show this, consider an arbitrary point (p, (p)) € T'p where p € M. The
product manifold M x N can be locally parametrized by F x G where F is a smooth
local parametrization of M near p and G is a smooth local parametrization of N around

(p).
I' is locally parametrized around (p, ®(p)) by:
F(u) := (F(u), ® o F(u)).
Here for simplicity, we denote u := (u,...,u;;) where m = dim M. It can be verified
that if F; and F, are compatible (i.e. with smooth transition maps) parametrizations
of M around p, then the induced parametrizations F; and F; are also compatible (see
exercise below).

Recall that for any u = (uy,...,uy) and v = (vy,...,v,), the product map F x G

defined as:
(Fx G)(u,v) = (F(u),G(v))

is a local parametrization of M x N. Now we show that the inclusion 1 : T'¢ = M X N
is an immersion:

(FxG) " oroF(u) = (Fx G) Lot (F(u), @(F(u)))
= (Fx G) ! (F(u), ®(F(u)))

(u,G_1 odo F(u)) .

1= o]

which is injective since its RREF does not have any free column. This completes the
proof that ¢ is an immersion and so I' is a submanifold of M x N.

Its Jacobian matrix has the form:

O

Exercise 2.34. Complete the exercise stated in Example 2.50 that if F; and F, are
compatible parametrizations of M around p, then the induced parametrizations
F1 and F; of I'¢ are also compatible.
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Exercise 2.35. Let M be a smooth manifold. Consider the diagonal subset Ay C
M x M defined as:

Ay i={(x,x) e M x M:x € M}.
Show that Ay, is a submanifold of M x M.

Exercise 2.36. Show that if N is a submanifold of M, and P is a submanifold of N,
then P is also a submanifold of M.

Exercise 2.37. Show that any non-empty open subset N of a smooth manifold M
is a submanifold of M with dim N = dim M.

We require a submanifold to have the inclusion map being smooth because we
want to rule out some pathological cases. Consider the graph of an absolute function,
ie. T = {(x,|x]) : x € R}, and R?. The graph T can be parametrized by a single
parametrization F : R — I' defined by:

F(t) = (& [t)-
Then, since I' equipped with this single parametrization, it is considered as a smooth
manifold (although quite difficult to accept) since there is essentially no transition map.
However, we (fortunately) can show that I' is not a submanifold of R? (with usual

differential structure, parametrized by the identity map). It is because the inclusion
map is not smooth:

idgl o 1o F(1) = (1 ]1)

Exercise 2.38. Show that if IR? is (pathologically) parametrized by
G:R* - R?
(x,y) = (xy + |x[)
and I' = {(x, |x|) : x € R} is parametrized by F(t) = (¢, |t|), then with differential
structures generated by these parametrizations, T’ becomes a submanifold of R?.

That says: the “pathologically” smooth manifold I' is a submanifold of this
“pathological” R2.

We require the inclusion map is an immersion because we want a submanifold N of M
to be equipped with local coordinates “compatible” with that of M in the following
sense:

Proposition 2.51. If N" is a submanifold of M™, then near every point p € N, there exists
a smooth local parametrization G(uy, ..., up) : U — O of M near p such that G(0) = p and

NNO = {G(u1,...,un0,...,0): (1, ..., un,0,...,0) € UL.

Proof. By Theorem 2.42 (Immersion Theorem), given that : : N — M is an immersion,
then around every point p € N one can find a local parametrization F : Uy — Oy
of N near p, and another local parametrization G(uy, ..., un) : Uy — Oy of M near
((p) = p such that:

GfloloF(ul,...,un) = (uq,...,un,0,...,0)
——r
m—n

and so F(uy,...,uy) = G(uq,...,uy,0,...,0). Note that in order for G loioFtobe
well-defined, we assume (by shrinking the domains if necessary) that Oy = N N Oy;.



58 2. Abstract Manifolds

Therefore,
{G(u1,...,uu,0,...,0): (ug,...,uy,0,...,0) €U}
={F(u1,...,un): (uq,...,uy) € Un}
=0On=NnNOy

It completes our proof. O

We introduced submersions because the level-set of a submersion, if non-empty,
can in fact shown to be a submanifold! We will state and prove this result. Using this
fact, one can show a lot of sets are in fact manifolds.

Proposition 2.52. Let ® : M — N" be a smooth map between two smooth manifolds M
and N. Suppose q € N such that ®~1(q) is non-empty, and that ® is a submersion at any
p € ®1(q), then the level-set ®~1(q) is a submanifold of M with dim ®~1(q) = m — n.

Proof. Using Theorem 2.48 (Submersion Theorem), given any point p € ®~1(g) C
M, there exist a local parametrization F : Uy — Opr of M near p, and a local
parametrization G of N near ®(p) = g, such that:

Glodo Flug, ..., tp, pi1, - i) = (U1,..., Uy)
and that F(0) = p, G(0) = g.
We first show that ®~1(g) is a smooth manifold. Note that we have:
P (F(O,...,0,tps1,.-.,um)) = G(0,...,0) =¢.

Therefore, F(0,...,0,uy 1,...,um) € ®1(g). Hence, ®(g) can be locally parametrized
by F(uy41,...,um) :==F(0,...,0,u41,...,um). One can also verify that compatible F’s
gives compatible F’s. This shows ®~!(g) is a smooth manifold of dimension m — n.

To show it is a submanifold of M, we need to compute the tangent map ¢,. First
consider the composition:

FlotoF(upp, o tm) = F YFO,...,0upi1, . tim)) = (0,0, 0, U1, ..o, tm).

The matrix [1.] with respect to local parametrizations F of ®~1(g), and F of M is given
by the Jacobian:

1= ID(Ftor0P)] = |9
which shows ¢, is injective. Therefore, ®~!(g) is a submanifold of M. g
Using Proposition 2.52, one can produce a lot of examples of manifolds which are
level-sets of smooth functions.

Example 2.53. In R*, the set & := {x® + 1> + 2% + w® = 1} is a smooth 3-manifold. Tt
can be shown by consider ® : R* — R defined by:

P(x,y,z,w) = x3 +y3 + 23 + W
Then, £ = ®~1(1). To show it is a manifold, we show @ is a submersion at every p € %.
By direct computation, we get:
[@.] = [3x* 3y* 3z 3u?
Since [®,] = 0 only when (x,y,z,w) = (0,0,0,0) which is not contained in X, we
have shown (&), is injective for any p € X. By Proposition 2.52, we have proved
¥ = ®71(1) is a smooth manifold of dimension 4 — 1 = 3. O
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Example 2.54. The set M, x,(R) of all n x n real matrices can be regarded as R*"
equipped with the usual differential structure. Consider these subsets of M, x,(R):

(a) GL(n,IR) = the set of all invertible n x n matrices;
(b) Sym(n,R) = the set of all symmetric n x n matrices;

(c) O(n,R) = the set of all orthogonal matrices;

We are going to show that they are all submanifolds of M, x,(R). Consider the
determinant function f : Myx,(R) — R defined as:

F(A) == det(A).

Since f is a continuous function, the set GL(n,IR) = f~1(IR\{0}) is an open subset of
M, x»n(R). Any (non-empty) open subset N of a smooth manifold M is a submanifold
of M with dim N = dim M (see Exercise 2.37).

For Sym(n, R), we first label the coordinates of R"™ by (x;;) where and 1 <

i < j < n. Then one can parametrize Sym(n,R) by F : RS Sym(n, R) taking

(xij)i<j € R to the matrix A wi’(ch 1()z',j)—th entry x;; when i < j, and x;; when
n(n+

i > j. For instance, when n = 2, R~ 2 becomes R3 with coordinates labelled by

(x11, X12, X22). The parametrization F will take the point (x17, 12, x22) = (a,b,¢) € R3

to the matrix:

[Z i’] € Sym(n, R).

Back to the general n, this F is a global parametrization and it makes Sym(n,R) a
smooth %-manifold. To show that it is a submanifold of M« (RR), we computed

the tangent map ¢, of the inclusion map ¢ : Sym(n, R) — Myx,(R):

0 ot 0
b (E)xl]) o E)xi]- o axi]- (lO F)

1
= 5 (Eij + Eji)

where E;; is the n x n matrix with 1 in the (i, j)-th entry, and 0 elsewhere. The tangent

space TSym(n,R) at each point is spanned by the basis {aa} . Its image
Xij 1<i<j<n

1

{2 (El-]- +E ]-i)} under the map ¢, is linearly independent (why?). This shows
1<i<j<n

L4 is injective, and hence Sym(n,R) is a submanifold of M, x,(R). The image of the

inclusion map is the set of all symmetric matrices in My, (IR), hence we conclude that

Ts,Sym(n,R) = TSym(n, R) for any Ay € Sym(n, R).

The set of all orthogonal matrices O(#) can be regarded as the level-set ®~1(I) of
the following map:

P : Myxn(R) = Sym(n,R)
A ATA

We are going to show that ® is a submersion at every Ay € ®~1(I), we compute its
tangent map:

0 0
) <8xij> N axijATA =EjA+ATE; = (ATE)" + ATE;.
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From now on we denote [A];; to be the (i, j)-th entry of any matrix A (Be cautious that
E;j without the square brackets is a matrix, not the (i, j)-th entry of E). In fact, any

matrix A can be written as:
n

A= Z [A]i]‘E,'j.
ij=1

At Ag € @ 1(I), we have AT Ag = I and so for any symmetric matrix B, we have:

?
(¢Hm< )Z(&%WT+A&%

Bxl-]-
1 & d 1 & T T T
(@ )ay | 5 1 [AoBlijz— | = 5 Y [AoBJjj ((Ao Eij)" + A Eij)
2 ij=1 Xij 2 ij=1
i,j=1 ij=1
1 1
= 5(AGAoB)T + 5 (A AoB)
N
=BT+ 5B=B.

Therefore, (®.) 4, is surjective. This shows ®. is a submersion at every point Ag €
®~1(I). This shows Sym(n,R) = ®~1(I) is a submanifold of M, (R) of dimension
dim My »,(R) — dim Sym(#n, R), which is n? — M = @

O

Exercise 2.39. Show that the subset X of IR? defined by the two equations below is
a 1-dimensional manifold:

Py 4+ =1
x+y+z=0

Exercise 2.40. Define

e SL(n,R) = the set of all n X n matrices with determinant 1

e sl(n,R) = the set of all n x n skew-symmetric matrices (i.e. the set of matrices
A € Myxn(R) such that AT = —A).

Show that they are both submanifolds of M;,x»(RR), and find their dimensions.

Exercise 2.41. Consider the map @ : $3\{(0,0)} — CIP! defined by:
D(x1, X2, X3, x4) 1= [x1 +ixp : X3 + ixg].

Show that @~ 1([1 : 0]) is a smooth manifold of (real) dimension 1, and show that
®~1([1:0]) is diffeomorphic to a circle.



Chapter 3

Tensors and Differential
Forms

“In the beginning, God said, the
four-dimensional divergence of an
antisymmetric, second-rank tensor
equals zero, and there was light.”

Michio Kaku

In Multivariable Calculus, we learned about gradient, curl and divergence of a
vector field, and three important theorems associated to them, namely Green’s, Stokes’
and Divergence Theorems. In this and the next chapters, we will generalize these
theorems to higher dimensional manifolds, and unify them into one single theorem
(called the Generalized Stokes” Theorem). In order to carry out this generalization and
unification, we need to introduce tensors and differential forms. The reasons of doing
so are many-folded. We will explain it in detail. Meanwhile, one obvious reason is that
the curl of a vector field is only defined in IR? since it uses the cross product. In this
chapter, we will develop the language of differential forms which will be used in place
of gradient, curl, divergence and all that in Multivariable Calculus.

3.1. Cotangent Spaces

3.1.1. Review of Linear Algebra: dual spaces. Let V be an n-dimensional real
vector space, and B = {e, ..., e, } be abasis for V. The set of all linear maps T : V — R
from V to the scalar field R (they are commonly called linear functionals) forms a vector
space with dimension rn. This space is called the dual space of V, denoted by V*.

Associated to the basis B = {e;}}' ; for V, there is a basis B* = {e}}!" ; for V*:
. 1 ifi=j
efle) =13 .7
0 ifi#j
The basis B* for V* (do Exericse 3.1 to verify it is indeed a basis) is called the dual basis
of V* with respect to B.
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Exercise 3.1. Given that V is a finite-dimensional real vector space, show that:
(a) V* is a vector space

(b) dim V* = dim V/

(c) If B = {e;}}'; is a basis for V, then B* := {ef}!" , is a basis for V*.

Given T € V* and that T(e;) = a;, verify that:

T = ae

1=

*
o

1

3.1.2. Cotangent Spaces of Smooth Manifolds. Let M" be a smooth manifold.
Around p € M, suppose there is a local parametrization F(uy,...,1,). Recall that
the tangent space T,M at p is defined as the span of partial differential operators

n
{ai(p)} . The cotangent space denoted by T; M is defined as follows:
i i=1

Definition 3.1 (Cotangent Spaces). Let M" be a smooth manifold. At every p € M,
the cotangent space of M at p is the dual space of the tangent space T, M, i.e.:

oM = (T,M)".

The elements in T, M are called cotangent vectors of M at p.

Remark 3.2. Some authors use T, M* to denote the cotangent space. O

n

Associated to the basis B, = {ai(p)} of TyM, there is a dual basis B}, =
i i=1

{(du)p, ..., (du"),} for T;M, which is defined as follows:

: d 1 ifi=j
(du'), (auj(P)> —(51']'—{0 ifz';é;‘

As (du'), is a linear map from T, M to IR, from the above definition we have:
) n d n
(du')p gaja—uj(p) = Z%ajéij = a;.
= =

Occasionally (just for aesthetic purpose), (dui)p can be denoted as du' ]p. Moreover,

whenever p is clear from the context (or not significant), we may simply write du' and
)
Tui.

Note that both 55, and 5, depend on the choice of local coordinates. Suppose
(v1,...,04) is another local coordinates around p, then by chain rule we have:

9 L ow d
dv; k:Z:1 dv; iy
9 oo 9
ouj k; uj duy’
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We are going to express dv’ in terms of du/’s:

(3 (& 9o
il 9 ) _ 4,
4 (E)u]-) a (,;a 90,

n avk d
dv (E)vk

\/v

Uk(s

|
§J°JHM= HM

This proves the transition formula for the cotangent basis:

3.1) do' = Z 0v;

du k
auk

Example 3.3. Consider M = R? which can be parametrized by
Fi(xy) = (x,y)
Fa(r,0) = (rcosf,rsinb).

From (3.1), the conversion between {dr,d6} and {dx,dy} is given by:

dx a—xd + a—xdG

= (cos 6) dr — (rsin@) 46

ay dy
dy = =2 dr + =2 d6

= (sinf) dr 4 (rcos0) db

Exercise 3.2. Consider M = R® which can be parametrized by:
Fi(xy,2) = (x,y,2)
Fo(7,0,2) = (rcosf,rsinb, z)
Fs(p,¢,0) = (psin¢g cos6, psin¢gsiné, p cos ¢)
Express {dx,dy,dz} in terms of {dr,d6,dz} and {dp,d¢,d6}.

Exercise 3.3. Suppose F(uy,...,u,) and G(vy,...,v,) are two local parametriza-
tions of a smooth manifold M. Let w : M — TM be a smooth differential 1-form
such that on the overlap of local coordinates we have:

w—Za dul = Zbdv

Find a conversion formula between aj's and b;’s.
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3.2. Tangent and Cotangent Bundles

3.2.1. Definitions. Let M be a smooth manifold. Loosely speaking, the tangent
bundle (resp. cotangent bundle) are defined as the disjoint union of all tangent (resp.
cotangent) spaces over the whole M. Precisely:

Definition 3.4 (Tangent and Cotangent Bundles). Let M be a smooth manifold. The
tangent bundle, denoted by TM, is defined to be:

™ = ({r} x T,M).
peEM
Elements in TM can be written as (p, V) where V € T, M.
Similarly, the cotangent bundle, denoted by T*M, is defined to be:
M= | ({p} x T;;M) .
peEM

Elements in T*M can be written as (p,w) where w € T; M.

Suppose F(uy,...,u,) : U — M is a local parametrization of M, then a general
element of TM can be written as:

n ii
<P/ LV aui(P)>

and a general element of T*M can be written as:

n .
(p, Y a; du’ ) .
i=1 P

We are going to explain why both TM and T*M are smooth manifolds. The local
parametrization F(u,...,u,) of M induces a local parametrization F of TM defined

by:
F(ul,.‘.,un)> ‘

(3.2) F:UXR"— TM
Likewise, it also induces a local parametrization F* of T*M defined by:
(3.3) FF:UXR" = T*M

(ul,...,u,,)> '

It suggests that TM and T*M are both smooth mamfolds of dimension 2 dim M. To do
so, we need to verify compatible F’s induce compatible F and F*. Let’s state this as a
proposition and we leave the proof as an exercise for readers:

n . a
Lou VY v Fluy, ..., uy), Y Vi —
(ul Up )'_>< (M1 un) 1; aui

(Ur,..., up;ay,...,a4,) — (F Uy, ..., U Zaldu

Proposition 3.5. Let M" be a smooth manifold. Suppose F and G are two overlapping smooth
local parametrizations of M, then their induced local parametrizations F and G defined as in
(3.2) on the tangent bundle TM are compatible, and also that F* and G* defined as in (3.3)
on the cotangent bundle T* M are also compatible.

Corollary 3.6. The tangent bundle TM and the cotangent bundle T* M of a smooth manifold
M are both smooth manifolds of dimension 2 dim M.
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Exercise 3.4. Prove Proposition 3.5.

Exercise 3.5. Show that the bundle map 7 : TM — M taking (p,V) € TM to
p € M is a submersion. Show also that the set:
Y :={(p,0) e TM:p e M}

is a submanifold of TM.

3.2.2. Vector Fields. Intuitively, a vector field V on a manifold M is an assignment
of a vector to each point on M. Therefore, it can be regarded asamap V: M — TM
such that V(p) € {p} x T, M. Since we have shown that the tangent bundle TM is also

a smooth manifold, one can also talk about C¥ and smooth vector fields.

Definition 3.7 (Vector Fields of Class C¥). Let M be a smooth manifold. A map
V : M — TM is said to be a vector field if for each p € M, we have V(p) = (p, V) €
{r} x T,M.

If V is of class C¥ as a map between M and TM, then we say V is a C¥ vector field.
If V is of class C*°, then we say V is a smooth vector field.

Remark 3.8. In the above definition, we used V(p) to be denote the element (p, V) in
TM, and V), to denote the vector in T, M. We will distinguish between them for a short
while. After getting used to the notations, we will abuse the notations and use V), and
V(p) interchangeably. O

Remark 3.9. Note that a vector field can also be defined locally on an open set O C M.
In such case we say V is a CK on O if the map V : O — TM is CK. O

Under a local parametrization F(uq,...,u,) : U — M of M, a vector field V: M —
TM can be expressed in terms of local coordinates as:

Vip) = (p, L Vo) ai,(p)) .

1

The functions V' : F(i{) € M — R are all locally defined and are commonly called the
components of V with respect to local coordinates (uq,...,uy).

Let ?(ul, u VL V") be the induced local parametrization of TM defined
as in (3.2). Then, one can verify that:
F(ul,...,un)>

= (ul,...,un;Vl(F(ul,...,un)),...,V”(F(ul,...,un))> .

n
o ~ - 0
F 1oVoF(u1,...,un) =F1 (F(ul,...,un), ZVZ(F(m,...,un)) s

i=1

Therefore, FloVo F(uq,...,uy) is smooth if and only if the components Vi’s are all
smooth. Similarly for class C¥. In short, a vector field V' is smooth if and only if the
components V' in every its local expression:

v(p) = (p, L Vi) ;’u,(p))

1

are all smooth.
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3.2.3. Differential 1-Forms. Differential 1-forms are the dual counterpart of vector
fields. It is essentially an assignment of a cotangent vector to each point on M. Precisely:

Definition 3.10 (Differential 1-Forms of Class C¥). Let M be a smooth manifold. A
map w : M — T*M is said to be a differential 1-form if for each p € M, we have
w(p) = (pwp) € {p} x T, M.

If w is of class C¥ as a map between M and T*M, then we say w is a C¥ differential
1-form. If w is of class C*, then we say w is a smooth differential 1-form.

Remark 3.11. At this moment we use w(p) to denote an element in {p} x T,M,
and wp to denote an element in T,M. We will abuse the notations later on and
use them interchangeably, since such a distinction is unnecessary for many practical
purposes. U

Remark 3.12. If a differential 1-form w is locally defined on an open set O C M, we
may say w is CK on O to mean the map w : O — T*M is of class C*. g

Under a local parametrization F(uy,...,u,) : U — M of M, a differential 1-form
w : M — T*M has a local coordinate expression given by:

)

where w; : F(U) C M — R are locally defined functions and are commonly called the
components of w with respect to local coordinates (1, ..., u,). Similarly to vector fields,
one can show that w is a C* differential 1-form if and only if all w;’s are smooth under
any local coordinates in the atlas of M (see Exercise 3.6).

w(p) = (p, éwm du

Exercise 3.6. Show that a differential 1-form w is C* on M if and only if all
components w;’s are CK under any local coordinates in the atlas of M.

Example 3.13. The differential 1-form:

__Y X
2+ dx+x2+y2

dy
is smooth on R?\ {0}, but is not smooth on RR?. O

3.2.4. Push-Forward and Pull-Back. Consider a smooth map ® : M — N be-
tween two smooth manifolds M and N. The tangent map at p denoted by (®.), is
the induced map between tangent spaces T,M and Tg(,)N. Apart from calling it the
tangent map, we often call ®, to be the push-forward by ®, since ® and ®, are both
from the space M to the space N.

The push-forward map &, takes tangent vectors on M to tangent vectors on N.
There is another induced map ®*, called the pull-back by ®, which is loosely defined as
follows:

(Q*w)(V) = w(®.V)
where w is a cotangent vector and V is a tangent vector. In order for the above to make
sense, V has to be a tangent vector on M (say at p). Then, ®.V is a tangent vector in
To(p)N. Therefore, ®*w needs to act on V and hence is a cotangent vector in TjM;
whereas w acts on @,V and so it should be a cotangent vector in T:I‘)(p)N . It is precisely
defined as follows:
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Definition 3.14 (Pull-Back of Cotangent Vectors). Let & : M — N be a smooth map
between two smooth manifolds M and N. Given any cotangent vector wg(,,) € Tg, (r) N,

the pull-back of w by ® at p denoted by (P*w) p is an element in T, M and is defined
to be the following linear functional on T, M:

(CID*w)p :Ty,M — R
(q)*w)p (Vp) = We(p) ((q’*)p(vp))

Therefore, one can think of ®* is a map which takes a cotangent vector wg,) €
T&‘)(p)N to a cotangent vector (®*w), on TyM. As it is in the opposite direction to
@ : M — N, we call ®* the pull-back whereas &, is called the push-forward.

Remark 3.15. In many situations, the points p and ®(p) are clear from the context.
Therefore, we often omit the subscripts p and ®(p) when dealing with pull-backs and
push-forwards. O

Example 3.16. Consider the map ® : R — R?\ {0} defined by:
®(6) = (cosb,sinb).
Let w be the following 1-form on R?\ {0}:

___ Y x
w = x2+y2dx+x2+y2dy'
First note that
X Y
— —
9 _82_8(C050)i+8(sin9)i__ i—{—x—
d) "0 a8 ox ' 00 oy Jox Yoy

Therefore, one can compute:
. )\ ] 8 d
e (o) = (o (ap)) = (o5 23
v (w35) ()

=1.
Therefore, ®*w = d6. O

Example 3.17. Let M := R?\{(0,0)} (equipped with polar (r,8)-coordinates) and
N = R? (with (x, y)-coordinates), and define:

®:M— N
®(r,0) := (rcos,rsinf)

One can verify that:
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Hence, we have:

We conclude:
®*dx = cosOdr — rsin0do.
O
Given a smooth map ® : M" — N", and local coordinates (ug,...,uym) of M

around p and local coordinates (vq,...,v,) of N around ®(p). One can compute a
local expression for ®*:

N WA
* 1 — 1 j
3.4) d*dou j§:1 —auj du

where (v1,...,0,) is regarded as a function of (uy,...,uy) via the map & : M — N.

Exercise 3.7. Prove (3.4).

Exercise 3.8. Express ®*dy in terms of dr and df in Example 3.17. Try computing
it directly and then verify that (3.4) gives the same result.

Exercise 3.9. Denote (x1,x7) the coordinates for R? and (y1,>,y3) the coordinates
for R®. Define the map @ : R? — R3 by:

D(x1, x2) = (1%, X2X3, X3X1).
Compute ®*(dy'), ®*(dy?) and ®*(dy?).

Exercise 3.10. Consider the map ® : R%\ {0} — RIP? defined by:
P(x,y,z)=[x:y:2z]

Consider the local parametrization F(uq,uy) = [1 : uy : up] of RP2. Compute
®*(du') and ®*(du?).

3.2.5. Lie Derivatives. Derivatives of a function f or a vector field Y in Euclidean
spaces along a curve () : (—¢, &) — R" are defined as follows:

Dyf = & (gom(t) = tim L1 +8) =S 0r(0)

DY = (¥ o)) = tim T ZX(1(D)
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Now given any vector field X and any point p € R", if one can find a curve
v(t) : (—¢,€) — M such that o/(t) = X(y(t)) for t € (—¢,¢) and (0) = 0, then it is
well-defined to denote:

(DXy)p = D’y’(t)Y/ (DXf)p = D7/(t)f att =20

By the existence and uniqueness theorems of ODE, such a curve y(t) exists uniquely
provided that the vector field X is C'.

Furthermore, it can also be checked that if yq, 72 : (—¢,¢) — R" are two curves
with 71 (0) = 92(0) = p and with the same velocity vectors 7} (0) = 95(0) at p, then it
is necessarily that Dy f =D, fand DY =DyY atp. Therefore, just the existence
theorem of ODE is sufficient to argue that DxY and Dx f are well-defined.

Exercise 3.11. Prove the above claim that D, f = D, f and DY = D, Y at p.

Remark 3.18. Consult any standard textbook about theory of ODEs for a proof of
existence and uniqueness of the curve 7(f) given any vector field X. Most standard
textbook uses contraction mapping to prove existence, and Gronwall’s inequality to
prove uniqueness. O

Now let M be a smooth manifold, and X be a smooth vector field on M. Then, one
can also extend the existence and uniqueness theorem of ODE to manifolds to prove
that for any point p € M, there exists a smooth curve y(t) : (—¢,¢) — M on M with
7(0) = p such that:

Loyt = X(r(0)).

Recall that %’y(t) is defined as 7« (%) This curve v is called the integral curve of X

passing through p. This extension can be justified by applying standard ODE theorems
on the local coordinate chart covering p. Then one solves for the integral curve within
this chart until the curve approaches the boundary of the chart (say at point g). Since
the boundary of one chart must be the interior of another local coordinate chart, one
can then continue solving for the integral curve starting from 4.

awf 7 7 T e OSSN N N NN N R NN NN NN

S OO N NN NN N s \\\.\Q\\\w\
S NN N N N N N /;///J«//'//;’E_\\\\*\\\\Q\\*«\Q\ N
B e S O . ;/ o ao SN N N
APPSO N N NN N A AN \\I*\}\\\?%\
SP SN NN NN ///:5\\@\\ SRR
VTN I B B P2 NN N N NN NN *Mf&\\\f\\ \3\5\
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LA NN NN/ A . //5; \\\\o\« \\‘\;i{z//jﬂh\ \
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(a) vector field X (b) integral curves of X

Figure 3.1. a vector field and its integral curves

Now one can still talk about integral curves y(t) given a vector field X on a
manifold, so one can define D/, f and Dxf in the same way as in R” (as it makes
perfect sense to talk about f(y(t+J)) — f(y(t)). However, it is not straight-forward
how to generalize the definitions of D, ;)Y and DxY where Y is a vector field on a
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manifold. The vectors Y(y(t+J)) and Y(y(t)) are at different based points, so one
cannot make sense of Y(y(t 4+ 5)) — Y(y(t)).

One notion of differentiating a vector field by another one is called the Lie derivatives.
The key idea is to push-forward tangent vectors in a natural way so that they become
vectors at the same based point. Then, it makes sense to consider subtraction of vectors
and also derivatives.

To begin with, we denote the integral curves using a map. First fix a vector field X
on a manifold M. Then, given any point p € M, as discussed before, one can find an
integral curve y(t) so that v(0) = p and 7/(t) = X(-y(t)). We denote this curve y(t) by
®;(p), indicating that it depends on p. Now, for any fixed t, we can view ®; : M — M
as a map. One nice way to interpret this map is to regard ®;(p) as the point on M
reached by flowing p along the vector field X for t unit time. As such, this map Py is
often called the flow map.

Exercise 3.12. Consider the unit sphere S? parametrized by spherical coordinates.

0
(0, ¢), and the vector field X = 30" Describe the flow map ®; for this vector field,

i.e. state how ®; maps the point with coordinates (6, ¢).

There are many meaningful purposes of this interpretation of integral curves.
Standard theory of ODE shows &; is smooth as long as X is a smooth vector field.
Moreover, given s,t € R and p € M, we can regard ®;(P;(p)) as the point obtained
by flowing p along X first for ¢ unit time, then for s unit time. Naturally, one would
expect that the point obtained is exactly ®s+(p). It is indeed true provided that X is
independent of ¢.

Proposition 3.19. Given any smooth vector field X on a smooth manifold M, and denote its
flow map by ®; : M — M. Then, given any t,s € R and p € M, we have:

(3.5) D (Ds(p)) = Bi4s(p), or equivalently @y o s = Ppy.
Consequently, for each fixed t € R, the flow map ®; is a diffeomorphism with inverse ®_;.

Proof. The proof is a direct consequence of the uniqueness theorem of ODE. Consider
s as fixed and t as the variable, then ®;(Ps(p)) and ®¢15(p) can be regarded as curves
on M. When t = 0, both curves pass through the point ®;(p). It remains to show that
both curves satisfy the same ODE, then uniqueness theorem of ODE guarantee that the
two curves must be the same. We leave the detail as an exercise for readers. 0

Exercise 3.13. Complete the detail of the above proof that the curves {®;(Ps(p)) }er
and {®;s(p) }ter both satisfy the same ODE.

Now we are ready to introduce Lie derivatives of vector fields. Given two vector
fields X and Y, we want to develop a notion of differentiating Y along X, i.e. the rate
of change of Y when moving along integral curves of X. Denote the flow map of X
by @;. Fix a point p € M, we want to compare Y, (,) with Yj,. However, they are at
different base points, so we push-forward Yg, (,) so that it becomes a vector based at
p. To do so, the natural way is to push it forward by the map ®_; as it maps tangent
vectors at @;(p) to tangent vectors at ®_(P;(p)) = p.
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Definition 3.20 (Lie Derivatives of Vector Fields). Let X and Y be smooth vector fields
on a manifold M. We define the Lie derivative of X along Y by:

p- ;t O((D_t)* (Y‘Pt(p))

where ®; denotes the flow map of X.

(LxY),:

It sounds like a very technical definition that is very difficult to compute! Fortu-
nately, we will prove that LxY is simply the commutator [X, Y], to be defined below.
First recall that a vector field on a manifold is a differential operator acting on scalar
functions f. After differentiating f by a vector field Y, we get another scalar function
Y(f). Then, we can differentiate Y(f) by another vector field X and obtaining X(Y(f))
(which for simplicity we denote it by XYf. The commutator, or the Lie brackets,
measure the difference between XY f and YXf:

Definition 3.21 (Lie Brackets). Given two vector fields X and Y on a manifold M, we
define the Lie brackets [X, Y] to be the vector field such that for any smooth function
f: M — R, we have:

(X, Y|f == XYf—-YXSf.

Remark 3.22. Suppose under local coordinates (uj, ..., u,), the vector fields X and Y
can be written as:

;0 ;0
X=) X'— Y=) Y—,
i:zl ou; 1221 du;
then [X, Y] has following the local expression:
Y/ 00X\ 9
— i i =
(3.6) [X,Y] = Z (X Em -Y aui> v
ij=1 ]
O
Exercise 3.14. Verify (3.6), i.e. show that for any smooth function f : M — R, we
have: ‘
Y/ 00X\ of
XYf-YX We— =" =
foYXf= z]Z:l ( ou; 6u,»> auj

Exercise 3.15. Let (uq,...,u,) be a local coordinate of a manifold M, and define

0 o)
x= Y=

Then, what is [X, Y]?

Exercise 3.16. Let X, Y, Z be vector fields on a manifold M, and ¢ : M — R be a
smooth scalar function. Show that:

G) [X+Y,Z]=[X,Z]+[Y,Z]
(i) [X, Y] = (X@)Y + ¢[X,Y]
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It appears that [X, Y] is more like an algebraic operation whereas Lie derivative
LxY is a differential operation. Amazingly, they are indeed equal!

Proposition 3.23. Let X and Y be smooth vector fields on a manifold M. Then, we have:
LxY =[X,Y].

Proof. Denote ®; to be the flow map of the vector field X. Fix a point p € M and
let F(uy,...,uy) : Y — M be a local parametrization covering p. In order to compute
LxY at p, we may assume that ¢ is sufficiently small so that ®;(p) is also covered by F.
Denote that coordinate representation of ®; by:

F-1 o®roF(uy,...,uy) = (v}(ul,...,un),...,v?(ul,...,un)).

In local coordinates, the flow map Py is then related to X under the relation:

Equating the coefficients, we have

o0
(37) St =X(@(p))

fori=1,...,n. Recall that the Lie derivative (LxY), is the time derivative at t = 0 of
(®_1)«(Y(Pt(p))), which is given by:

(@) (Yo, () = (Z Yi(@(p)) (‘Dt(P))>
i (®1): (aii@t(p)))-
It then follows that:
(3.8)
(LxY)p = % t,0(¢7t)*(y¢f(p))
n 9 ; B J
=35 Y@ @) (aui@t(m)) B
L 9 (9
rxvi@e)| gl 0<<1>t>* (aui (@ <p>>)
" 9

n i
3.9) %Yl (@4(p Z oY avt
n ayi .
= Z wa(d)t(p)) (from (3.7)).
j=1 %4j
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The term %|t20(<1>t);1 (%(d)t(p))) is a bit more tricky. We first define ZF by the
coefficients of:

d 2 d d
ZZ = (®1) ((‘MP))) = Yz (P ( ) =5 -
! Bu ou; = o |, i |, (p)
Recall that the coordinate representation of ®; is given by v}’s, so we get:
Z avt _ 9
iz Ol il
By the linear independence of coordinate vectors, the coefficients Z¥ satisfy:
Y Zist = gy
k=1 Yk
Differentiate both sides with respect to t, we get:
n (97F 3ol j
2 [l SR Zlkal =
= ot duy ouy =0
where we have used (3.7). Att = 0, we have v] = uj, hence
9v] " azk X
—t = 5]]( - Z](p Z -+ ik +4 ik~ =0.
g |, Y =1 Ak ) |1
from definition
It implies that: ‘
ozl ax
dat =0 - aui '
Then, we can compute that:
] d d )
610) @) (o)) = 5| Yzt
ot =0 aul- dat =0 k=1 auk
Xt
=1 aui E)uk P
Finally, substitute (3.9) and (3.10) back into (3.8), we get:
aYl 8 LI RN ) G
Y - Y! i
(£x Z Z au] aul (p) i:zlkzl (p) ou; Buk(p)'
which is exactly [X, Y] at p accordmg to (3.6). O

Now we know the geometric meaning of two commuting vector fields X and Y, i.e.
[X,Y] = 0. According to Proposition 3.23, it is equivalent to saying LxY = 0 at any
p € M. Then by the definition of Lie derivatives, we can conclude that:

(q)_t)*(Yq>t(p)) = ((I)_O)*(Y@O(P)) = Yp fOI‘ any t.
In other words, we have Yg, () = (®¢)«(Yp) for any ¢, meaning that pushing Y at p

forward by the flow map ®; of X will yield the vector field Y at the point ®;(p). This
result can further extends to show the flow maps of X and Y commute:
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Exercise 3.17. Let X and Y be two vector fields on M such that [X, Y] = 0. Denote
®; and Y¥; be the flow maps of X and Y respectively, show that for any s,t € R,
we have:

q)s O\Ijt = Tt OCDS.
Sketch a diagram to illustrate its geometric meaning.

Lie derivatives on 1-forms can be defined similarly as on vector fields, expect that
we uses pull-backs instead of push-forwards this time.

Definition 3.24 (Lie Derivatives of Differential 1-Forms). Let X and a smooth vector
field and « be a smooth 1-form on a manifold M. Denote the flow map of X by Py,
then we define the Lie derivative of « at p € M along X by:

(Lxa)y = &

Gl @)

t=0

One can compute similarly as in Proposition 3.23 that the Lie derivative of a 1-form
n

v=)u du' can be locally expressed as:
i=1

n 0N aXi .
= i) . j
(3.11) (Lxa)p i,jZ::1 (X 3 +a; au]-> du

Exercise 3.18. Verify (3.11).

Exercise 3.19. Let X and Y be two vector fields on M, and « be a 1-form on M.
Show that:
X (a(Y)) = (Lxa) (Y) +a (LxY).
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3.3. Tensor Products

In Differential Geometry, tensor products are often used to produce bilinear, or in
general multilinear, maps between tangent and cotangent spaces. The first and second
fundamental forms of a regular surface, the Riemann curvature, etc. can all be
expressed using tensor notations.

3.3.1. Tensor Products in Vector Spaces. Given two vector spaces V and W,
their dual spaces V* and W* are vector spaces of all linear functionals T : V — R and
S : W — R respectively. Pick two linear functionals T € V* and S € W*, their tensor
product T ® S is a map from V x W to R defined by:

T®S:VxW-—=R
(T®S)(X,Y):=T(X)S(Y)
It is easy to verify that T ® S is bilinear, meaning that it is linear at each slot:
(T®S) (@X1+a2Xa, b1Y1 + bYs)
= a1by (T ® S)(Xq, Y1) + a2b1 (T ® S) (X2, Y1)
+ a1 (T® S)(X3,Y2) + axbr (T ® S) (X1, Ya2)

Given three vector spaces U, V, W, and linear functionals T;; € U*, Ty € V* and
Tw € W¥, one can define a triple tensor product Ty ® (Ty ® Ty ) by:

TuR(Ty @ Tw) : U x (VxW) =R
(Tu® (Tv @ Tw))(X, Y, Z) := Tu(X) (Ty © Tw)(Y, Z)
= Tu(X) Ty (Y) Tw(Z)
One check easily that (Ty ® Ty) ® Tw = Ty ® (Ty ® Ty ). Since there is no ambiguity,
we may simply write Ty ® Ty ® Tw. Inductively, given finitely many vector spaces

V1,..., Vi, and linear functions T; € V;*, we can define the tensor product T1 ® - - - @ Tj
as a k-linear map by:

T QT : Vi x---xVp, =R
(M@ @T)( Xy, ..., Xi) = T1(X1) - Te(Xx)
Given two tensor products T; ® S1: VX W - Rand T, ® S5 : VX W — R, one
can form a linear combination of them:
(MRS +u(Th®S5): VxW—=R
(a1(Th ® S1) + a2(T2 ® $2) ) (X, Y) == a1 (Th ® $1) (X, Y) + a2(T2 @ $2) (X, Y)

The tensor products T @ S with T € V* and S € W* generate a vector space. We denote
this vector space by:

V QW :=span{T®S:Te€V*and S € W*}.

Exercise 3.20. Verify that a (T® S) = (aT) ® S = T ® (aS). Therefore, we can
simply write aT ® S.

Exercise 3.21. Show that the tensor product is bilinear in a sense that:
T® (151 +a25) =TS+ T® S,

and similar for the T slot.
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Let’s take the dual basis as an example to showcase the use of tensor products.
Consider a vector space V with a basis {e;}! ;. Let {e}! | be its dual basis for V*.
Then, one can check that:

(ef ®ej)(ex, 1) = ef (e) e (er)
= 0k 0ji
_J1 ifi=kandj=1
~ |0 otherwise

n
Generally, the sum ) | Ajjef ® e;-k will act on vectors in V by:

=1
n n
Z Al] i Z K€k, Zﬁlel
ij=1 k=1 I=1
n n n
Z AjjorBi(ef @ef)(ex er) Z Ajjai 6l = Y Aoy
ijkI=1 i,j,kI=1 ki1=1

n
In other words, the sum of tensor products ) | Ajjef ® ef is the inner product on V
ij=1
represented by the matrix [Ay] with respect to the basis {e;}"" ; of V. For example,

n
when Ay = dy, then Z Ajjef ® ¢ = Y ef @ef. 1t is the usual dot product on V.
i,j=1 i=1

Exercise 3.22. Show that {e} ® e _, is a basis for V* ® V*. What is the dimen-
sion of V* @ V*?

Exercise 3.23. Suppose dimV = 2. Let w € V* ® V* satisfy:
w(er,e1) =0 w(e, ) =3
w(ey,e1) =—3 w(ey,e) =0

Express w in terms of e}’s

To describe linear or multilinear map between two vector spaces V and W (where
W is not necessarily the one-dimensional space IR), one can also use tensor products.
Given a linear functional f € V* and a vector w € W, we can form a tensor f ® w,
which is regarded as a linear map f @ w : V — W defined by:

(f@w)(v) = f(v)w.

Let {e;} be a basis for V, and {f;} be a basis for W. Any linear map T : V — W
can be expressed in terms of these bases. Suppose:

— ig.
= Z Aifj.
]
Then, we claim that T can be expressed using the following tensor notations:

=) Alef ®f;
L
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Let’s verify this. Note that a linear map is determined by its action on the basis {e;}
for V. It suffices to show:

(ZA]e ®f> (ex) = T(eg).

Using the fact that:
(ef ®fj)(ex) = ej (ex)fj = ducj,

one can compute:
(Z Alet @ f) ZA] (ex)
72A5,kf 72Af =T(e

as desired.
Generally, if T1,..., T € V* and X € V, then
e --0hhoX
is regarded to be a k-linear map from V x ... x V to V, defined by:
M RN /IX:VX..xV-=>V
k
(e @heX)(Yy,...,Ys) =T1i(Y1) - Ti(Vi) X

Example 3.25. One can write the cross-product in R? using tensor notations. Think
of the cross product as a bilinear map w : R3 x R3 — RR? that takes two input vectors
u and v, and outputs the vector u x v. Let {ej, e, e3} be the standard basis in R3 (i.e.
{i,j, k}). Then one can write:
w=e] Qe Vez—e, Ve] Ve
+eyResRe; —e3Ve; Veg
+e3Re]Rey—e] VWez e

One can check that, for instance, w(eq, e;) = e3, which is exactly e; X ey = e3. O

3.3.2. Tensor Products on Smooth Manifolds. In the previous subsection we take
tensor products on a general abstract vector space V. In this course, we will mostly
deal with the case when V is the tangent or cotangent space of a smooth manifold M.

Recall that if F(uy,...,uy,) is a local parametrization of M, then there is a local
n

d
coordinate basis {E)u(p)} for the tangent space T, M at every p € M covered by F.
i j=1

N ]
The cotangent space T, M has a dual basis {duf |p}, ) defined by du; (au) = Jj; at
= i
every p € M.
Then, one can take tensor products of du'’s and a i S to express multilinear maps be-
n . .
tween tangent and cotangent spaces. For instance, the tensor product g = Z gijdul ®d,
ij=1
where g;;’s are scalar functions, means that it is a bilinear map at each point p € M
such that:

2(X,Y) = Zlg,] (du' @ du/)(X,Y) Zlgl]du ) dul (Y)
i, i,
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for any vector field X,Y € TM. In particular, we have:

9 9
8 aui'auj _gl]'

We can also express multilinear maps from T,M x T,M x T,M to T,M. For
instance, we let:

n

Z deu @dw @ du* @ — I
y ou;’
ijkI=1

Then, Rm is a mutlilinear map at each p € M such that:

Rm(X,Y,Z) Z Rijjdu' (X) dul (Y )duk(Z)g.
1

It is a trilinear map such that:

3 9 9o noo

We call g a (2,0)-tensor (meaning that it maps two vectors to a scalar), and Rm a
(3,1)-tensor (meaning that it maps three vectors to one vector). In general, we can also
define (k,0)-tensor w on M which has the general form:

n
wp = Z Wiy (p) dU't| @ --- @ du'®
igeip=1 P P

S ; ; 9 9
Here wj,;,...;, 's are scalar functions. This tensor maps the tangent vectors (a w )

to the scalar wj,;,. ;, at the corresponding point.

Like the Rm-tensor, we can also generally define (k, 1)-tensor () on M which has
the general form:

n

, . 4 9
O, = Z Q]Hm.(p)dull ®- - @du'*] @ —(p)

111 1 .
A o P p o U
where Q]- o ’s are scalar functions. This tensor maps the tangent vectors (83-' e, 33 _ >
1 Ik
to the tangent vector 2] . au at the corresponding point.

Note that these g;;, Rl- il Winiz--iy and Qél. are scalar functions locally defined on

lz...ik
the open set covered by the local parametrization F, so we can talk about whether they

are smooth or not:
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Definition 3.26 (Smooth Tensors on Manifolds). A smooth (k,0)-tensor w on M is a
k-linear map wy : TyM x ... x T,M — R at each p € M such that under any local

k
parametrization F(uy,...,u,) : U — M, it can be written in the form:

wp — Z wl]lz 1k dull ® e ® duzk
11 ..... Zk 1 p p
where w;,;,. ;. 's are smooth scalar functions locally defined on F(U/).
A smooth (k,1)-tensor () on M is a k-linear map Q) : TyM x ... x T,M — T,M at

k
each p € M such that under any local parametrization F(uy,...,u,) : U — M, it can

be written in the form:
n

: 4 ‘ Py
Qp = ] Z Qé]izmik(p) du"t P®® du'k p®$(p)
i1, g, j=1 ]

where Qfl ip. i, S are smooth scalar functions locally defined on F(if).

Remark 3.27. Since T, M is finite dimensional, from Linear Algebra we know (T, M)**
is isomorphic to T, M. Therefore, a tangent vector %( p) can be regarded as a linear
functional on cotangent vectors in T; M, meaning that:

J <du]‘ ) = 5,]
p P

ou;
Under this interpretation, one can also view a (k,1)-tensor () as a (k + 1)-linear
map Qp : TyM x ... x T,M XT;M — R, which maps (dull,...,dif e ) to (V)

1]12 lk'

k
However, we will not view a (k, 1)-tensor this way in this course.
Generally, we can also talk about (k,s)-tensors, which is a (k + s)-linear map
Qp: TyMx ... x M x TyMx ... x T;M — R taking (du'l,...,du', 52—, 52)

’ auh 4

k s
to a scalar. However, we seldom deal with these tensors in this course. O

Exercise 3.24. Let M be a smooth manifold with local coordinates (u1, u). Con-
sider the tensor products:
)
Ty=du'®du®> and T =du'®-——.
8u2
Which of the following is well-defined?

@7 (55)

®) T» (aa)
© T (
(

(d) T»

)
)

)
50)

ouy’
&
uy
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Exercise 3.25. let M be a smooth manifold with local coordinates (uq, ug). The
linear map T : T,M — T, M satisfies:

(2\_2 2
ou; ) oup  Oup

r( )29 _29
dup ) oup Oup’
Express T using tensor products.

One advantage of using tensor notations, instead of using matrices, to denote a
multilinear map between tangent or cotangent spaces is that one can figure out the
conversion rule between local coordinate systems easily (when compared to using
matrices)

Example 3.28. Consider the extended complex plane M := C U {o0} defined in Exam-
ple 2.12. We cover M by two local parametrizations:

FI:RZ->CcM Fp: R? = (C\{0})U {0} c M

(xy) = x+yi (u,v) —

U+ vi

The transition maps on the overlap are given by:

_p-1 _ X ¥
(u,v) =F, oF1(x,y) = (x2+y2'_x2+y2)
1 u (Y
(x,y) =F oFa(u,0) = <u2+02'_u2+02>

Consider the (2,0)-tensor w defined using local coordinates (x,y) by:
w=e ) dx @ dy.

Using the chain rule, we can express dx and dy in terms of du and dv:

iy — d u (w2 +v?)du — u(2udu + 2vdo)

o\ +2) (u? +0v2)?
v? — u? 2uv
(u? +v2)2 ! (u? 4 02)2 ¢
by — d v _ (¥* +0*)do — v(2udu + 20 dv)
y= 2ro2) (2 + 02)2

2uv 02— u?

T 2022 i+ (u?+ UZ)ZdU

Therefore, we get:
2uv(u? — v?)
2

_ (12 — 0?)?

du®@du + ———=17

(u? +v2)* (u2 +02)4

4u’v? 2uv(u? — v?)

_ MY pedy s 2O Y
(21 optt Ot T Ty

dx ® dy = du ® dv
dv ® dv

Recall that w = e~ (4 dx ® dy, and in terms of (u,v), we have:

1
ef(szryZ) —e 242,
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Hence, in terms of (u,v), w is expressed as:
L (2uo(u® — v?) (u? — v?)?

v {Mdu(@du—kwdu@dv
duv? 2uv(u? — v?)

(u?+ 02)4dv wdut (u? 4 v2)4

w = 37 uZ 02

+ dv@dv}

O

Exercise 3.26. Consider the extended complex plane C U {co} as in Example 3.28,
and the (1, 1)-tensor of the form:

Q= @) gr i
9y

Express ) in terms of (u,v).

Generally, if (u1,...,u,) and (v, ...,v,) are two overlapping local coordinates on
a smooth manifold M, then given a (2,0)-tensor:

g =Y gdu' @du
ij
written using the u;’s coordinates, one can convert it to v,’s coordinates by the chain
rule:

. . ou: 8u/
= Zgi]'du’ Qdu = Zgl-]- (; ay[idv“) ® <2 ayﬁdvﬁ)
1,] L] ;B
us
=) Zgij%ﬁ do* @ doP
Py U 0Vg

ij
Exercise 3.27. Given that u;’s and v,’s are overlapping local coordinates of a

smooth manifold M. Using these coordinates, one can express the following
(3,1)-tensor in two ways:

. . 9 ~ d
- L a4t ] ke 2 — 7 ® B Y )
Rm ijZk:ZRdeu QR du ® du ®8u1 M;Z;'UR'XMEIU ® doP ® dov ®avr]

Express Rﬁ'jk in terms of RZM’S.

Exercise 3.28. Given that u;’s and v,’s are overlapping local coordinates of a
smooth manifold M. Suppose g and h are two (2,0)-tensors expressed in terms of
local coordinates as:

g=Y gidu' @dw =Y Zopdv" ® doP
ij w,p

h=Y hjdu' @dw =Y hypdo® @ doP.
i,j B

Let G be the matrix with g;; as its (i, j)-th entry, and let g be the (i, j)-th entry of
G~!. Similarly, define g*f to be the inverse of Sup- Show that:

Y g*hjdu' @ du =Y §*h. g dv® @ doP.

] wp
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3.4. Wedge Products

Recall that in Multivariable Calculus, the cross product plays a crucial role in many
aspects. It is a bilinear map which takes two vectors to one vectors, and so it is a
(2,1)-tensor on R3.

The determinant is another important quantity in Multivariable Calculus and
Linear Algebra. Using tensor languages, an n X n determinant can be regarded as a
n-linear map taking n vectors in R” to a scalar. For instance, for the 2 x 2 case, one can

view:
a b
det [c d]

as a bilinear map taking column vectors (a,¢)” and (b,d)T in R? to a number ad — bc.
Therefore, it is a (2,0)-tensor on RZ; and generally for n X n, the determinant is an
(n,0)-tensor on IR".

Both the cross product in R? and determinant (1 x n in general) are alternating, in
a sense that interchanging any pair of inputs will give a negative sign for the output.

For the cross product, we have a X b = —b x a; and for the determinant, switching any
pair of columns will give a negative sign:

a bl _ b a

c d |d ¢

In the previous section we have seen how to express k-linear maps over tangent
vectors using tensor notations. To deal with the above alternating tensors, it is more
elegant and concise to use alternating tensors, or wedge products that we are going to
learn in this section.

3.4.1. Wedge Product on Vector Spaces. Let’s start from the easiest case. Sup-
pose V is a finite dimensional vector space and V* is the dual space of V. Given any
two elements T, S € V*, the tensor product T ® S is a map given by:

(T®S)(X,Y)=T(X)S(Y)
}f:)or any X,Y € V. The wedge product T A S, where T, S € V*, is a bilinear map defined
g TAS=T®S5-5T
meaning that for any X,Y € V, we have:
(TAS)(X,Y)=(T®S)(X,Y)—(S®T)(X,Y)
=T(X)S(Y) = S(X) T(Y)
It is easy to note that TAS = =S AT.

Take the cross product in R3 as an example. Write the cross product as a bilinear
map w(a,b) :=a x b. Itis a (2,1)-tensor on R? which can be represented as:

w=e®e;Vez3—e;Re]®e3
+eo®ey®e —e3Qe; e
+e3®el®e—e]Re3®e
Now using the wedge product notations, we can express w as:
w=(e]Ne;)®e3+(e5Ne;) Qe+ (e3Ne]) ey

which is a half shorter than using tensor products alone.
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Now given three elements T;, Tp, T3 € V*, one can also form a triple wedge product
Ty A Ty A T3 which is a (3,0)-tensor so that switching any pair of T; and T; (with i # j)
will give a negative sign. For instance:
TlATz/\ng—Tz/\Tl/\Tg and T1AT2/\T3:—T3/\T2AT1.
It can be defined in a precise way as:
TTALAT; =TT LT3—T1 T3 T,
+LheGeTh -HeThheT;
+THTTRT, —T3 T, ®T;

Exercise 3.29. Verify that the above definition of triple wedge product will result
inTHh ANTp, N T3 = —-T3 AT, A Tq.

Exercise 3.30. Propose the definition of T7 A T; A T3 A T;. Do this exercise before
reading ahead.

We can also define T; A T; A T3 in a more systematic (yet equivalent) way using
symmetric groups. Let S3 be the permutation group of {1,2,3}. An element o € Sz is a
bijective map ¢ : {1,2,3} — {1,2,3}. For instance, a map satisfying c(1) =2, 0(2) =3
and ¢(3) = 1 is an example of an element in S3. We can express this ¢ by:

1 2 3 .
(2 3 1) or simply:  (123)

A map T € S3 given by 7(1) =2, 7(2) = 1 and 7(3) = 3 can be expressed as:

1 2 3 .
<2 1 3> or simply:  (12)

This element, which switches two of the elements in {1,2,3} and fixes the other one, is
called a transposition.

Multiplication of two elements 01,0, € S3 is defined by composition. Precisely,
0107 is the composition 07 o 0». Note that this means the elements {1,2,3} are input
into o7 first, and then into ¢y. In general, 0909 # 0207. One can check easily that, for
instance, we have:

(12)(23) = (123)
(23)(12) = (132)

Elements in the permutation group S, of n elements (usually denoted by {1,2,...,n})
can be represented and mutliplied in a similar way.

Exercise 3.31. Convince yourself that in S5, we have:
(12345)(31) = (32)(145) = (32)(15)(14)

The above exercise shows that we can decompose (12345)(31) into a product of
three transpositions (32), (15) and (14). In fact, any element in S, can be decomposed
this way. Here we state a standard theorem in elementary group theory:

Theorem 3.29. Every element o € S, can be expressed as a product of transpositions:
0 =TT...T. Such a decomposition is not unique. However, if c = 71Ty . . . Ty is another
decomposition of o into transpositions, then we have (—1)F = (—1)".

Proof. Consult any standard textbook on Abstract Algebra. O
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In view of Theorem 3.29, given an element ¢ € S, which can be decomposed into
the product of r transpositions, we define:

sgn(o) := (—1)".
For instance, sgn(12345) = (—1)3 = —1, and sgn(123) = (—1)? = 1. Certainly, if T is a
transposition, we have sgn(ct) = —sgn(0).
Now we are ready to state an equivalent way to define triple wedge product using
the above notations:

TIANT, NT3 := Z Sgn(U)Tg(l) & Tg(z) & T0(3).

0ES;

We can verify that it gives the same expression as before:

Y sgn(0)Ty) @ Tya) @ T3

0ES3

=T"heLheT;s c=id
-~ LT VT3 o= (12)
- TeTheh o= (13)
— T3, o =(23)
tLeTsoT o = (123) = (13)(12)
TTeT T o= (132) = (12)(13)

In general, we define:

Definition 3.30 (Wedge Product). Let V be a finite dimensional vector space, and V*
be the dual space of V. Then, given any T, ..., Ty € V*, we define their k-th wedge
product by:
TyN-- - NTy = Z sgn(o) Tg(l) ®"'®Ta(k)
TESK
where S; is the permutation group of {1,...,k}. The vector space spanned by
Ty A--- ANTi's (where Ty, ..., Ty € V*) is denoted by NV,

Remark 3.31. It is a convention to define A°V* := R. O

If we switch any pair of the T;’s, then the wedge product differs by a minus
sign. To show this, let T € Si be a transposition, then for any o € S, we have
sgn(ooT) = —sgn(c). Therefore, we get:

TT(l) VANRIRWAN TT(k) = 2 Sgl’l(U’)Tg(T(l)) ®...8 TO’(T(k))

oEeSk
== Z sgn(c o T)Toor(l) ®...® Taor(k)
U’ESk
==Y sgn(0) Ty ® ... @ Tppr (where ¢/ := o 1)
UESk
=-—Ti AN ANTt.

The last step follows from the fact that o o o T is a bijection between Sy and itself.

Exercise 3.32. Write down T7 A T, A T3 A Ty explicitly in terms of tensor products
(with no wedge and summation sign).
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Exercise 3.33. Show that dim AFV* = CZ, when n = dimV and 0 < k < n, by
writing a basis for AKV*. Show also that AKV* = {0} if k > dim V.

Exercise 3.34. Let {e;}! ; be a basis for a vector space V, and {e/}" ; be the
corresponding dual basis for V*. Show that:

&3 43 — A e
(ei1 ARRENA eik) (eh" 20 ’efk> = ‘511]1 51k]k'

Remark 3.32. The vector space AKV* is spanned by Ty A - - - A Ty's where Ty, ..., Ty € V*.
Note that not all elements in V* can be expressed in the form of T; A --- A T. For
instance when V = R* with standard basis {e;}%_;, the element ¢ = e A e} + e} Ae} €
A2V* cannot be written in the form of T; A T» where Ty, T, € V*. It is because
(i AT)) N(Ty ATp) =0forany Ty, T, € V*, while o Ao =2ej Aes Nej Aej #0. O

In the above remark, we take the wedge product between elements in A2V*. It is
defined in a natural way that for any Ty,... Ty, S1,...,S, € V¥, we have:
(TiA- - ATON(SIA-AS)=T1 A AT AST A+ A S,

% ENTVH eNkFry=

and extended linearly to other elements in ARV* and ATV*. For instance, we have:
(Tl/\Tz—l-Sl/\Sz)/\ c =T1ANTh,ANc+51A\S;Ao.

EAZV et enkt2y

While it is true that Ty AT, = =T, A Ty for any Ty, T, € V*, it is generally not true
that o Ay = —5 A where 0 € AKV* and 5 € A"V*. For instance, let Ty,...,Ts € V*
and consider o = T7; A T and # = T3 A Ty A Ts. Then we can see that:

oA =TT NTo NTz3 ATy AN Ts
=-—TIANT3ANTLANTs N'T, (switching T, subsequently with T3, Ty, T5)
=T3AT,ANTs AT AT, (switching T; subsequently with T3, Ty, T5)
=nANo0.

Proposition 3.33. Let V be a finite dimensional vector space, and V* be the dual space of V.
Given any o € AKV* and 7 € N'V*, we have:

(3.12) cAn=(-Dyno.
Clearly from (3.12), any w € ASV"V* commutes with any o € NKV*.

Proof. By linearity, it suffices to prove that case c = T1 A---ATrand 5 = Sy A--- A5,
where T;, S; € V*, in which we have:

CAR=TyA--ATgAS{A---AS,

In order to switch all the T;’s with the S;’s, we can first switch Ty subsequently with
each of 51,..., S, and each switching contributes to a factor of (—1). Precisely, we have:

YN ATeASIA - AS, = (-1)Ty AN ATp_1 ASTA - ASp A T

By repeating this sequence of switching on each of T;_4, Tx_», etc., we get a factor of
(—1)" for each set of switching, and so we finally get the following as desired:

TyA - ATeASIAAS =[(=1)FS1 A AS,ATIA -+ ATy
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From Exercise 3.33, we know that dim A"V* = 1 if n = dim V. In fact, every
element ¢ € dim A"V* is a constant multiple of e] A - - - A e}, and it is interesting (and
important) to note that this constant multiple is related to a determinant! Precisely, for
eachi =1,...,n, we consider the elements:

Z al]e ev*

where a;; are real constants. Then, the wedge product of all w;’s are given by:

(Z al]l ]1) (Z az]Z ]2) (2 an]” ]n>
=1 J2=1 jn=1

= Z a1j, A2j, - - a”]ne ARRRNAN }kn
J1se-sjn distinct

= ) Me(1)820(2) - - - Ao (m)€r(1) N Aoy

Wi A Awy

oEeSy,
Next we want to find a relation between e* (1) A e:;(n) andej A---Aej,. 0 €Sy, by
decomposing it into transpositions ¢ = 13 o - - - o T}, then we have:
&) N ANy = Eqonon (1) N AN oo (n)
j— *
- ( 1) €001 (1) ARREEA €001 (n)

= (Do) A A o og ()

D eq @y A A

Therefore, we have:

Wi A Nwy = ( Z sgn(a)ala(l)azg(z) .. 'amr(n)> ef A+ Aep.

oeS,
Note that the sum:
2 Sgn(a)ala(l)aza(z) < Apg(n)
eSS,
is exactly the determinant of the matrix A whose (i, j)-th entry is a;;. To summarize,
let’s state it as a proposition:

Proposition 3.34. Let V* be the dual space of a vector space V of dimension n, and let
{ei}I_; be a basis for V, and {e} }!_, be the corresponding dual basis for V*. Given any n
n
elements w; = Zi ai]«e;f € V*, we have:
]:
Wi A ANwy, = (detA) e] A--- Aep,

where A is the n X n matrix whose (i, j)-th entry is a;j.
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Exercise 3.35. Given an n-dimensional vector space V. Show that wy, ..., w, € V*
are linearly independent if and only if wy A - -+ A wy, # 0.

Exercise 3.36. Generalize Proposition 3.34. Precisely, now given
n
w; = Zai]-e}k ev*
j=1

where 1 <7 <k < dimV, express wi A -+ - A wy in terms of e’s.

Exercise 3.37. Regard det : R” x R” — R as a multilinear map:

det(vy,...,vp) = |v1 -+ Vvyul.
| |

Denote {e;} the standard basis for R”. Show that:
det=el A---Aej.

3.4.2. Differential Forms on Smooth Manifolds. In the simplest term, differential
forms on a smooth manifold are wedge products of cotangent vectors in T*M. At each
point p € M, let (uy,...,uy) be the local coordinates near p, then the cotangent space

T; M is spanned by {dul oo, du” |p , and a smooth differential 1-form « is a map

p 7
from M to T*M such that it can be locally expressed as:

)

where «; are smooth functions locally defined near p. Since the based point p can
usually be understood from the context, we usually denote a by simply:

a(p) = (p, lezxi(p) du

Since T;; M is a finite dimensional vector space, we can consider the wedge products
of its elements. A differential k-form w on a smooth manifold M is a map which assigns
each point p € M to an element in AF T, M. Precisely:

Definition 3.35 (Smooth Differential k-Forms). Let M be a smooth manifold. A smooth
differential k-form w on M is a map wy : TyM X ... x TyM — R at each p € M such

k times
that under any local parametrization F(uy,...,u,) : U — M, it can be written in the

form: ;
w = Z Wiyiy-eiy dut A - A du'
it edp=1
where wj ;, ;s are smooth scalar functions locally defined in F(U ), and they are
commonly called the local components of w. The vector space of all smooth differential
k-forms on M is denoted by AKT*M.

Remark 3.36. It is a convention to denote AOT* M := C*®(M, R), the vector space of all
smooth scalar functions defined on M. O
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We will mostly deal with differential k-forms that are smooth. Therefore, we will
very often call a smooth differential k-form simply by a differential k-form, or even simpler,
a k-form. As we will see in the next section, the language of differential forms will unify
and generalize the curl, grad and div in Multivariable Calculus and Physics courses.

From algebraic viewpoint, the manipulations of differential k-forms on a manifold
are similar to those for wedge products of a finite-dimensional vector space. The major
difference is a manifold is usually covered by more than one local parametrizations,
hence there are conversion rules for differential k-forms from one local coordinate
system to another.

Example 3.37. Consider R? with (x,y) and (r,9) as its two local coordinates. Given a
2-form w = dx A dy, for instance, we can express it in terms of the polar coordinates
(r,0):

_ox d

x
dx—§dr+£d9

= (cos8) dr — (rsinf) df

dy = 3—‘1}{ dr + ?)% dae
= (sin ) dr + (r cos 6) d6
Therefore, using dr Adr = 0 and d60 A d0 = 0, we get:
dx Ady = (rcos? 0)dr Adf — (rsin®)dé A dr
= (rcos? 6 +rsin®0) dr A do
=rdr Ade.

Exercise 3.38. Define a 2-form on R by:
w=xdyNdz+ydzNdx +zdx \dy.
Express w in terms of spherical coordinates (p, 6, ¢), defined by:

(x,y,2z) = (psingcos b, psin ¢ sinb, p cos ¢).

Exercise 3.39. Let w be the 2-form on R?" given by:
w=dx' Ndx® +dx3 Adxt + .+ AP A de*

Compute w A - - - A w.
N—_———

n times

Exercise 3.40. Let (uq,...,uy,) and (v, ..., v,) be two local coordinates of a smooth
manifold M. Show that:
o(uy,...,
dul A - Adu :detu
d(v1,...,0n)
Exercise 3.41. Show that on R?, a (2,0)-tensor T is in A?(R?)* if and only if
T(v,v) = 0 for any v € R5.
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3.5. Exterior Derivatives

Exterior differentiation is an important operations on differential forms. It not only
generalizes and unifies the curl, grad, div operators in Multivariable Calculus and
Physics, but also leads to the development of de Rham cohomology to be discussed in
Chapter 5.

3.5.1. Definition of Exterior Derivatives. Exterior differentiation, commonly de-
noted by the symbol d, takes a k-form to a (k + 1)-form. To begin, let’s define it on
scalar functions first. Suppose (u,...,u,) are local coordinates of M", then given any
smooth scalar function f € C*(M, R), we define:

N\ Of i
(3.13) df = 1:21 3, du

Although (3.13) involves local coordinates, it can be easily shown that df is independent
of local coordinates. Suppose (v1,...,v,) is another local coordinates of M which
overlap with (u1,...,uy). By the chain rule, we have:

Z of Jdog
aul 1 duk ou;
dok = Z a”" ‘du

which combine to give:
af i__ af Jv i
Zauld ;kzav au; Za kd”
Therefore, if f is smooth on M then df is a smooth 1-form on M. The components of
df are %’s, and so df is analogous to V f in Multivariable Calculus. Note that as long
as f is C* just in an open set I/ C M, we can also define df locally on i/ since (3.13) is
a local expression.

Exterior derivatives can also be defined on differential forms of higher degrees. Let
« € AN'T*M, which can be locally written as:

n
a = 2 w; du'
i=1

where «;’s are smooth functions locally defined in a local coordinate chart. Then, we
define:

ow;
(3.14) du —Zdtxl/\du —Zzauzd]/\du
i=1 i=1j=1""]
Using the fact that du/ A du' = —du' Adu/ and du’ A du’ = 0, we can also express da as:

. o . .
da = Z (80(1 — zx]> du Adu'.
1<joicn \OUj Ol
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Example 3.38. Take M = IR? as an example, and let (x,y,z) be the (usual) coordinates
of R3, then given any 1-form & = Pdx + Qdy + Rdz (which is analogous to the vector
field Pi + Qj + Rk), we have:

de =dP Ndx+dQ Ady+dR Adz
(an —l—apdy—i-apd)/\dx—i—( Qd +8Qdy+de>/\dy

ox ay ) ox ay )
+ (aRd +8Rdy+aRdz) Ndz
9 %
a—Pcly/\alaﬂ—a—alz/\abﬂ—a—de/\aly+a—de/\dy
ay oz ox
oR oR
+ ng/\dZ‘F@dy/\dZ
_[(9Q 0P oR oP oR 9Q
_<8x ay) dx A dy (ax 5 )d A dx +(8y 8) dy Ndz
which is analogous to V x (Pi+ Qj + Rk) by declaring the correspondence {i, j, k} with
{dy Ndz,dz Ndx,dx A dy}. O

One can check that the definition of da stated in (3.14) is independent of local
coordinates. On general k-forms, the exterior derivatives are defined in a similar way
as:

Definition 3.39 (Exterior Derivatives). Let M" be a smooth manifold and (u, ..., uy)
be local coordinates on M. Given any (smooth) k-form

n
w = Z w]l]k dut N A du]k’
Jirejk=1
we define:
n . .
(3.15) dw:= Y dwj..j Adwt AN dudk
Jiee k=1
n n aw . . .
= Y Y gy Adwt A A dudk
. Y = u;
Jioe Jg=1i=1
In particular, if w is an n-form (where n = dim V), we have dw = 0.

Exercise 3.42. Show that dw defined as in (3.15) does not depend on the choice of
local coordinates.

Example 3.40. Consider R? equipped with polar coordinates (r,0). Consider the
1-form:

w = (rsin @) dr.
Then, we have

dw = Mdr/\dr—kwdﬂ/\dr
or 00
=0+ (rcos0)dd Ndr
—(rcos@)dr A db.
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Exercise 3.43. Let w = Fy dy Adz + F dz A\ dx + F3dx A dy be a smooth 2-form on
R3. Compute dw. What operator in Multivariable Calculus is the d analogous to
in this case?

Exercise 3.44. Let w, 7,0 be the following differential forms on R3:

w=xdx—y,dy
n=zdx ANdy+xdyNdz
0 =zdy

Compute: w Ay, w Ay A0, dw, dy and d6.

3.5.2. Properties of Exterior Derivatives. The exterior differentiation d can hence
be regarded as a chain of maps:
AT M -5 AT M L 2T M D L AT L AT ML
Here we abuse the use of the symbol d a little bit — we use the same symbol 4 for all

the maps A\FT*M 4y AMF1T*M in the chain. The following properties about exterior
differentiation are not difficult to prove:

Proposition 3.41. For any k-forms w and 1, and any smooth scalar function f, we have the
following:

(1) d(w+1n) =dw+dy

(2) d(fw) =df Nw+ fdw

Proof. (1) is easy to prove (left as an exercise for readers). To prove (2), we consider

local coordinates (uq,...,u,) and let w = Z Wiy, dut A+ Aduk. Then, we
Jurejk=1
have:
n nog )
d(fw) = ‘ 2 Z " (fwj,.. ]k)du Adult A - A dude
Jlreoje=1i=1""1
n n
= ) af +f TOne ) dugi At A - A dude
a Wi ji ou:
jlr-“/jk:l i=1 !

n af i n ) )
= a—du’ A Z Wiy ooy dut A\ - A dulk
=1 Ui jl, Je=1

+f Z E h ]kdu Adult A - A dudk
Jireje=li=

as desired. O

Identity (2) in Proposition 3.41 can be regarded as a kind of product rule. Given a
k-form « and a r-form B, the general product rule for exterior derivative is stated as:

Proposition 3.42. Let & € NT*M and B € N'T*M be smooth differential forms on M,
then we have:
daAB) =da AB+ (—1)*andp.
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Exercise 3.45. Prove Proposition 3.42. Based on your proof, explain briefly why
the product rule does not involve any factor of (—1)".

Exercise 3.46. Given three differential forms «, f and < such thatda =0, dp =0
and dvy = 0. Show that:

d(@ABAy)=0.

An crucial property of exterior derivatives is that the composition is zero. For
instance, given a smooth scalar function f(x,y,z) defined on R3, we have:

af = fdx+ fdy+ fd

Taking exterior derivative one more time, we get:

(0 of 9 of 0 of
al(df)—<axa dx +ayaxdy+a o dz)/\dx

+ (e @+ oy y 0 33y s) My
+<aang ”aaygf i+ 55 )Adz
:<aig_{;_ai/g£> dx/\dy+(;zgi—£cg£) dz \Ndx

Since partial derivatives commute, we get d(df) = 0, or in short d>f = 0, for any scalar
function f. The fact that d*> = 0 is generally true on smooth differential forms, not only
for scalar functions. Precisely, we have:

Proposition 3.43. Let w be a smooth k-form defined on a smooth manifold M, then we have:
w = d(dw) = 0.

Proof. Let w = Z Wiy dult A -+ A duk, then:

Jirerjk=1
n n 8w- . i i .
dw = e gyt A duit A A dudk,
L Y,
Jioejx=1i=1 !
Pw = i imdui/\duh/\...Adujk
i1 je=1i=1 aui

= Z ZZ 5 g]"du Adul Adult A - A dudk
jrge=1i=11=1 W19

For each fixed k-tuple (ji, ..., ji), the term 1;1 W du' A du' can be rewritten as:

2
Z 9 Wieji 0* Wik dul A du
1<iZi<n ou;0u; ou;ou;

which is zero since partial derivatives commute. It concludes that d2w = 0. O
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Proposition 3.43 is a important fact that leads to the development of de Rham
cohomology in Chapter 5.

In Multivariable Calculus, we learned that given a vector field F = Pi+ Qj + Rk
and a scalar function f, we have:
VxVf=0
V- (VxF)=0
These two formulae can be unified using the language of differential forms. The
one-form df corresponds to the vector field V f:

_ U e g
af = axdx+8ydy+azdz

oL
Vf—axl-i—ayj-i—azk

Define a one-form w = Pdx 4+ Qdy + Rdz on R3, which corresponds to the vector field
F, then we have discussed that dw corresponds to taking curl of F:

_(9Q 9P _(9R 9P 9R _9Q
dw-(ax 8y> dx Ndy <8x az>dz/\dx+<ay aZ>dy/\dz

_(0Q 0P dR JPY . oR 0Q).
v (Gw)e (G oE)e (R

If one takes w = df, and F = V£, then we have dw = d(df) = 0, which corresponds to
the fact that V x G = V x Vf = 0 in Multivariable Calculus.

Taking exterior derivative on a two-form § = Ady Adz + Bdz Adx + Cdx A dy
corresponds to taking the divergence on the vector field G = Ai + Bj + Ck according to
Exercise 3.43:

0A 9B dC
dﬁ— (8x+8y+82> dX/\dyAdZ
0A 0B dC
G=[=4+2Z 4=
v (ax + oy + az>
By taking B = dw, and G = V X F, then we have df = d(dw) = 0 corresponding to
V-G = V- (V xF) =0 in Multivariable Calculus.

Here is a summary of the correspondences:

Differential Form on R3 Multivariable Calculus
F5,,2) F5,9,2)
w=Pdx+Qdy+ Rdz F=Pi+Qj+ Rk
B=AdyNdz+BdzANdx+Cdx Ndy G = Ai+ Bj+Ck
af Vf
dw V X F
ap V-G
d?f=0 VxVf=0
d?w =0 V- (VxF)=0

3.5.3. Exact and Closed Forms. In Multivariable Calculus, we discussed various
concepts of vector fields including potential functions, conservative vector fields,
solenoidal vector fields, curl-less and divergence-less vector fields, etc. All these
concepts can be unified using the language of differential forms.

As a reminder, a conservative vector field F is one that can be expressed as F = V f
where f is a scalar function. It is equivalent to saying that the 1-form w can be
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expressed as w = df. Moreover, a solenoidal vector field G is one that can be expressed
as G = V x F for some vector field F. It is equivalent to saying that the 2-form § can
be expressed as f = dw for some 1-form w.

Likewise, a curl-less vector field F (i.e. V x F = 0) corresponds to a 1-form w
satisfying dw = 0; and a divergence-less vector field G (i.e. V - G = 0) corresponds to a
2-form B satisfying dp = 0.

In view of the above correspondence, we introduce two terminologies for differen-
tial forms, namely exact-ness and closed-ness:

Definition 3.44 (Exact and Closed Forms). Let w be a smooth k-form defined on a
smooth manifold M, then we say:

e w is exact if there exists a (k — 1)-form 7 defined on M such that w = dy;
e w is closed if dw = 0.

Remark 3.45. By the fact that d*> = 0 (Proposition 3.43), it is clear that every exact form
is a closed form (but not vice versa). O

The list below showcases the corresponding concepts of exact/closed forms in
Multivariable Calculus.

Differential Form on RR® Multivariable Calculus

exact 1-form conservative vector field
closed 1-form curl-less vector field
exact 2-form solenoidal vector field
closed 2-form divergence-less vector field

Example 3.46. On RR3, the 1-form:
x =yzdx +zxdy + xydz

is exact since « = df where f(x,y,z) = xyz. By Proposition 3.43, we immediately get
da =d(df) =0, s0 a is a closed form. One can also verify this directly:

da = (zdy +ydz) Ndx + (zdx + xdz) Ady + (ydx + xdy) ANdz
=(z—z)dxANdy+ (y—y)dzANdx+ (x —x)dy ANdz = 0.

Example 3.47. The 1-form:

— y x
o= oy dx + PR dy

defined on R?\{(0,0)} is closed:

0 Yy 0 x
dzxay< x2+y2) dy/\dx-l—ax<x2_'_y2> dXAdy

2 _ .2
Yy =X

————=dx ANd
(2422

2,2
Yo —x
= S——=dyANdx+
2+ 22
=0
as dx A dy = —dy A dx. However, we will later see that « is not exact.

Note that even though we have & = df where f(x,y) = tan™* %, such an f is NOT

smooth on R?\{(0,0)}. In order to claim & is exact, we require such an f to be smooth
on the domain of «. O
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Exercise 3.47. Consider the forms w, 1 and 6 on R3 defined in Exercise 3.44.
Determine whether each of them is closed and/or exact on R3.

Exercise 3.48. The purpose of this exercise is to show that any closed 1-form w on
R® must be exact. Let

w=P(x,y,z)dx+ Q(x,y,z)dy + R(x,y,z) dz
be a closed 1-form on R3. Define f : R®> — R by:

=
fey2) = [ (Pt ty, 12) + yQUtx, ty, 2) + 2R (tx, ty, 12)) dt
t=0
Show that w = df. Point out exactly where you have used the fact that dw = 0.

3.5.4. Pull-Back of Tensors. Let’s first begin by reviewing the push-forward and
pull-back of tangent and cotangent vectors. Given a smooth map ® : M — N between
two smooth manifolds M™ and N", its tangent map P, takes a tangent vector in
TpM to a tangent vector in Tq)(p)N. If we let F(uq,...,uy) be local coordinates of M,

G(v1,...,v,) be local coordinates of N and express the map & locally as:

(Ul,...,Un) :G_lquOF(ul,...,um),

then @, acts on the basis vectors {8(1} by:
i

o, (2)=2_y%o
* aui au,‘ ].aul' aU]

The tangent map ®. is also commonly called the push-forward map. It is important to
note that the v;’s in the partial derivatves TZ can sometimes cause confusion if we talk

about the push-forwards of two different smooth maps®: M —+ Nand ¥: M — N.
Even with the same input (i1, ..., uy), the output ®(uy, ..., uy) and ¥(uy, ..., u,) are
generally different and have different v;-coordinates. To avoid this confusion, it is best

to write:
P (auz> B Z du;  Jv;
j ]
¥ <3ul> 7; du;  0v;

Here each v; in the partial derivatives TZ]‘ are considered to be a locally defined function

taking a point p € N to its vj-coordinate.

For cotangent vectors (i.e. 1-forms), we talk about pull-back instead. According to
Definition 3.14, ®* takes a cotangent vector in T&;(p)N to a cotangent vector in Ty M,

defined as follows:
®*(dv')(X) = dv' (®.X) for any X € T,M.
In terms of local coordinates, it is given by:
; (v o®) , .
* (A 1 j
d* (do') ]Ziauj dul.
The pull-back action by a smooth ® : M — N between manifolds can be extended
to (k,0)-tensors (and hence to differential forms):
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Definition 3.48 (Pull-Back on (k,0)-Tensors). Let ® : M — N be a smooth map
between two smooth manifolds. Given T a smooth (k,0)-tensor on N, then we define:

(qD*T)p (Xl,. -'/Xk) = T‘P(p) (q)*(Xl),,qD*(Xk)) for any X1, .- -/Xk € TpM

Remark 3.49. An equivalent way to state the definition is as follows: let Ty, ... Ty € TN
be 1-forms on N, then we define:

(1@ @T) = (') @+ @ (PTi).

O
Remark 3.50. It is easy to verify that ®* is linear, in a sense that:
®*(aT +bS) = ad*T + bd*S
for any (k,0)-tensors T and S, and scalars a and b. O

Example 3.51. Let’s start with an example on R?. Let ® : R? — R® be a map defined
by:

D(x1,x7) = (exlﬂz,sin(x%xz),xl) :

To avoid confusion, we use (x1,x7) to label the coordinates of the domain R?, and use
(y1,Y2,y3) to denote the coordinates of the codomain IR®. Then, we have:

o () o (o) - (32

— ay! (W 9 (ypo®) 3 A(yz0®) a>

8x1 8y1 ax1 ayz axl ay3
a (]/l (e} q)) a

= L = —p¢

X1+x2 exl +x2
8x1 8x1

Similarly, we have:

d a(yl @) CD) 0
* 1 I — 2 oxitxp L xtxp
@ (dy ) (BJQ) aJCQ axze ¢ '

Therefore, ®*(dy') = eX1t¥2dx! 4 eM1+%24dx? = e"17%2(dx! + dx?). We leave it as an
exercise for readers to verify that:

®*(dy?) = 2x1x3 cos(x3xp) dx! + x% cos(x3x7) dx®
O (dy®) = dx?
Let f(y1,Y2,y3) be a scalar function on IR?, and consider the (2,0)-tensor on R3:
T = f(y1,y2,y3) dy' @ dy’
The pull-back of T by & is given by:
T = f(y1,y2,y3) ®*(dy') © @ (dy?)
= f(®(x1,x2)) (e"ﬁ"z (dx! + dx2)) ® (lexz cos(x3xp) dx! + x% cos(x3x7) dxz)

The purpose of writing f(y1,v2,y3) as f(P(x1,x2)) is to leave the final expression in
terms of functions and tensors in (x, x2)-coordinates. g

Example 3.52. Let ¥ be a regular surface in R®. The standard dot product in R3 is
given by the following (2, 0)-tensor:

w=dx@dx+dyQdy +dz @ dz.
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Consider the inclusion map ¢ : & — R3. Although the input and output are the same
under the map ¢, the cotangents dx and /*(dx) are different! The former is a cotangent
vector on R3, while *(dx) is a cotangent vector on the surface Z. If (x,y,z) = F(u,0)
is a local parametrization of %, then /*(dx) should be in terms of du and dv, but not dx,
dy and dz. Precisely, we have:

l <aF) & AUoF) _oF

ou)  ou’  du  ou

\ IF\ OF\\ _, [oF

() () - (3)
_ dx 0 dyd 0z 0
dx<auax+8uay+auaz)

Similarly, we also have /*(dx) (?95) = g—i, and hence:

f(dx) = g—z du + g—z do.

As a result, we have:

Fw = 1"(dx) @ " (dx) + " (dy) @ " (dy)" (dz) @ 1" (dz)
= (axdu—l—axdv> ® <axdu+axdv)
u v u v

+ (a]/du+a]/dv> ® <aydu+aydv>
Ju v u v

+ a—zdu%—%dv ® %du—l—a—zdv .
u v u v

After expansion and simplification, one will get:

. oF OF oF OoF oF OF oF OoF
Lw—a-Edu@)du—l-@-%du®dv+%-£d0®du+%-%dv®dv,

which is the first fundamental form in Differential Geometry. O

Exercise 3.49. Let the unit sphere S? be locally parametrized by spherical coordi-
nates (6, ¢). Consider the (2,0)-tensor on R®:

w=xdy®dz
Express the pull-back (*w in terms of (6, ¢).
One can derive a general formula (which you do not need to remember in practice)

for the local expression of pull-backs. Consider local coordinates {u;} for M and {v;}
for N, and write (vy,...,v,) = ©(uy,...,uy) and

T:' Z Til...ik(vl,...,vn)dvil®~~~®dvik.
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The pull-back ®*T then has the following local expression:

n . .
(B16) @ T= Y Ty.(v1,...,00) P (d0") ®--- @ D" (do')

11 yeees lk:1
n m  Ju: . L 108 :
= Z 'I'l'l...l'k(¢(u1,...,um)) (Z aulldu11> ®--.® (Z ulkdu]k>
i1, =1 j1=1 J1 jk=1 Tk
1 U dv; v, . . .
= Z Z ’Tl]lk((p(ul,,um))auill auilkdu]l(g)@du]k
il ..... ikzljl,. jkzl i Tk

In view of T; ..; (v1,...,04) = Tj;..;, (P(u1,...,um)) and the above local expression,
we define

P fi=fod
for any scalar function of f. Using this notation, we then have ®*(fT) = (®*f) ®*T
for any scalar function f and (k,0)-tensor T.

Exercise 3.50. Let ® : M — N be a smooth map between smooth manifolds M
and N, f be a smooth scalar function defined on N. Show that

*(df) = d(D*f).

In particular, if (vq,...,v,) are local coordinates of N, we have ®*(dv/) = d(P*v/).

Example 3.53. Using the result from Exercise 3.50, one can compute the pull-back
by inclusion map ¢ : & — R3 for regular surfaces ¥ in IR?. Suppose F(u,v) is a local
parametrization of X, then:

f(dx) =d("x) =d(xo1).

Although x o1 and x (as a coordinate function) have the same output, their domains
are different! Namely, x o/ : & — R while x : R — RR. Therefore, when computing
d(x o), one should express it in terms of local coordinates (u,v) of X

d(xo1) d(xo1) . ox ox

o du + e dv—ﬁdu+%dv.

d(xor) =
O

Recall that the tangent maps (i.e. push-forwards) acting on tangent vectors satisfy
the chain rule: if ® : M — N and ¥ : N — P are smooth maps between smooth
manifolds, then we have (¥ o @), = ¥, o ®,. It is easy to extend the chain rule to
(k,0)-tensors:

Theorem 3.54 (Chain Rule for (k,0)-tensors). Let ® : M — Nand ¥ : N — P be
smooth maps between smooth manifolds M, N and P, then the pull-back maps ®* and ¥*
acting on (k,0)-tensors for any k > 1 satisfy the following chain rule:

(3.17) (Yod)" =d*o¥™.

Exercise 3.51. Prove Theorem 3.54.

Exercise 3.52. Denote id)s and idry, to be the identity maps of a smooth manifold
M and its tangent bundle respectively. Show that (idps)" = idry. Hence, show
that if M and N are diffeomorphic, then for k > 1 the vector spaces of (k, 0)-tensors
®KT*M and ®@¥T*N are isomorphic.
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3.5.5. Pull-Back of Differential Forms. By linearity of the pull-back map, and the
fact that differential forms are linear combinations of tensors, the pull-back map acts
on differential forms by the following way:

q)*(Tl/\---/\Tk) =P*TyN--- NPT}
for any 1-forms T1, ..., Tk.

Example 3.55. Consider the map @ : R> — R? given by:

N—

@ (x1,%0) = (¥3 — x2,23).
~—
(y1.y2)

By straight-forward computations, we have:

O (dy') = 2xy dxt — dx?

O* (dy?) = 3x, dx?
Therefore, we have:

O (dyt Ady?) = ©F(dyt) A D (dy?) = 6x1xp dxt Adx?.

Note that 6x1x; is the Jacobian determinant det[®.]|. We will see soon that it is not a
coincident, and it holds true in general. O

Although the computation of pull-back on differential forms is not much different
from that on tensors, there are several distinctive features for pull-back on forms. One
feature is that the pull-back on forms is closely related to Jacobian determinants:

Proposition 3.56. Let & : M — N be a smooth map between two smooth manifolds. Suppose
(u1, ..., um) are local coordinates of M, and (vy, ..., v,) are local coordinates of N, then for
any 1 <iy, ..., 0 < n, we have:

(318)  ®*(dot A---AdoR)= Y det M dult A - A due,
1<j; < <jx<m 1’ 7k
In particular, if dim M = dim N = n, then we have:
(3.19) O*(do' A --- Ado") = det[®,]dul A--- Adu”
where [®.] is the Jacobian matrix of ® with respect to local coordinates {u;} and {v;}, i.e.
o(vy,...,0p)
[@.] = A(uy, ..., up)’

Proof. Proceed as in the derivation of (3.16) by simply replacing all tensor products by
wedge products, we get:

<I>*(dvll/\---/\dv”<): Z ( Ui, .“auvlkdu]l/\.../\du]k>
j = T

1 dv; d0v; , )
= Z a”...ailkduh/\.../\du]k
j],...,jk:l ujl ujk
J1s--Ji distinct

The second equality follows from the fact that du/t A - - Aduk = 0 if {ji,...,ji} are
not all distinct. Each k-tuples (jy, ..., jx) with distinct j;’s can be obtained by permuting
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a strictly increasing sequence of j’s. Precisely, we have:

{(ji,---jk) : 1 <j1,...,jk <mandjj,...,j) are all distinct}
= U Aoy o) 1< 1 <j2 <o < jg <}

(TGSk

Therefore, we get:

O*(dv' A - - A dolk)

0v; ov ;
= Z Z ( ! % dyle) AL A du]J(k)>
1<ji<..<jy<m €S a”]}ru) a”]&(k)
9v; ov; . '
= Z Z Sgn(g’) 3 2 S 5 03 dwt A - A dudk
1<j1<...<jy<m 0€S Ujoy Yisthy
dv; dv; v;
By observing that ) sgn(c)=—1— --- —%— is the determinant of L ,
ou;j ou;j (r
oES) Jo(1) Jo(k) Ja 1<p,q<k

the desired result (3.18) follows easily.

The second result (3.19) follows directly from (3.18). In case of dim M = dim N = n
and k = n, the only possible strictly increasing sequence 1 < j; < ... < j, < nis

Gi,---rjn) = (1,2,...,n). 0

Proposition 3.57. Let ® : M — N be a smooth map between two smooth manifolds. For
any w € AKT*N, we have:

(3.20) P*(dw) = d(P*w).

To be precise, we say ®*(dyw) = dpy(P*w), where dy : N'T*N — AMIT*N and
dy 2 AET*M — AMFIT* M are the exterior derivatives on N and M respectively.

Proof. Let {u;} and {v;} be local coordinates of M and N respectively. By linearity, it

suffices to prove (3.20) for the case w = fdv'l A --- A dv’k where f is a locally defined
scalar function. The proof follows from computing both LHS and RHS of (3.20):

dw =df Ado'' A - Ado'

O (dw) = ®*(df) AP (dv) A --- A D*(do'*)

= d(O*f) Ad(D*0N) A - Ad(DFIK).
Here we have used Exercise 3.50. On the other hand, we have:
O*w = (O f) D (dol) A - - - A D*(dolk)
= (®*f)d(P ) A - Ad(D*0K)

A(D*w) = d(D*f) Ad(P* V1) A - - Ad(D* o)

+ O fd (d(cp*vfl) A A d(cp*zﬂ'k))

Since d> = 0, each of d(®*v') is a closed 1-form. By Proposition 3.42 (product rule)
and induction, we can conclude that:

d (d(cp*vfl) A---Ad(cp*vfk)) =0

and so d(®*w) = d(®* f) Ad(D*0"1) A --- Ad(D*vik) as desired. O



3.5. Exterior Derivatives 101

Exercise 3.53. Show that the pull-back of any closed form is closed, and the
pull-back of any exact form is exact.

Exercise 3.54. Consider the unit sphere S? locally parametrized by
F(6, ¢) = (sin ¢ cos6,sin ¢ sin b, cos ¢).
Define a map @ : $> — R3 by ®(x,y,z) = (xz,yz,2?), and consider a 2-form

w = zdx N dy. Compute dw, ®*(dw), P*w and d(P*w), and verify they satisfy
Proposition 3.57.

3.5.6. Unification of Green'’s, Stokes’ and Divergence Theorems. Given a sub-
manifold M™ in R", a differential form on R” induces a differential form on M™. For
example, let C be a smooth regular curve in R® parametrized by r(t) = (x(t),y(t),z(t)).
The 1-form:

a=aydx+aydy+a.dz

is a priori defined on IR?, but we can regard the coordinates (x,y,z) as functions on the
curve C parametrized by r(t), then we have dx = i—f dt and similarly for dy and dz. As

such, dx can now be regarded as a 1-form on C. Therefore, the 1-form a on R3 induces
a 1-form « (abuse in notation) on C:

= () 5t ay (r(8) 2t ac(r(0) %

= (ma(r )+ () Y () G )

In practice, there is often no issue of using « to denote both the 1-form on R®
and its induced 1-form on C. To be (overly) rigorous over notations, we can use the
inclusion map ¢ : C — R3 to distinguish them. The 1-form a on R? is transformed into
a 1-form *a on C by the pull-back of . From the previous subsection, we learned that:

M(dx) =d(i*x) =d(x o).

Note that dx and d(x o 1) are different in a sense that x o1 : C — R has the curve C as
its domain, while x : R3> — R has R as its domain. Therefore, we have:

d(xo1) dx

d(xor) = S= 2 dt = ot

In short, we may use (*(dx) = dx dt to distinguish it from dx if necessary. Similarly,

we may use (*a to denote the induced 1-form of « on C:
. dx dy dz
o= (a0 G + 0y () G+ 0sle(0) 5 ) .

An induced 1-form on a curve in R is related to line integrals in Multivariable
Calculus. Recall that the 1-form a = ay dx + &y, dy + &, dz corresponds to the vector field

F = ayi+ayj+azk on R3. In Multivariable Calculus, we denote dr = dxi + dyj + dzk
and

F-dr = (axi+ ayj + azk) - (dxi +dyj + dzk) = a.
The line integral / F - dr over the curve C C R® can be written using differential form

notations:

/ F-dr= / or more rigorously: / ra.
c
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Now consider a regular surface M C IR®. Suppose F(u,v) = (x(u,0),y(u,v),z(u,v))
is a smooth local parametrization of M. Consider a vector G = Bxi + Byj + Bzk on R
and its corresponding 2-form on RR>:

B = Bxdy Ndz + Bydz Ndx + B, dx N dy.

Denote : : M — R3 the inclusion map. The induced 2-form (*B on M is in fact related
to the surface flux of G through M. Let’s explain why:

F(dy Ndz) = (Fdy) A (1Fdz) =d(y o) Ad(z o)

(Y g % 92 iy %2
— (G au+ o) n (o du+ 5o o)

_(dyodz 0zdy
= (auav_auav> du N dv

= det y,z) du A do.

a(u,v)
Similarly, we have:
" — det 22/%)
*(dz Ndx) = det 3w, 0) dund
. PCIC )
" (dx Ndy) = det 3(u,0) du A dv

All these show:
(Y, 2) 9(z,x) 9(x,y)
*g
B = (,Bxdet 3(,0) +ﬁydet8(u,v) + B, det 3, 0) du A dv
Compared with the flux element G - NdS in Multivariable Calculus:
oF oF

oF 9
G-NdS = (Bxi+ Byj + Pzk )'gFig,ﬁ £ aF’d udo
G \LN,_U-/ s 7
B . ) (]//Z) ( .X) . a(x/ y)
= (Bxi+ By + Bzk) - (det (u,v)l+det d(u U)J - det a(u,v) k)
Ay, z) d(z,x) a(x,y)
= (B ) et S et )

the only difference is that /*§ is in terms of the wedge product du A dv while the flux
element G - NdS is in terms of dudv. Ignoring this minor difference (which will be
addressed in the next chapter), the surface flux / / G- NdS can be expressed in terms

M
of differential forms in the following way:

G-NdS:// i ly: // .
/ /M Mﬁ or more rigorously " B

Recall that the classical Stokes” Theorem is related to line integrals of a curve
and surface flux of a vector field. Based on the above discussion, we see that Stokes
Theorem can be restated in terms of differential forms. Consider the 1-form a =
ax dx + ay dy + az dz and its corresponding vector field F = ayi + ayj + a;k. We have
already discussed that the 2-form da corresponds to the vector field V x F. Therefore,
the surface flux of the vector field V x F through M can be expressed in terms of
differential forms as:

//M(v X F)-NdS — //M o (da) = //Md(l*(x).

’
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If C is the boundary curve of M, then from our previous discussion we can write:

/F-dr:/t*tx
C C

The classical Stokes” Theorem asserts that:

/CF-dr:/M(VxF)NdS

which can be expressed in terms of differential form as:

/C.l*(x://Md([*(x) or simply: /C(X://Md“'

Due to this elegant way (although not very practical for physicists and engineers) of
expressing Stokes” Theorem, we often denote the boundary of a surface M as dM, then
the classical Stokes” Theorem can be expressed as:

/ oc:/ du.
JoM M

Using differential forms, one can also express Divergence Theorem in Multivariable
Calculus in a similar way as above. Let D be a solid region in R® and 9D be the
boundary surface of D. Divergence Theorem in MATH 2023 asserts that:

/aDG-NdS:///DVGdV,

where G = Byi + B,j + B:k. As discussed before, the LHS is /a B where f =
D
Bxdy ANdz + Bydz Adx + B dx A dy. We have seen that:

9P« aﬁy 9B
g = ( 3y + s dx Ndy Ndz,
which is (almost) the same as:

_ (9Bx , 9By 9B
\Y GdV-(a + 3y + s dxdydz.

Hence, the RHS of Divergence Theorem can be expressed as / / / dp; and therefore
D

we can rewrite Divergence Theorem as:

St = Il

Again, the same expression! Stokes” and Divergence Theorems can therefore be unified.
Green’s Theorem can also be unified with Stokes” and Divergence Theorems as well.
Try the exercise below:

Exercise 3.55. Let C be a simple closed smooth curve in R? and R be the region
enclosed by C in R2. Given a smooth vector field F = Pi + Qj on R?, Green’s

Theorem asserts that:
/ F.dr= / / < ) dxdy.

Express Green’s Theorem using the language of differential forms.
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3.5.7. Differential Forms and Maxwell’s Equations. The four Maxwell’s equa-
tions are a set of partial differential equations that form the foundation of electromag-
netism. Denote the components of the electric field E, magnetic field B, and current
density J by

E=Eii+Ej+ E:k
B = Byxi+ Byj + B:k
J = jxi+ jyj + jzk
All components of E, B and J are considered to be time-dependent. Denote p to be the
charge density. The four Maxwell’s equations assert that:
V-E=p V-B=0
oB oE

These four equations can be rewritten using differential forms in a very elegant
way. Consider R* with coordinates (t, x,y,z), which is also denoted as (xo, x1, X2, X3)
in this problem. First we introduce the Minkowski Hodge-star operator * on R*, which
is a linear map taking p-forms on R* to (4 — p)-forms on R*. In particular, for 2-forms
w = dx' A dxl (where i,j =0,1,2,3 and i # j), we define *w to be the unique 2-form
on R* such that:

dt Ndx ANdy Ndz ifi,j#0
w N\ *w = .
—dt Ndx Ndy Ndz  otherwise.

For instance, *(dx A dy) = dt A dz since dx ANdy ANdt Ndz = dt Adx A dy A dz and
there is no dt term in dx A dy. On the other hand, x(dt A dx) = —dy A dz since there is
a dt term in dt A dx. The operator * then extends linearly to all 2-forms on R*.

Exercise 3.56. Compute each of the following:
*(dt A\ dx) *(dt A dy) *(dt A\ dz)
*(dx A dy) *(dy A dz) *(dz A dx)

To convert the Maxwell’s equations using the language of differential forms, we

define the following analogue of E, B, J and p using differential forms:

E=Eydx+E,dy+E;dz

B = Bydy Ndz+ Bydz Ndx + B;dx Ndy

J = —(xdy Ndz + jydz Ndx + jodx ANdy) Ndt +pdx Ndy N dz
Note that E;’s and B;’s may depend on ¢ although there is no dt above. Define the
2-form:

F:= B+ EAdt

Exercise 3.57. Show that the four Maxwell’s equations can be rewritten in an
elegant way as:

dF =0
d(+F) =]

where d is the exterior derivative on R%.
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3.5.8. Global Expressions of Exterior Derivatives. We defined exterior differen-
tiation using local coordinates. In fact, using Lie derivatives, one can derive a global
expression (i.e. without using local coordinates) of exterior derivatives on differential
forms.

We first introduce Lie derivatives on (p,0)-tensors, which are similarly defined as
those on 1-forms. Let T be a (p,0)-tensor and X be a vector field on M. Denote the
flow map of X by @, then the Lie derivative of T along X at p € M is defined as:

t:0¢r (cht(l’)) )

(EXT)p

_4
Tt

Exercise 3.58. Guess the definition of Lie derivatives of a general (p, q)-tensor
along a vector field X. Check any standard textbook to see if your guess is right.

Remark 3.58. On a regular surface M in R3 with the first fundamental form denoted
by g, if X is a vector field on M such that £Lxg = 0, then we call X to be a Killing vector
field. The geometric meaning of such an X is that g is invariant when M moves along
the vector field X, or equivalently, g is symmetric in the direction of X. This concept of
Killing vector fields can be generalize to Riemannian manifolds and is important in
Differential Geometry and General Relativity, whenever symmetry plays an important
role. O

Since the pull-back of a tensor product satisfies ®*(T ® S) = ®*T @ ®*S, it is easy
to show from definition that the Lie derivative satisfies the product rule:

(3.21) Lx(T®S) = (LxT)®S+T® (LxS).

Exercise 3.59. Prove (3.21).

Since differential forms are simply linear combinations of tensor products, the definition
of their Lie derivatives is the same as that for (k,0)-tensors. One nice fact about Lie
derivatives on differential forms is so-called the Cartan’s magic formula, which relates
Lie derivatives and exterior derivatives. We first introduce the interior product:

Definition 3.59 (Interior Product). Let « be a k-form (where k > 2) on a manifold M,
and X be a vector field on M. Then, the interior product ixa is a (k — 1)-form defined
as follows. For any vector fields Y3, ..., Ys_1 on M, we define:

(ixﬂc)(yl,. . '/kal) = {X(X,Yl,. "/kal)'

Example 3.60. In local coordinates, if a vector field X can be writtenas X =Y} ; Xi%,

then ix (du/ A du¥) is an 1-form and we have:
, d . d .
i j k =) = (4 k =) = XI5, — XF5.
(lx(du ANdu )) (aul> (du ANdu ) (X, aul) X0y — X 5]1.
In other words, we have:

x(dw Aduf) =Y (XIoy — XKoy) du' = XT du* — X< du.
=1
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Exercise 3.60. Let X = Y I, X"% be a vector field on a manifold M with local
coordinates (1, ...,uy,). Derive the local expression of:

ix (duw Adul A - A dudk)
wherel <j; <jp <--- <jr <n.

Now we are ready to present a beautiful and elegant formula due to Elie Cartan:

Proposition 3.61 (Cartan’s Magic Formula). Let X be a smooth vector field on a manifold
M, then for any differential k-form w, we have:

Proof. The proof is by induction on k, the degree of w. We first show that (3.22) holds
for 1-forms.

Consider w = 27:1 wj dul, we have already computed in (3.11) that:

n W axi .
_ i) il j
Lxw X_: (X Em + w; au'> du.
ij=1 ]
Next we verify it is equal to the RHS of (3.22).

n a . . .
dw = 2 ﬂdul A du/
s u;
ij=1""1
From Example 3.60, we have
o Jw; ) . n Jw: . . . .
ix(dw) = Y ix(du' nd) =Y a—u](Xl du — X! du').
ij=1

Moreover, we have

j=1
19X/ 0w;
d(ixw) =) <8uiw] X/ 8u5> du'

and it follows easily that:

oX/

i
2u; du

. . _ i
ix(dw) +d(ixw) = g X Fe dw + Z_: w;
i,j=1 i,j=1
which is exactly Lxw after relabelling indices.

Now that (3.22) holds for 1-form. To complete the inductive proof, we just need
to show that if (3.22) holds for both differential forms w and o, then it also holds for
w A o. It is left as an exercise for readers. O

Exercise 3.61. Complete the above inductive proof. [Note: the proof is somewhat
algebraic.]

Exercise 3.62. Show that if w is closed, then Lxw is exact for any vector field X.
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The purpose of introducing Cartan’s magic formula is it gives a coordinate-free
expression of exterior derivatives. Consider a 1-form w, and two vector fields X and Y.
Then, from (3.22), we have:

(Lxw)(Y) = (ix(dw)) (Y) + (d(ixw)) (Y),

which, from the definition of ix and (3.19), can be simplified to:
X(w(Y)) = w(£xY) = (dw)(X,Y) + d(w(X))(Y).
As w(X) is a scalar function, we also have:
d(w(X))(Y) =Y (w(X)).
[Note that generally, (df)(Y) = Y(f) for any scalar function f.]
Finally, we get:

(3:23) (dw)(X,Y) = X (w(Y)) = Y (w(X)) - w([X,Y])

for any vector fields X and Y. This is a global formula for dw as it does not involve
any local coordinates.

The expression (3.23) can be generalized to k-forms w. The proof is by induc-
tion and the Cartan’s magic formula again. For any k-form w, and vector fields
Xo, X1, - .., Xk, we have:

(d(U) (XOr Xl/' e /Xk)

A

k ,
= ;}(—1)1Xi(w(X0,- o, X /Xk))

0<i<j<k

Readers interested in the proof may consult [Leel3, P.370, Proposition 14.32].
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Chapter 4

Generalized Stokes’
Theorem

“It is very difficult for us, placed as
we have been from earliest childhood
in a condition of training, to say what
would have been our feelings had
such training never taken place.”

Sir George Stokes, 1st Baronet

4.1. Manifolds with Boundary

We have seen in the Chapter 3 that Green’s, Stokes’ and Divergence Theorem in
Multivariable Calculus can be unified together using the language of differential forms.
In this chapter, we will generalize Stokes” Theorem to higher dimensional and abstract
manifolds.

These classic theorems and their generalizations concern about an integral over a
manifold with an integral over its boundary. In this section, we will first rigorously
define the notion of a boundary for abstract manifolds. Heuristically, an interior point of
a manifold locally looks like a ball in Euclidean space, whereas a boundary point locally
looks like an upper-half space.

4.1.1. Smooth Functions on Upper-Half Spaces. From now on, we denote R’} :=
{(uy,...,un) € R" : u, > 0} which is the upper-half space of R". Under the subspace
topology, we say a subset V C IR} is open in R"| if there exists a set V C R" open in
R" such that V = V N R". It is intuitively clear that if V C R”. is disjoint from the
subspace {u, = 0} of R", then V is open in R’ if and only if V is open in R".

Now consider a set V' C R’} which is open in R’} and that V N {u, = 0} # @. We
need to first develop a notion of differentiability for functions such an V as their domain.
Given a vector-valued function G : V — RR™, then near a point u € VN {u, = 0},
we can only approach u from one side only, namely from directions with positive
uy-coordinates. The usual definition of differentiability does not apply at such a point,
so we define:

109
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Definition 4.1 (Functions of Class C* on R"). Let V C R’} be open in R’} and that
VN {u, =0} # @. Consider a vector-valued function G : V — R™. We say G is C*
(resp. smooth) at u € V N {u, = 0} if there exists a ck (resp. smooth) local extension
G : Be(u) — R™ such that G(y) = G(y) for any y € B¢(u) N'V. Here B¢(u) C R" refers
to an open ball in R".

If G is Ck (resp. smooth) at every u € V (including those points with u, > 0),
then we say G is ck (resp. smooth) on V.

Figure 4.1. G is C at u if there exists a local extension G near u.

Example 4.2. Let V = {(x,y) : y > 0 and x?> + y*> < 1}, which is an open set in R%
since V = {(x,y) : ¥* +y* <1} NR%Z. Then f(x,y) : V — R defined by f(x,y) =

open in R?

/1 —x2 —y?2 is a smooth function on V since /1 — x2 — 32 is smoothly on the whole

ball x2 4+ y? < 1.
However, the function ¢ : V — R defined by g(x,y) = ,/¥ is not smooth at every
point on the y-axis because g—‘; — 0o as y — 0. Any extension g of g will agree with g

on the upper-half plane, and hence will also be true that % — oo as y — 0T, which is
sufficient to argue that such g is not smooth. g

Exercise 4.1. Consider f : RZ — R defined by f(x,y) = |x|. Is f smooth on R??
If not, at which point(s) in R is f not smooth? Do the same for g : RZ — R
defined by g(x,y) = |y|.

4.1.2. Boundary of Manifolds. After understanding the definition of a smooth
function when defined on subsets of the upper-half space, we are ready to introduce
the notion of manifolds with boundary:
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Definition 4.3 (Manifolds with Boundary). We say M is a smooth manifold with
boundary if there exist two families of local parametrizations F, : U, — M where U, is
open in R", and Gg : Vg — M where Vg is open in R’} such that every F, and Gg is a
homeomorphism between its domain and image, and that the transition functions of
all types:

FoloFy  FiloGs  GgloGy  GgloFy
are smooth on the overlapping domain for any «,a’, f and B

Moreover, we denote and define the boundary of M by:

oM := U{G‘B(Ml,.. .,un_l,O) : (ul,. ..,l/ln_l,O) € V/g}
B

Remark 4.4. In this course, we will call these F,’s to be local parametrizations of
interior type, and these Gg’s to be local parametrizations of boundary type. O

Rn

parametrization of interior type parametrization of boundary type

Figure 4.2. A manifold with boundary

Example 4.5. Consider the solid ball B? := {x € R? : |x| < 1}. It can be locally
parametrized using polar coordinates by:

G:(0,27) x [0,1) — B2
G(0,7) := (1 —r)(cosb,sinb)
Note that the domain of G can be regarded as a subset
V:i={(0,r):0€c(0,2r)and 0 <r <1} C R?.
Here we used 1 — r instead of r so that the boundary of B? has zero r-coordinate, and
the interior of B? has positive r-coordinate.

Note that the image of G does not cover the whole solid ball B?. Precisely, the
image of G is B?\ {non-negative x-axis}. In order to complete the proof that B? is a
manifold with boundary, we cover B? by two more local parametrizations:

G:(—mm) x[0,1) - B?
G(8,7) := (1 —r)(cosf,sin )

and also the inclusion map ¢ : {u € R? : |u| < 1} — B2 We need to show that the
transition maps are smooth. There are six possible transition maps:

GloG G1loG, 110G, 110G Glo, and G low.
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The first one is given by (we leave it as an exercise for computing these transition
maps):

G 1oG:((0,m)U(m,2m)) x [0,1) = ((—m,0)U(0,)) x [0,1)
~ 0 if 6
G—l OG(Q,T’) — ( ,7") 1 € (0’ 7T)
(0 —2m,r) iffe (m,2n)
which can be smoothly extended to the domain ((0, 7t) U (7r,271)) % (—1,1). Therefore,
G~ !0 G is smooth. The second transition map G~! o G can be computed and verified to
be smooth in a similar way.

For 11 0 G, by examining the overlap part of - and G on IB?, we see that the domain
of the transition map is an open set (0,277) x (0,1) in R2. On this domain, ;™! 0 G is
essentially G, which is clearly smooth. Similar for " 1oG.

To show G~1 o1 is smooth, we use the Inverse Function Theorem. The domain of
1o Gis (0,271) x (0,1). By writing (x,y) =t 10 G(6,7) = (1 —7r)(cosb,sinf), we
check that on the domain of 1! o G, we have:

det g((:z)) —1-r#£0.

Therefore, the inverse G~! o 1 is smooth. Similar for G~! o 1.

Combining all of the above verifications, we conclude that B? is a 2-dimensional
manifold with boundary. The boundary 9B is given by points with zero r-coordinates,
namely the unit circle {|x| = 1}. O

Exercise 4.2. Compute all transition maps
GloG G1loG, 110G 110G Glo, and G lo:

in Example 4.5. Indicate clearly their domains, and verify that they are smooth on
their domains.

Exercise 4.3. Let f : R” — R be a smooth scalar function. The region in R"*!
above the graph of f is given by:

Tpi={(ug,..., upy1) € R w0 > fug,. .., un)}
Show that I is an n-dimensional manifold with boundary, and the boundary dT's
is the graph of f in R*1.

Exercise 4.4. Show that dM (assumed non-empty) of any n-dimensional manifold
M is an (n — 1)-dimensional manifold without boundary.

From the above example and exercise, we see that verifying a set is a manifold
with boundary may be cumbersome. The following proposition provides us with a
very efficient way to do so.

Proposition 4.6. Let f : M™ — IR be a smooth function from a smooth manifold M. Suppose
¢ € R such that the set *. := f~1([c,00)) is non-empty and that f is a submersion at any
p € f1(c), then the set ¥ is an m-dimensional manifold with boundary. The boundary 0%

is given by f~1(c).

Proof. We need to construct local parametrizations for the set .. Given any point
p € %, then by the definition of X, we have f(p) > cor f(p) =c.
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For the former case f(p) > c, we are going to show that near p there is a local
parametrization of X of interior type. Regarding p as a point in the manifold M, there
exists a smooth local parametrization F : &/ C R" — M of M covering p. We argue that
such a local parametrization of M induces naturally a local parametrization of X near
p. Note that f is continuous and so f ! (c,0) is an open set of M containing p. Denote
O = f~1(c,), then F restricted to i N F~1(O) will have its image in O C £, and so is
a local parametrization of X near p.

For the later case f(p) = c, we are going to show that near p there is a local
parametrization of ¥ of boundary type. Since f is a submersion at p, by the Submersion
Theorem (Theorem 2.48) there exist a local parametrization G : I/ — M of M near p,
and a local parametrization H of R near ¢ such that G(0) = p and H(0) = ¢, and:

H_lofoG(ul,...,um) = Upy.

Without loss of generality, we assume that H is an increasing function near 0. We argue
that by restricting the domain of G to ¢ N {u, > 0}, which is an open set in R, the
restricted G is a boundary-type local parametrization of X near p. To argue this, we
note that:

f(G(uq, ..., um)) = H(uy) > H(O) =c  whenever u,, > 0.
Therefore, G(uy,...,un) € f~'([c,)) = ¥ whenever u, > 0, and so G (when re-
stricted to U N {u;, > 0}) is a local parametrization of X.

Since all local parametrizations F and G of X constructed above are induced from
local parametrizations of M (whether it is of interior or boundary type), their transition
maps are all smooth. This shows X is an m-dimensional manifold with boundary. To
identify the boundary, we note that for any boundary-type local parametrization G
constructed above, we have:

Hlo foG(uy,...,up_1,0) =0
and so f(G(uy,...,uy_1)) = H(0) = ¢, and therefore:

G(uy,..., ty_1,0) € f1(c).
This show 0% C f~!(c). The other inclusion f~!(c) C 9X follows from the fact that
for any p € f~!(c), the boundary-type local parametrization G has the property that
G(0) = p (and hence p = G(0,...,0,0) € o%). O

Remark 4.7. It is worthwhile to note that the above proof only requires that f is a
submersion at any p € f~!(c), and we do not require that it is a submersion at any
p € L = f1([c,)). Furthermore, the codomain of f is R which has dimension 1,
hence f is a submersion at p if and only if the tangent map (f:), at p is non-zero — and
so it is very easy to verify this condition. O

With the help of Proposition 4.6, one can show many sets are manifolds with

boundary by picking a suitable submersion f.

Example 4.8. The n-dimensional ball B" = {x € R" : x| < 1} is an n-manifold with
boundary. To argue this, let f : R” — R be the function:

FO) =1—[x.
Then B" = f~1([0,00)).
The tangent map f, is represented by the matrix:

[, 2

axl' ! axn

}——2[x1,---,xn}
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which is surjective if and only if (x1,...,x,) # (0,...,0). For any x € f~1(0), we have
\x|2 = 1 and so in particular x # 0. Therefore, f is a submersion at every x € f~1(0).
By Proposition 4.6, we proved B" = f~1([0,0)) is an n-dimensional manifold with
boundary, and the boundary is f ~1(0) = {x € R" : |x| = 1}, i.e. the unit circle. O

Exercise 4.5. Suppose f : M" — R is a smooth function defined on a smooth
manifold M. Suppose a,b € R such that & := f~!([a,b]) is non-empty, and that
f is a submersion at any p € f!(a) and any g € f~!(b). Show that ¥ is an
m-manifold with boundary, and 9% = f~1(a) U f~1(b).

4.1.3. Tangent Spaces at Boundary Points. On a manifold M" without bound-

n
ary, the tangent space T, M at p is the span of partial differential operators { aaul } ,
PJi=1

where (u1,...,u,) are local coordinates of a parametrization F(ujy, ..., u,) near p.

Now on a manifold M" with boundary, near any boundary point p € JdM"
there exists a local parametrization G(uy,...,u,) : V C R? — M of boundary type.
Although G is only defined when u, > 0, we still define T,M to be the span of

n
} . Although such a definition of T,M (when p € dM) is a bit counter-
p

{ a
aui o1

intuitive, the perk is that Ty M is still a vector space. Given a vector V € T,M with
coefficients:

YV
V= vi—| .
i1 8u,»p

We say that V is inward-pointing if V"' > 0; and outward-pointing if V"* < 0.

Furthermore, the tangent space T,(0M) of the boundary manifold dM at p can be
regarded as a subspace of T, M:

n—1
} T,
14

i=1

0
Ty(0M) = span { E
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4.2. Orientability

In Multivariable Calculus, we learned (or was told) that Stokes” Theorem requires the
surface to be orientable, meaning that the unit normal vector fi varies continuously on
the surface. The Mobius strip is an example of non-orientable surface.

Now we are talking about abstract manifolds which may not sit inside any Eu-
clidean space, and so it does not make sense to define normal vectors to the manifold.
Even when the manifold M is a subset of R”, if the dimension of the manifold is
dim M < n — 2, the manifold does not have a unique normal vector direction. As such,
in order to generalize the notion of orientability of abstract manifolds, we need to seek
a reasonable definition without using normal vectors.

In this section, we first show that for hypersurfaces M" in R"*!, the notion of
orientability using normal vectors is equivalent to another notion using transition maps.
Then, we extend the notion of orientability to abstract manifolds using transition maps.

4.2.1. Orientable Hypersurfaces. To begin, we first state the definition of ori-
entable hypersurfaces in R"*1:

Definition 4.9 (Orientable Hypersurfaces). A regular hypersurface M" in R"*! is
said to be orientable if there exists a continuous unit normal vector f defined on the
whole M"

Let’s explore the above definition a bit in the easy case n = 2. Given a regular
surface M? in R® with a local parametrization (x,y,z) = F(uy,up) : U — M, one can
find a normal vector to the surface by taking cross product:

oF  oF Iy,z) . d(z,x) . a(x,y)
=— X o— =det ——~—~i+det ————<j+det ——~<k
au1 auz a(ul,uz) a(ul,uz)J a(ul, uz)
and hence the unit normal along this direction is given by:
Ay.2) ; Izx) I(xy)
o — det 3 ig) —|—det 3 aig)) +det EIe 2)k on F(U).

I(uyu2) 9(ur,uz)
Note that the above f is defmed locally on the domaln F(Z/{ )-
Now given another local parametrization (x,y,z) = G(v1,v2) : V — M, one can
find a unit normal using G as well:

o(y,2) d(z,x (xy)
det 3(or U)H—det 3(or v))J+deta(v v)k

det ?(yz))l—l—det (( )>J+det

Using the chain rule, we have the following relation between the Jacobian determinants:

det (yz) i+ det 5 0(z,x )J—l—det ’y) k’

on G(V).

>>
m

ol

Z71 Z72

A(x, *x) o(uy, up) A(x, %)
det -———= = de et
d(v1,v2) d(v1,02) 9wy, uz)
(here * and ** mean any of the x, y and z) and therefore fir and fig are related by:
9(u1,z)
Ac det d(v1,02) 4
1/[1,1/[2)
’det 3(01.0)

Therefore, if there is an overlap between local coordinates (u1, 1) and (v, v ), the unit
normal vectors fig and fig agree with each other on the overlap F(U/) N G(V) if and only

if det M > 0 (equivalently, det D(F~! 0 G) > 0).
01,0
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From above, we see that consistency of unit normal vector on different local
coordinate charts is closely related to the positivity of the determinants of transition
maps. A consistence choice of unit normal vector f exists if and only if it is possible
to pick a family of local parametrizations F, : U, — M? covering the whole M such
that detD(Flg1 oFy) > 0on Fy ! (Fu(Us) NFg(Up)) for any a and B in the family. The

notion of normal vectors makes sense only for hypersurfaces in R”, while the notion
of transition maps can extend to any abstract manifold.

Note that given two local parametrizations F(u1,u;) and G(vq,v7), it is not always
E)(ul , Mz)
d(v1,v2)
It is because it sometimes happens that the overlap F(U) N G(V) is a disjoint union
of two open sets. If on one open set the determinant is positive, and on another one
the determinant is negative, then switching v; and v, cannot make the determinant
positive on both open sets. Let’s illustrate this issue through two contrasting examples:
the cylinder and the Mobius strip:

possible to make sure det > 0 on the overlap even by switching v; and v;.

Example 4.10. The unit cylinder £ in IR® can be covered by two local parametrizations:

F:(0,2) x R — X2 F:(—mm) xR — X2
F(6,z) := (cos6,sinb, z) F(6,%) := (cosf,sinb,2)

Then, the transition map F~! o F is defined on a disconnected domain 6 € (0, 77) U
(7,2m) and z € R, and it is given by:

,l‘ffl o F(B,Z) — (9/Z> lf 9 6 (O, 7-[)
(0 —2m,z) if6 e (m2m)
By direct computations, the Jacobian of this transition map is given by:

D(F'oF)(8,z) =1

in either case 0 € (0,77) or 6 € (71,27). Therefore, det D(F~! o F) > 0 on the overlap.

The unit normal vectors defined using these F and F:

|
a0

(s3]
T
(o5

on F((0,27) x R)

QU Q)

[SENISERY
YT

on F((—7m, ) X R)

will agree with each other on the overlap. Therefore, it defines a global continuous unit
normal vector across the whole cylinder. O

Example 4.11. The Mobius strip £? in R3 can be covered by two local parametrizations:

F:(=1,1) x (0,27m) — X2 F:(=1,1) x (—m, ) — 22
(3+ucos% cos 0 (3—|—L7cosg cos 0
F(u,0) = (3+ucosg sin 6 ?(ﬁ,@) = <3+L~tcosg sin@

usin% ﬁsing
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In order to compute the transition map F~! o F(1,6), we need to solve the system of

equations, i.e. find (#,6) in terms of (u,0):

(4.1) <3+ucos g) cosf = <3+L~tcosg> cos @
0\ . 0\ . =
(4.2) 3+ucos§ sinf = 3+ucos§ sin 6
(4.3) usin g = i sin g
By considering (4.1) + (4.2)*, we get:
(4.4) uc:osf—ftc:osg
' 2 2

We leave it as an exercise for readers to check that § # 7 in order for the system to
be solvable. Therefore, 6 € (0, 7t) U (7,271) and so the domain of overlap is a disjoint
union of two open sets.

When 6 € (0, 77), from (4.3) and (4.4) we can conclude that #f = u and 6 = 6.

When 6 € (71,27), we cannot have 6 = 6 since 6 € (—, 7). However, one can have
i = —u so that (4.3) and (4.4) become:

sing——sing and cosg——cosg
2 2 2 2
which implies 0=6-2rm
To conclude, we have:
(u,0) if6 € (0, )

F_loF(M/Q) = {(—u,@—zn) if 0 € (m,2m)

By direct computations, we get:

detD(F ' oF)(u,0) = {1 %f 6€(0,m)

-1 iffe(m2m)
Therefore, no matter how we switch the order of u and 6, or # and 5, we can nhever
allow det D(F~! o F) > 0 everywhere on the overlap. In other words, even if the unit
normal vectors fir and fiy agree with each other when 6 € (0, ), it would point in
opposite direction when 6 € (7,27). O

Next, we are back to hypersurfaces M" in R"*! and prove the equivalence between
consistency of unit normal and positivity of transition maps. To begin, we need the
following result about normal vectors (which is left as an exercise for readers):

Exercise 4.6. Let M" be a smooth hypersurface in R"*! whose coordinates are
denoted by (x1,...,x,+1), and the unit vector along the x;-direction is denoted
by e;. Let F(uy,...,uy) : U — M" be a local parametrization of M. Show that the
following vector defined on F(U/) is normal to the hypersurface M":

1
nideta(xi+1""’x"+l’x1"'"xi_l)e-
i=1

(uy, ..., uy) v
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Proposition 4.12. Given a smooth hypersurface M" in R"*1, the following are equivalent:

(i) M" is orientable;

(ii) There exists a family of local parametrizations Fy : Uy, — M covering M such that for
any Fq, Fg in the family with Fg (Ll/g) N Fy(Uy) # D, we have:

detD(F, ' oFg) >0 on Fgl (Fa(Up) NFa(Us)).

Proof. We first prove (ii) = (i). Denote (u{,...,u};) to be the local coordinates of M
under the parametrization F,. On every F, (U, ), using the result from Exercise 4.6, one
can construct a unit normal vector locally defined on F, (U, ):

71+1 d X1+1,...,Xn+1,X],...,Xl‘71)
et ! 3
~ Lz o(us,...,uf)
Ny =

€

+1 X yooor Xy 1,X7 e Xj—
‘Zn det o a(u;]:"t.uﬁ) ll)ei

Similarly, on Fg(Ug), we have another locally defined unit normal vectors:

Zn+1 det a(xHrlr Xn41,X10-Xi— 1)
a(uf ug)

1 a(x1+1r Xn+1,X1,0Xi— 1)
Z”+ det
‘ A i)

€i

€i

Then on the overlap Flgl (Fa(Us) NFg(Up)), the chain rule asserts that:
O(Xif 1,/ Xny1, X1, -+, Xi—1)
a(uf,. ) .,uﬁ)

ouf, . 1) 4 OXigd, o Xng1, X1,y Xi1)
p By ¢ A(ut, ..., uk)
o(ul, ... uy) 170Uy

det

= det

a(xi+1r sy X1, X1, - /xi—l)
o(uf,..., uf)

=detD(F, ' oFp) det

and so the two unit normal vectors are related by:
“ det D( lo F /3)
fig
(det D(Fy'oFp)

fg.

By the condition that det D(F;! o Fg) > 0, we have fig = fi, on the overlap. Define
fi := A, on every F,(Uy), it is then a continuous unit normal vector globally defined on
M. This proves (i).

Now we show (i) == (ii). Suppose fi is a continuous unit normal vector defined on
the whole M. Suppose Fy(uf,...,uy;) : Uy — M is any family of local parametrizations
that cover the whole M. On every F, (Uy), we consider the locally defined unit normal
vector:

Zn—i—l det O(Xiy 1w Xt 1,X0 s X 1)e
a(”]r r”n) !

Zi’l*‘rl det a(xH»lr X1 X1 00X 1)
a(uf,...,ufy)

fig =

€i

As a hypersurface M" in R"*1, there is only one direction of normal vectors, and so
we have either fi, = fi or iy = —f on Fy (U, ). For the latter case, one can modify the
parametrization F, by switching any pair of u}’s such that i, = fi.
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After making suitable modification on every F,, we can assume without loss of
generality that F,’s are local parametrizations such that i, = fi on every F,(Uy). In
particular, on the overlap Fﬁ_1 (Fa(Ua) NFg(Up)), we have fi, = fig.

det D(F; ! o Fp)

fiz, we conclude that det D(F, ! o Fg) > 0, proving (ii).
det D(F, ' o Fg)

Byﬁﬁ:

O

Remark 4.13. According to Proposition 4.12, the cylinder in Example 4.10 is orientable,
while the Mo6bius strip in Example 4.11 is not orientable. U

Exercise 4.7. Show that the unit sphere S? in IR? is orientable.

Exercise 4.8. Let f : R> — R be a smooth function. Suppose ¢ € R such that
f~1(c) is non-empty and f is a submersion at every p € f~1(c). Show that f~1(c)
is an orientable hypersurface in IR3.

4.2.2. Orientable Manifolds. On an abstract manifold M, it is not possible to
define normal vectors on M, and so the notion of orientability cannot be defined using
normal vectors. However, thanks to Proposition 4.12, the notion of orientability of
hypersurfaces is equivalent to positivity of Jacobians of transition maps, which we can
also talk about on abstract manifolds. Therefore, motivated by Proposition 4.12, we
define:

Definition 4.14 (Orientable Manifolds). A smooth manifold M is said to be orientable
if there exists a family of local parametrizations F, : Uy — M covering M such that
for any Fy and Fg in the family with Fg(Ug) N Fy(Uy) # @, we have:

detD(F,'oFg) >0 on Flg1 (Fp(Up) NFa(Ua)).

In this case, we call the family A = {F, : Uy — M} of local parametrizations to be an
oriented atlas of M.

Example 4.15. Recall that the real projective space RIP? consists of homogeneous triples
[x0 : x1 : x2] where (xg, x1,x2) # (0,0,0). The standard parametrizations are given by:

Fo(xq,x2) = [1: %1 : x3]

Fi(yo,y2) = [yo : 1: y2]

Fa(zo,21) = [z0: 21 : 1]
By the fact that [yg: 1:y2] = [1:y," : 2y, '], the transition map F, ' o Fy is defined
on {(yo,y2) € R?: yy # 0}, and is given by: (x1,x3) = (yo_l,yzygl). Hence,

_ a(xl,xz) [ —y72 0 :|
D(FjloFy) = % = 0
(Fo"oF1) Ayov2)  L—vave® o'
detD(Fy'oFy) = 713
Yo

Therefore, it is impossible for det D(F, Lo Fy) > 0 on the overlap domain {(yo,2) €
]R2 Yo 75 0}
At this stage, we have shown that this altas is not an oriented one. In order to

prove RIP? is non-orientable, we need to show any altas of RIP? is not oriented. We will
prove this using Proposition 4.25 later. 0
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Exercise 4.9. Show that RIP? is orientable. Propose a conjecture about the ori-
entability of RIP".

Exercise 4.10. Show that for any smooth manifold M (whether or not it is ori-
entable), the tangent bundle TM must be orientable.

Exercise 4.11. Show that for a smooth orientable manifold M with boundary, the
boundary manifold M must also be orientable.
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4.3. Integrations of Differential Forms

Generalized Stokes” Theorem concerns about integrals of differential forms. In this
section, we will give a rigorous definition of these integrals.

4.3.1. Single Parametrization. In the simplest case if a manifold M can be covered
by a single parametrization:
Fug, ..., un): (a1, B1) X -+ X (an, Bn) — M,
then given an n-form @(uy,...,u,)dul Adu® A --- Adu”, the integral of w over the
manifold M is given by:

B B
/ (p(ul,...,un)dulAduz/\.~/\du” ::/ / ]go(ul,...,un)duldu2~~~du”
JM JOlp J g

integral of differential form ordinary integral in Multivariable Calculus

From the definition, we see that it only makes sense to integrate an n-form on an
n-dimensional manifold.

Very few manifolds can be covered by a single parametrization. Of course, R"
is an example. One less trivial example is the graph of a smooth function. Suppose
f(x,y) : R? = R is a smooth function. Consider its graph:

Tp={(xy flxy) eR’: (xy) € R}
which can be globally parametrized by F : R> — T £ where
Fx,y) = (v y, f(xy))-

Letw = eV dx A dy be a 2-form on I', then its integral over I'y is given by:

/ w:/ efxzfyzdx/\dy:/ / efxzfyzdxdy:n.
Iy Iy —o0 J —o0

Here we leave the computational detail as an exercise for readers.

It appears that integrating a differential form is just like “erasing the wedges”, yet
there are two subtle (but important) issues:

(1) In the above example, note that w can also be written as:
2 2
w=—e "V dyndx.

It suggests that we also have:

/ w :/ / e Y dydx = —m,
.l"f —o0 J—c0

which is not consistent with the previous result. How shall we fix it?

(2) Even if a manifold can be covered by one single parametrization, such a parametriza-
tion may not be unique. If both (uy,...,u,) and (v4,...,v,) are global coordinates
of M, then a differential form w can be expressed in terms of either u;’s or v;’s. Is
the integral independent of the chosen coordinate system?

The first issue can be resolved easily. Whenever we talk about integration of differential
forms, we need to first fix the order of the coordinates. Say on R? we fix the order to
be (x,y), then for any given 2-form we should express it in terms of dx A dy before
“erasing the wedges”. For the 2-form w above, we must first express it as:

w=e"Vdx A dy

before integrating it.
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For higher (say dim = 4) dimensional manifolds M* covered by a single parametriza-
tion F(uq,...,uy) : U — M, if we choose (u1, up, us, uy) to be the order of coordinates
and given a 4-form:

Q= fluy,...,ug) dul Adud Adu? Adu* + g(uq, ... ug) du* A du A du® Adul,
then we need to re-order the wedge product so that:
Q= —f(uy,...,ug)dut Ndu? Ndud A du* + g(uy, ..., ug)dut Adu® Adu® A dut.

The integral of w over M* with respect to the order (u1, us, u3,u4) is given by:
/ Q= /M (—f(uy, ..., ug) +g(uy, ... ug)) dul du®du® du*.
M

Let’s examine the second issue. Suppose M is an n-manifold with two different
global parametrizations F(uy,...,u,) : U — M and G(vy,...,v,) : V — M. Given an
n-form w which can be expressed as:

w=g@dul Ao Adu",
then from Proposition 3.56, w can be expressed in terms of v;’s by:

o(ug, ... uy)
a(vl, . ,Z)n)
Recall that the change-of-variable formula in Multivariable Calculus asserts that:

dul .- d ":/
/Mﬁﬂu u V<P

Therefore, in order for / w to be well-defined, we need
M

w = @ det dol A A do"

o(uy, ..., uy)

dot .. do".
(vy,...,0p)

det

a(uq, ..., uy)
dul/\~--/\du”and/ det ————"—~
/ZJ(P V(P d(vy,...,04)

to be equal, and so we require:

dot A - A do"

det a(ul,. . .,Lln)

> 0.
(vy,...,0n)

When defining an integral of a differential form, we not only need to choose a
convention on the order of coordinates, say (u1, ..., 1), but also we shall only consider

o(uy,...,u
those coordinate systems (vy,...,v,) such that det H
17+++/Un

order to integrate a differential form, we require the manifold to be orientable.

> 0. Therefore, in

4.3.2. Multiple Parametrizations. A majority of smooth manifolds are covered by
more than one parametrizations. Integrating a differential form over such a manifold
is not as straight-forward as previously discussed.

In case M can be “almost” covered by a single parametrization F : &/ — M (i.e. the
set M\F(U) has measure zero) and the n-form w is continuous, then it is still possible

to compute / w by computing / ” w. Let’s consider the example of a sphere:
M F(U

Example 4.16. Let S? be the unit sphere in R? centered at the origin. Consider the
2-form w on R® defined as:

w =dx Ady.
Let ¢ : S — R be the inclusion map, then i*w is a 2-form on S?. We are interested in
the value of the integral /5 , w.
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Note that S can be covered almost everywhere by spherical coordinate parametriza-
tion F(¢,0) : (0,7) x (0,271) — S? given by:
F(¢,0) = (sin ¢ cos6,sin ¢sinb,cos ¢).
Under the local coordinates (¢, 8), we have:

1*(dx) = d(sin ¢ cos 0) = cos ¢ cos 0 dg — sin ¢ sin 6 dO
1*(dy) = d(sin @ sinf) = cos ¢ sin B d¢ + sin ¢ cos 6 d6
Fw =" (dx) A" (dy)
=singcospde A db.

Therefore,

2 7T
rw— [ si d /\dQ:/ / i dodf = 0.
/Ml(.d ./MSIHQ)COSQ) q) Jo Jo s1ng0cosq) qD

Here we pick (¢, 6) as the order of coordinates. O

Exercise 4.12. Let w = xdy Adz + ydz A dx + zdx N\ dy. Compute

/ Ffw
52

where S? is the unit sphere in R3 centered at the origin, and ¢ : 5> — R3 is the
inclusion map.

Exercise 4.13. Let T2 be the torus in R* defined as:

1
T? = {(xl,xz,xg,m) S o s — L — 2}.

Let 1 : T? — R* be the inclusion map. Compute the following integral:
* 4 3
/th (x1x2X3dx Adx )

FYI: Clifford Torus
The torus T? in Exercise 4.13 is a well-known object in Differential Geometry called the
Clifford Torus. A famous conjecture called the Hsiang-Lawson’s Conjecture concerns about
this torus. One of the proposers Wu-Yi Hsiang is a retired faculty of HKUST Math. This
conjecture was recently solved by Simon Brendle in 2012.

Next, we will discuss how to define integrals of differential forms when M is
covered by multiple parametrizations none of which can almost cover the whole
manifold. The key idea is to break down the n-form into small pieces, so that each
piece is completely covered by one single parametrization. It will be done using
partition of unity to be discussed.

We first introduce the notion of support which appears often in the rest of the
course (as well as in advanced PDE courses).

Definition 4.17 (Support). Let M be a smooth manifold. Given a k-form w (where
0 < k < n) defined on M, we denote and define the support of w to be:

suppw := {p € M : w(p) # 0},
i.e. the closure of the set {p € M : w(p) # 0}.
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Suppose M" is an oriented manifold with F(uy,...,u,) : Y — M as one of (many)
local parametrizations. If an n-form w on M" only has “stuff” inside F({/), or precisely:

suppw C F(U),
then one can define / w as in the previous subsection. Namely, if on F(/) we have
M

w = @du' A--- Adu", then we define:

/w:/ w:/godu1~~du".
M F(U) u

Here we pick the order of coordinates to be (uy, ..., uy).

The following important tool called partitions of unity will “chop” a differential form
into “little pieces” such that each piece has support covered by a single parametrization.

Definition 4.18 (Partitions of Unity). Let M be a smooth manifold with an atlas
A = {Fy : Uy — M} such that M = | J Fa(Us). A partition of unity subordinate to the

all «
atlas A is a family of smooth functions p, : M — [0, 1] with the following properties:

(i) supppa C Fo(Uy) for any a.
(ii) For any p € M, there exists an open set O C M containing p such that
supp pa N O # D
for finitely many «’s only.
(i) ) pu=1o0n M.

all o

Remark 4.19. It can be shown that given any smooth manifold with any atlas, partitions
of unity subordinate to that given atlas must exist. The proof is very technical and is
not in the same spirit with other parts of the course, so we omit the proof here. It is
more important to know what partitions of unity are for, than to know the proof of
existence. g

Remark 4.20. Note that partitions of unity subordinate to a given atlas may not be
unique! g

Remark 4.21. Condition (ii) in Definition 4.18 is merely a technical analytic condition
to make sure the sum ), p«(p) is a finite sum for each fixed p € M, so that we do
not need to worry about convergence issues. If the manifold can be covered by finitely
many local parametrizations, then condition (ii) automatically holds (and we do not
need to worry about). O

Now, take an n-form w defined on an orientable manifold M", which is parametrized
by an oriented atlas A = {F, : Uy — M}. Let {pa : M — [0,1]} be a partition of unity
subordinate to 4, then by condition (iii) in Definition 4.18, we get:

w = (Zm)cu— Y Paw.

all « all «
=1
Condition (i) says that supp px C Fo(Uy), or heuristically speaking p, vanishes outside

Fa(Uy). Naturally, we have supp (paw) C Fo(Uy) for each a. Therefore, as previously
discussed, we can integrate p,w for each individual «:

/M Pac = ./Fa(ua) Patt:
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Given that we can integrate each p,w, we define the integral of w as:

[T hre-El

Patw.
all w all o~ )

o (Ma

However, the sum involved in (4.5) is in general an infinite (possible uncountable!)
sum. To avoid convergence issue, from now on we will only consider n-forms w which
have compact support, i.e.

supp w is a compact set.

Recall that every open cover of a compact set has a finite sub-cover. Together with
condition (ii) in Definition 4.18, one can show that p,w are identically zero for all except
finitely many a’s. The argument goes as follows: at each p € supp w, by condition (ii)
in Definition 4.18, there exists an open set O, C M containing p such that the set:

Sp:={a:suppp. N Oy # D}
is finite. Evidently, we have

suppwC |J O,
pesupp w

and by compactness of supp w, there exists py, ..., py € supp w such that

N
suppw C | J Op,.
i=1

Since {g € M : pa(q)w(q) #0} C{g€ M:pa(q) #0}N{g € M: w(q) # 0}, we have:

supp (paw) = {q € M : pa(q)w(q) # 0}
C{geM:pu(q) #0}N{g € M:w(q) # 0}

C{geM:pulq) 70N {g € M:w(g) # 0}
N

= supp p Nsuppw C U (supp pa N Oy,) .
i=1

Therefore, if « is an index such that supp (paw) # @, then there exists i € {1,...,N}
such that supp p, N Op, # @, or in other words, a € S, for some i, and so:

N
{a : supp (puw) # @} C | Sp;-
i=1

Since each Sy, is a finite set, the set {« : supp (p,w) # @} is also finite. Therefore, there

are only finitely many a’s such that / " is non-zero, and so the sum stated in (4.5)
Fﬂi n
is in fact a finite sum.

Now we have understood that there is no convergence issue for (4.5) provided
that w has compact support (which is automatically true if the manifold M is itself
compact). There are still two well-definedness issues to resolve, namely whether the
integral in (4.5) is independent of oriented atlas A, and for each atlas whether the
integral is independent of the choice of partitions of unity.
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Proposition 4.22. Let M" be an orientable smooth manifold with two oriented atlas
A={Fy:Uy = M} and B = {Gg: Vg — M}
such that det D(F,; ! o Gg) > 0 on the overlap for any pair of a and B. Suppose {py : M —

[0,1]} and {og : M — [0, 1]} are partitions of unity subordinate to A and B respectively.
Then, given any compactly supported differential n-form w on M", we have:

= oW
Z /a Ua a%@ /Gﬁ(Vﬁ)

all a

Proof. By the fact that ) | 0g =1 on M, we have:

all B
2/ *2/ o Paw*ZZ/ Pa0BwW.
all a(“zx all o/ Fa(Ua) <a11 B ﬁ) all wall g~ Fa(Ue)NGp(Vp) g

The last equality follows from the fact that supp o5 C Gg(Vg).
One can similarly work out that
) / opw =3y Y / Pu0pw.
all g/ Gp(Vp) all Ball o/ Fa(Ua)NGp (V)

Note that ), Ypisa finite double sum and so there is no issue of switching them. It
completes the proof. O

By Proposition 4.22, we justified that (4.5) is independent of oriented atlas and the
choice of partitions of unity. We can now define:

Definition 4.23. Let M" be an orientable smooth manifold with an oriented atlas
A = {Fu(ul,...,ul) : U, — M} where (u},...,u") is the chosen order of local
coordinates. Pick a partition of unity {p, : M — [0, 1]} subordinate to the atlas A.
Then, given any n-form w, we define its integral over M as:

| w= /qua)paw.

If w = @y dul A--- Adul’ on each Fy(Uy), then:

/w—Z/ Oa@u dutl - - - dul’

all o

all w

Remark 4.24. It is generally impossible to compute such an integral, as we know only
the existence of p,’s but typically not the exact expressions. Even if such a partition of

unity p,’s can be found, it often involves some terms such as eV "2, which is almost
impossible to integrate. To conclude, we do not attempt compute such an integral, but
we will study the properties of it based on the definition. g

4.3.3. Orientation of Manifolds. Partition of unity is a powerful tool to construct
a smooth global item from local ones. For integrals of differential forms, we first defines
integral of forms with support contained in a single parametrization chart, then we
uses a partition of unity to glue each chart together. There are some other uses in this
spirit. The following beautiful statement can be proved using partitions of unity:

Proposition 4.25. A smooth n-dimensional manifold M is orientable if and only if there
exists a non-vanishing smooth n-form globally defined on M.
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Proof. Suppose M is orientable, then by definition there exists an oriented atlas
A = {F, : Uy — M} such that det D(Fﬁ_1 oFy) > 0 for any a and B. For each local

parametrization F,, we denote (u},...,u!") to be its local coordinates, then the n-form:
N ::du}é/\~~/\du§
is locally defined on F(Uy).
Let {ps : M — [0,1]} be a partition of unity subordinate to .A. We define:
w=Y patle =Y padugy A+ Adul.
all w all w

We claim w(p) # 0 at every point p € M. Suppose p € Fg(Up) for some B in the atlas.
By (3.19), for each &, locally near p we have:

o(ul,...,u"
n

dul Ao Adu = det
o(ul g, - ..,uﬁ)

duk/\---/\dug,

and so:

7’l
<2Padeta(ﬁ ’uﬁ;>duﬁ A,

all

. o(ul,...,u"
Since pu >0, ) po =1 and det $ %~ > 0, we must have:
e a(uﬁ,...,uﬁ
1 u”
Y pa deta(u _ n) >0 near p.
i o(ul g, - ..,uﬁ)

This shows w is a non-vanishing n-form on M.

Conversely, suppose () is a non-vanishing n-form on M. Let C = {G, : V, — M}
be any atlas on M, and for each & we denote (v},...,v!) to be its local coordinates.
Express () in terms of local coordinates:

Q= @udoi A--- Adol.

Since () is non-vanishing, ¢, must be either positive on V,, or negative on V,. Re-define
the local coordinates by:
1 @02, o) if gy >0
(0, 0%, --.,00) = Y " i
(=08, 05, ..., 00)  if@a <O
Then, under these new local coordinates, we have:
Q= |@y| dOLA - AdT.

From (3.19), we can deduce:

4 (DL, ..., 00 4 .
Q:|§0“|dva/\ /\dU —|§0a‘det7dvﬁ/\.../\d0‘5
(v /5,...,77’5)

on the overlap of any two local coordinates (3., ..., ") and (%7/15, e, ?;E) On the other
hand, we have:
Q = |gp| dog A --- A dTj.

This shows:
8(51 ST ‘495
det# >0 forany a,B.
a( B/ . /52) gop( y ﬁ

Therefore, M is orientable. O
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The significance of Proposition 4.25 is that it relates the orientability of an n-
manifold (which was defined in a rather local way) with the existence of a non-vanishing
n-form (which is a global object). For abstract manifolds, unit normal vectors cannot
be defined. Here the non-vanishing global n-form plays a similar role as a continuous
unit normal does for hypersurfaces. In the rest of the course we will call:

Definition 4.26 (Orientation of Manifolds). Given an orientable manifold M", a non-
vanishing global n-form () is called an orientation of M. A basis of tangent vectors
{Th,..., Tu} € T,M is said to be Q-oriented if O(Ty,...,T,) > 0. A local coordinate

system (uy,...,uy,) is said to be Q-oriented if ) (aiul,. ., %) > 0.

Recall that when we integrate an n-form, we need to first pick an order of local
coordinates (u1,...,uy,), then express the n-form according to this order, and locally
define the integral as:

d A Ad "z/ dul o du,
/F(u)q)u u  @du u

Note that picking the order of coordinates is a local notion. To rephrase it using global
terms, we can first pick an orientation () (which is a global object on M), then we
require the order of any local coordinates (u1,...,u,) to be Q-oriented. Any pair of
local coordinate systems (ujy,...,u,) and (v, ...,v,) which are both Q-oriented will
o(uy, ... uy)
8(01,. . .,Un)

To summarize, given an orientable manifold M" with a chosen orientation (2, then
for any local coordinate system F(u1,...,u,) : U — M, we define:

automatically satisfy det > 0 on the overlap.

/ pdul A A du’ = fyy @ du’ 1 -du” %f (u1,..., un) %s Q—orient?d
F(U) — fu edu*---du" if (uq,...,u,) is not Q-oriented

or to put it in a more elegant (yet equivalent) way:

0 0
1 “e . 71: _ 1... n
/F(u)(pdu A+ Adu" = sgn [Q (E)ul""’aun)]/u(pdu du”.

Exercise 4.14. Let Q := dx A dy A dz be the orientation of R3. Which of the
following is Q)-oriented?

(a) local coordiantes (x,y,z)
(b) vectors {i, k,j}
(c) vectors {u, v, u X v} where u and v are linearly independent vectors in R3.

Exercise 4.15. Consider three linearly independent vectors {u,v,w} in R3 such
that u L wand v L w. Show that {u,v,w} has the same orientation as {i,j, k} if
and only if w = cu x v for some positive constant c.

Proposition 4.25 can be used to complete the proof that RIP? is not orientable in Ex-
ample 4.15. In that example, we demonstrated that there are two local parametrizations
Fo(u1,uz) and Fq(v1,vp) with the properties that:

e the domain of each of F; is connected; while

e their overlap, i.e. domain of F 1o F1, is not connected; and
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e detD(F, 1o Fy) is positive on one component U, but negative on another compo-
nent V.

To show that IRIP? is not orientable, we argue by contradiction that there exists a global

non-vanishing 2-form Q). Then, if Q(%, aaTz) > 0, then one has Q(%, 8872) >0onU

since det D(Fy ' o F;) > 0 on U, and Q(%, %) < 0 on V since det D(F; ' o F1) < 0.
d 0

However, since the domain of Fy(v1,v;) is connected and Q(W’ 30, ) is a smooth (in
particular continuous) function on that domain, there must be a point p in the domain
of F such that Q(%, 3872) = 0 at p. It leads to a contradiction that () is non-vanishing.
Similar for the case Q(%, 8%2) < 0.
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4.4. Generalized Stokes’ Theorem

In this section, we (finally) state and give a proof of an elegant theorem, Generalized
Stokes” Theorem. It not only unifies Green’s, Stokes” and Divergence Theorems which
we learned in Multivariable Calculus, but also generalize it to higher dimensional
abstract manifolds.

4.4.1. Boundary Orientation. Since the statement of Generalized Stokes” Theo-
rem involves integration on differential forms, we will assume all manifolds discussed
in this section to be orientable. Let’s fix an orientation (2 of M", which is a non-vanishing
n-form, and this orientation determines how local coordinates on M are ordered as
discussed in the previous section.

Now we deal with the orientation of the boundary manifold dM. Given a local
parametrization G(uy,...,u,) : V C Rt — M of boundary type. The tangent space

a n
TyM for points p € dM is defined as the span of {au} . As V is a subset of the
i)i=1
upper half-space {u, > 0}, the vector v := —% in T,M is often called an outward-
pointing “normal” vector to oM.

An orientation (2 of M" is a non-vanishing n-form. The boundary manifold
oM" is an (n — 1)-manifold, and so an orientation of 0M" should be a non-vanishing
(n —1)-form. Using the outward-pointing normal vector v, one can produce such an
(n —1)-form in a natural way. Given any tangent vectors Ty, ..., T,_1 on T(0M), we
consider the interior product i, (2, which is defined as:

(iVQ)(T1, cee ,Tnfl) = Q(V, Tl/ cee ,Tnfl).

Then i,Q) is an alternating multilinear map in A"~ !T*(aM).

Locally, given a local coordinate system (u, ..., uy), by recalling that v = —% we

can compute:

) 0 9 ) ]
”m(wy”wW4>—“@wm”"w%)

) 0 0
‘“(wme””w%)

0 0 0
— (_ n
=(-1) Q(aul,...,aun_l,aun>

which is non-zero. Therefore, i, () is a non-vanishing (n — 1)-form on 0M, and we can
take it as an orientation for M. From now on, whenever we pick an orientation () for
M", we will by-default pick i, () to be the orientation for oM.

Given an Q-oriented local coordinate system G(uy,...,u,) : V — M of boundary
type for M", then (uy,...,u,_1) is iyQ-oriented if n is even; and is not i, Q-oriented if
1 is odd. Therefore, when integrating an (n — 1)-form ¢ du' A --- Adu~! on dM, we
need to take into account of the parity of n, i.e.

46 / b A A dutt = —1"/ dud o dut 1
( ) G(V)ﬂaM(P " " ( ) Vﬁ{un:O}(P " "

The “extra” factor of (—1)" does not look nice at the first glance, but as we will
see later, it will make Generalized Stokes” Theorem nicer. We are now ready to state
Generalized Stokes” Theorem in a precise way:
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Theorem 4.27 (Generalized Stokes” Theorem). Let M be an orientable smooth n-manifold,
and let w be a compactly supported smooth (n — 1)-form on M. Then, we have:

4.7) /M dw = Jom w.

Here if () is a chosen to be an orientation of M, then we will take i,C) to be the orientation of
OM where v is an outward-point normal vector of M.

In particular, if OM = @, then / dw = 0.
M

4.4.2. Proof of Generalized Stokes’ Theorem. The proof consists of three steps:
Step 1: a special case where supp w is contained inside a single parametrization
chart of interior type;

Step 2: another special case where supp w is contained inside a single parametriza-
tion chart of boundary type;

Step 3: use partitions of unity to deduce the general case.

Proof of Theorem 4.27. Throughout the proof, we will let () be the orientation of M,
and i, () be the orientation of dM with v being an outward-point normal vector to dM.
All local coordinate system (1, ..., u,) of M is assumed to be Q)-oriented.

Step 1: Suppose supp w is contained in a single parametrization chart of interior type.

Let F(uy,...,un) : U4 C R" — M be a local parametrization of interior type such
that supp w C F(U). Denote:

AUl A AduE A Adu = dul A Adu AU TN - A du?,

or in other words, it means the form with du’ removed.
In terms of local coordinates, the (n — 1)-form w can be expressed as:

n _
w=Y widu' Ao Ndui A Adu”,
i=1

Taking the exterior derivative, we get:

n n —~
:ZZ ldu]/\du Ao Adut A Adu
i—1 :1

For each i, the wedge product du/ Adul A--- A dui A+ - Adu is zero if j # i. Therefore,

n . . _,
dw:Zawldu’/\dul/\---Adul/\~~~/\du"

i—1 Ui

n .

=Y (-1~ 1awld A Adul A Adu”

i=1 ou;

By definition of integrals of differential forms, we get:

/ dw_/ Z 18“’101 Lo du,

Since suppw C F(U), the functions w;’s are identically zero near and outside the
boundary of &/ C R". Therefore, we can replace the domain of integration U of the
RHS integral by a rectangle [-R, R] X - - - x [=R, R] in R" where R > 0 is a sufficiently
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large number. The value of the integral is unchanged. Therefore, using the Fubini’s
Theorem, we get:

R R n dew:
d :/ / B Va7 FYR SN PP
/M «“ -R —Rizzl( )Bu- " "

, R —
(—1)1*1/ / O i g i+« du”

I
=

i=1 -R R Ol
_y _1)i-1 KR =R dul . dui - du"
—Z( ) R _R[“)Z] =—R u u.

I
—

Since w;’s vanish at the boundary of the rectangle [—R, R]", we have w; = 0 when
u; = £R. As a result, we proved / dw = 0. Since supp w is contained in a single
parametrization chart of interior type, we have w = 0 on the boundary oM. Evidently,

we have / w = 0 in this case. Hence, we proved
oM

/dw: w=20
M oM

Step 2: Suppose supp w is contained inside a single parametrization chart of boundary type.

in this case.

Let G(uq,...,uy) : V C R’ — M be a local parametrization of boundary type such
that supp w C G(V). As in Step 1, we express

n /\‘
= Zwidul/\---/\du’/\~~~/\du”.

Proceed exactly in the same way as before, we arrive at:

/dw—/z )i- 18‘% Lo du,

Now V is an open set in R’} instead of IR"”. Recall that the boundary is the set of
points with u, = 0. Therefore, this time we replace V by the half-space rectangle
[—R,R] x --- x [-R,R] x [0, R] where R > 0 again is a sufficiently large number.

One key difference from Step 1 is that even though w;’s has compact support
inside V), it may not vanish on the boundary of M. Therefore, we can only guarantee
wi(uy, ..., uy) = 0when u, = R, but we cannot claim w; = 0 when u,, = 0. Some more
work needs to be done:

/dw—/z llawldl..du”

_// / Z 1lawld1”dun
B Lo
SIS /13‘;’3 e

One can proceed as in Step 1 to show that the first term:

SR A IR IXC St =,
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which follows from the fact that whenever 1 <i <n — 1, we have w; = 0 on u; = £R.

R 9w
n—1 "4 n
/ / /R aun du
is handled in a different way:
R 9w
n 1 Vl n
AT I
n 1/ / / dwy, ndul.”dunfl
aun
- #=R —
:(4)"1/71{.../71{[%5”_0@ Sdu" !

R R
= —1)”/ / wn (U, ..., uy—1,0) dul - du"1
-R -R

where we have used the following fact:

The second term:

[wn (uy, . .. un)}”” g = wy(uy, ..., uy_1,R) —wi(uy,...,uy_1,0)
=0—wy(uy,...,uy_1,0).

Combining all results proved so far, we have:

R R
/ dw = (—1)”/ / wWultiy, ... uyq,0)dul - du"?
M -R ~R

On the other hand, we compute / w and then compare it with / dw. Note that

the boundary oM are points with u,, = 0. Therefore, across the boundary dM, we have
du™ = 0, and so on dM we have:

n -
= - Ta... PN A dul
w i;wl(ul,...,un,l,O)du Ao Adut A _uo

= wy(u,...,uy;_1,0) dul Ao Adut

/ w = wn(ul,...,un_l,o)dul/\~~/\du"_1
oM G(V)noM

=(=1)" wn (g, .. Uy 1,0)dut -+ du 1
VO {un0} n( 1 n—1 )

R R
= —1)”/ / wn(uy, ..., uy_1,0) dul - du"1
-R —R

Recall that we have a factor of (—1)" because the local coordinate system (uq,...,u;_1)
for oM is i, Q) if and only if n is even, as discussed in the previous subsection.

Consequently, we have proved
/ dw = w
M oM

Step 3: Use partitions of unity to deduce the general case

in this case.

Finally, we “glue” the previous two steps together and deduce the general case.
Let A = {F, : Uy — M} be an atlas of M where all local coordinates are Q-oriented.
Here A contain both interior and boundary types of local parametrizations. Suppose
{pa : M — [0,1]} is a partition of unity subordinate to A. Then, we have:
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w = (;m) w = Xa:paw

\‘/_/

M Zpaw Z./aMP““"

Jom 5

For each «, the (n — 1)—form paw is compactly supported in a single parametrization
chart (either of interior or boundary type). From Step 1 and Step 2, we have already
proved that Generalized Stokes” Theorem is true for each p,w. Therefore, we have:

; /BM Pt = ;/M d(p“W)

= Z/M (dpa N w + pg dw)
:/ dlY pu | N+ ) pa | dw
M o o
Since ) _pa = 1 and hence d (Z pa> = 0, we have proved:

/BMw ;/BMP“CU /M Wt Ldw M

It completes the proof of Generalized Stokes” Theorem. g

Remark 4.28. As we can see from that the proof (Step 2), if we simply choose an
orientation for dM such that (u1,...,u,_1) becomes the order of local coordinates for
oM, then (4.7) would have a factor of (—1)" on the RHS, which does not look nice.
Moreover, if we pick i_,Q) to be the orientation of M (here —v is then an inward-
pointing normal to dM), then the RHS of (4.7) would have a minus sign, which is not
nice either. [l

4.4.3. Fundamental Theorems in Vector Calculus. We briefly discussed at the
end of Chapter 3 how the three fundamental theorems in Vector Calculus, namely
Green'’s, Stokes” and Divergence Theorems, can be formulated using differential forms.
Given that we now have proved Generalized Stokes” Theorem (Theorem 4.27), we are
going to give a formal proof of the three Vector Calculus theorems in MATH 2023
using the Theorem 4.27.

Corollary 4.29 (Green’s Theorem). Let R be a closed and bounded smooth 2-submanifold
in R? with boundary OR. Given any smooth vector field V = (P(x,y), Q(x,vy)) defined in R,

then we have: 20 ap
aRV.alr: /R (ax8y> dxdy,

The line integral on the LHS is oriented such that {%, %} has the same orientation as {v, T}

where v is the outward-pointing normal of R, and T is the velocity vector of the curve oR. See
Figure 4.3.

Proof. Consider the 1-form w := Pdx + Q dy defined on R, then we have:

_ [(0Q 0P
dw = (E)x_ay) dx Ady.
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Suppose we fix an orientation () = dx A dy for R so that the order of coordinates is
(x,y), then by generalized Stokes” Theorem we get:

_ [ (9Q_o9P _ [ (Q_9oP
ngde—dey_ /R (ax ay> dx A dy = /R (ax 8y> dx dy.
—_—

$orw Jr dw (x,y) is the orientation

The only thing left to figure out is the orientation of the line integral. Locally param-
etrize R by local coordinates (s, t) so that {t = 0} is the boundary oR and {t > 0} is
the interior of R (see Figure 4.3). By convention, the local coordinate s for dR must
be chosen so that Q(v, %) > 0 where v is a outward-pointing normal vector to oR. In
other words, the pair {v, £} should have the same orientation as {3, aa—y }. According
to Figure 4.3, we must choose the local coordinate s for dR such that for the outer
boundary, s goes counter-clockwisely as it increases; whereas for each inner boundary,
s goes clockwisely as it increases. g

Figure 4.3. Orientation of Green’s Theorem

Next we show that Stokes” Theorem in Multivariable Calculus is also a consequence
of Generalized Stokes’” Theorem. Recall that in MATH 2023 we learned about surface
integrals. If F(u,v) : i — & C R? is a parametrization of the whole surface ¥, then we
define the surface element as:

oF

dF
ds = % X 8’0’ dudv,

and the surface integral of a scalar function ¢ is defined as:

oF OoF
/Zq)dS—/Mcp(u,v) ‘auxav du do.

However, not every surface can be covered (or almost covered) by a single parametriza-
tion chart. Generally, if A = {Fy(us,va) : Uy — R3} is an oriented atlas of ¥ with a
partition of unity {p, : £ — [0, 1]} subordinate to A, we then define:

45 = Y e |0 OFa

m oy v,

dug do,.
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Corollary 4.30 (Stokes” Theorem). Let X be a closed and bounded smooth 2-submanifold in

R3 with boundary 9%, and V = (P(x,y,z), Q(x,y,z), R(x,y,z)) be a vector field which is
smooth on X, then we have:

7§v dr = /VXV) N dS.

Here {i,], k} has the same orientation as {v, T,N}, where v is the outward-point normal
vector of X at points of 0%, T is the velocity vector of dX, and N is the unit normal vector to
¥ in R3. See Figure 4.4.

Proof. Define:
w=Pdx+Qdy+ Rdz
which is viewed as a 1-form on ¥. Then,

(4.8) f w=¢ V.dr.
o o

By direct computation, the 2-form dw is given by:

_(9Q 0P oP R oR 9Q
dw(&x E)y)d /\dy—f—(a ax>dzAdx+<ay a)dy/\dz

Now consider an oriented atlas A = {F,(uy, vq) : Uy — R3} of T with a partition of
unity {p, : £ — [0,1]}, then according to the discussion near the end of Chapter 3, we
can express each of dx A dy, dz A\ dx and dy A dz in terms of du, A dv,, and obtain:

dw = Zp,xdw
JP 0P OR dR 9Q
—Zplx[(y)d /\dy+<aa)d Adx +<ayaz> dy/\dZ:|
- 3Q  ap ay,z) (aP oR 3z, x)
2o (5 5) e atean * (3~ 5) %o

OR 9Q o(x,y)
— — — |det—"~ |, d dvy.
+ <8y e ) et 3(itm, 02 Uy N\ dvg
On each local coordinate chart F, (i), a normal vector to X in IR® can be found using
cross products:

Oy OFs oz) . Azx) L Axy)
= det + det + det k
aua ava (uaz a) a(“arva)J a(ua/va)
oP OR) . oR 00
vev= (G gt (5w (5 %)
Hence,
oF, OoF,
; . (Bu,x X m) O Aty N dvyg,
and so 5 8
Fo  0F,
/dw 2/ (V xV) ( X a >paduadva
& OF. oF
Denote N = w , and recall the fact that dS := Zp &5 =2\ du, do,, we
i X ai a D( a IX
EITH dvy
get:

(4.9) /chu: /Z(v % V) - N dS.
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Combining the results of (4.8) and (4.9), using Generalized Stokes” Theorem (Theorem
4.7, we get:

f'v»n:/XvayN%
X z

as desired.

To see the orientation of 0%, we locally parametrize X by coordinates (s, t) such that
{t = 0} are points on 0%, and so dX. is locally parametrized by s. The outward-pointing

normal of 0% in X is given by v := —%. By convention, the orientation of {1/, %} is

Jd J .
the same as {m, oo }, and hence:

{1/, %, N} has the same orientation as {6 i N} .

duy’ v,
OF, o 9F,
E TR 9 9 . . ..
AsN = —* =2 _ the set {a—, 55 N} has the same orientation as {i, ], k}. As a
OF, _ OF, g’ 00g
Qe ™ v
result, the set {v, %, N} is oriented in the way as in Figure 4.4. O

N = Og Vg

OF 4 OF 4
g X Vg

Figure 4.4. Orientation of Stokes” Theorem

Finally, we discuss how to use Generalized Stokes” Theorem to prove Divergence
Theorem in Multivariable Calculus.

Corollary 4.31 (Divergence Theorem). Let D be a closed and bounded 3-submanifold of
R3 with boundary 9D, and V = (P(x,y,z), Q(x,v,z), R(x,y,z)) be a smooth vector field
defined on D. Then, we have:

fvw%:/vwmwn
oD D

Here N is the unit normal vector of 9D in R3 which points away from D.

Proof. Let w := Pdy Adz+ Qdz ANdx 4+ Rdx A dy. Then by direct computations, we
get:
(0P 09Q  OR -
dw = (E)x + @4- az) dx NdyNdz =V -Vdx Ndy Ndz.

Using {i,j, k} as the orientation for D, then it is clear that:

(4.10) /dw:/ V -Vdxdydz.
D D
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Consider an atlas A = {F,(uy, vy, wy) : Uy — R3} of D such that for the local
parametrization of boundary type, the boundary points are given by {w, = 0}, and
interior points are {w, > 0}. Then, 0D is locally parametrized by (u,, va)

As a convention, the orientation of (u,,v,) is chosen such that {— aw , ag , ag
(14 [14

has the same orientation as {i,j, k}, or equivalently, {W’ %, fm} has the same
orientation as {i, ], k}.
Furthermore, let N be the unit normal of 9D given by:

OFy o 9Fa
July 00y

OF, o oF, |°
duty dvy

By the convention of cross products, {gz"‘, ‘3':"‘, N} must have the same orientation
as {i,j,k}. Now that {%, aga awa} and {gzz, 35:"\'} have the same orientation,
so N and —% are both pointing in the same direction. In other words, N is the
outward-point normal.

X

X

The rest of the proof goes by writing w in terms of du, A dv, on each local
coordinate chart:

w=) pw

o

—ZP“ <Pdeta((y' 2) —l—Qdeta(Z'x)—i-Rdeta(x'y)> duy N\ doy

arva> a(uazva) a(uazva)
B JoF, OJF,
ZV (3%4 E)va> O dug A do,
_Zv N pa aﬂ SF“ dug A doy

Therefore, we get:
E)F,X aF“

411 _ f
( ) a] oD 7 Uy a

Combining with (4.10), (4.11) and Generalized Stokes” Theorem, the proof of this
corollary is completed. O

duadva—y{ V. NdS.



Chapter 5

De Rham Cohomology

“Hydrodynamics procreated complex
analysis, partial differential equations,
Lie groups and algebra theory,
cohomology theory and scientific
computing.”

Viadimir Arnold

In Chapter 3, we discussed closed and exact forms. As a reminder, a smooth k-form
w on a smooth manifold M is closed if dw = 0 on M, and is exact if w = dy for some
smooth (k — 1)-form 7 defined on the whole M.

By the fact that d> = 0, an exact form must be closed. It is then natural to ask
whether every closed form is exact. The answer is no in general. Here is a counter-
example. Let M = IR?\{(0,0)}, and define
Y 4 X

22 Ter Y

It can be computed easily that dw = 0 on M, and so w is closed.

5 dy.

However, we can show that w is not exact. Consider the unit circle C parametrized
by (x,y) = (cost,sint) where 0 < t < 27, and also the induced 1-form *w (where
t: C — M). By direct computation, we get:

27 sin t cost
]{ fw = / ————————-d(cost) + —————d(sint) = 2.
C 0 cos? t + sin” t cos2 t + sin” t

If w were exact, then w = df for some smooth function f : M — R. Then, we would

have:
fro=fran=facn= [T a

Since t = 0 and t = 27T represent the same point on C, by Fundamental Theorem of
Calculus, we finally get:

y{ Fw=0

JC

which is a contradiction! Therefore, w is not exact on R?\{(0,0)}.

Heuristically, de Rham cohomology studies “how many” smooth k-forms defined
on a given manifold M are closed but not exact. We should refine the meaning of “how
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many”. Certainly, if 7 is any (k — 1)-form on M, then w + dy is also closed but not
exact. Therefore, when we “count” how many smooth k-forms on M which are closed
but not exact, it is fair to group w and w + di’s together, and count them as one. In
formal mathematical language, equivalence classes are used as we will discuss in detail.
It turns out that the “number” of closed, not exact k-forms on a given M is a related to
the fopology of M!

In this chapter, we will learn the basics of de Rham cohomology, which is a
beautiful topic to end the course MATH 4033.

5.1. De Rham Cohomology

Let M be a smooth manifold (with or without boundary). Recall that the exterior
derivative d is a linear map that takes a k-form to a (k + 1)-form, i.e. d : AKT*M —
ARFLT* M. We can then talk about the kernel and image of these maps. We define:

ker (d: AMT*M — AFIT"M) = {w € AFT*M : deo = 0}
= {closed k-forms on M}

Im (d AT M - /\kT*M> = {w e AFT*M : w = dy for some 7 € AF1T* M}
= {exact k-forms on M}

In many occasions, we may simply denote the above kernel and image by ker(d) and
Im (d) whenever the value of k is clear from the context.

By d? = 0, it is easy to see that:
Im (d: AMTITPM — AMT*M) C ker (4 AFT*M — AT M)

If all closed k-forms on a certain manifold are exact, then we have Im (d) = ker(d).
How “many” closed k-forms are exact is then measured by how Im (d) is “smaller”
than ker(d), which is precisely measured by the size of the quotient vector space
ker(d)/Im (d). We call this quotient the de Rham cohomology group'.

Definition 5.1 (de Rham Cohomology Group). Let M be a smooth manifold. For any
positive integer k, we define the k-th de Rham cohomology group of M to be the quotient
vector space:

ker (d  ART*M Ak+lT*M)

HiR (M) == .
ar(M) =0 (d : ANE-1T*M — NFT*M)

Remark 5.2. When k = 0, then AKT*M = AOT*M = C*°(M,R) and AF~1T*M is not
defined. Instead, we define

HO (M) = ker (d :C®°(M,R) — /\1T*M> = {f € C°(M,R) : df = 0},

which is the vector space of all locally constant functions on M. If M has N connected
components, then a locally constant function f is determined by its value on each of
the components. The space of functions {f : df = 0} is in one-to-one correspondence
an N-tuple (ky,...,ky) € RN, where k; is the value of f on the i-th component of M.
Therefore, HgR(M) ~ RN where N is the number of connected components of M. [J

LA vector space is also a group whose addition is the vector addition. Although it is more appropriate or precise to call
the quotient the “de Rham cohomology space”, we will follow the history to call it a group.
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5.1.1. Quotient Vector Spaces. Let’s first review the basics about quotient vector
spaces in Linear Algebra. Given a subspace W of a vector space V, we can define
an equivalence relation ~ by declaring that v; ~ v; if and only if v;1 — v, € W. For
example, if W is the x-axis and V is the xy-plane, then two vector v; and v; are
equivalent under this relation if and only if they have the same j-component.

For each element v € V (the bigger space), one can define an equivalence class:
:={ueV:iu~rv}={uecV:u—veW}
which is the set of all vectors in V that are equivalent to v. For example, if W is the
x-axis and V is IR?, then the class [(2,3)] is given by:
[(2,3)] ={(x,3) : x € R}

which is the horizontal line {y = 3}. Similarly, one can figure out [(1,3)] = [(2,3)] =
[(3,3)] = ...as well, but [(2,3)] # [(2,2)], and the latter is the line {y = 2}.

The quotient space V /W is defined to be the set of all equivalence classes, i.e.

V/W:={[v]:veV}.
For example, if V is R? and W is the x-axis, then V /W is the set of all horizontal lines
in IR. For finite dimensional vector spaces, one can show (see Exercise 5.1) that
dim(V/W) =dimV —dim W,

and so the “size” (precisely, the dimension) of the quotient V /W measures how small
W is when compared to V. In fact, if the bases of V and W are suitably chosen, we can
describe the basis of V /W in a precise way (see Exercise 5.1).

Exercise 5.1. Let W be a subspace of a finite dimensional vector space V. Suppose

{wy, ..., w} is a basis for W, and {wy, ..., w,v1,...,0;} is a basis for V (Remark:

given any basis {wy, ..., wy} for the subspace W, one can always complete it to

form a basis for V).

(a) Show that given any vector Eé‘zl x;W; + Z§:1 Bjv; € V, the equivalence class
represented by this vector is given by:

k l k l l
o] - {Es i ew) =[]
i= = 1= = -

(b) Hence, show that {[v1],...,[v;]} is a basis for V/W, and so
dimV/W =1=dimV — dim W.

Exercise 5.2. Given a subspace W of a vector space V, and define an equivalence
relation ~ by declaring that v; ~ v; if and only if v; — v, € W. Show that the
following are equivalent:

1) u € [v]
@ u—veW
©) [u] = [0]

5.1.2. Cohomology Classes and Betti numbers. Recall that the k-th de Rham
cohomology group HﬁR(M), where k > 1, of a smooth manifold M is defined to be the
quotient vector space:

ker (d : ART*M Ak+1T*M)
" Im (d: AEIT*M — AFT*M)

Hir(M) :
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Given a closed k-form w, we then define its equivalence class to be:
[w] := {0 : &' — w is exact}
= {w' : W' = w4 dy for some 5 € ANFTIT* M}
= {w+dn:ye NIT* M},

An equivalence class [w] is called the de Rham cohomology class represented by (or
containing) w, and w is said to be a representative of this de Rham cohomology class.

By Exercise 5.1, its dimension is given by
dim HYL (M)
= dimker (d : ANT*M — AIT*M) —dimIm (d: AIT"M - AFT*M)
provided that both kernel and image are finite-dimensional.

Therefore, the dimension of HSR(M) is a measure of “how many” closed k-forms
on M are not exact. Due to the importance of this dimension, we have a special name
for it:

Definition 5.3 (Betti Numbers). Let M be a smooth manifold. The k-th Betti number
of M is defined to be:
b (M) := dim Hig (M).

In particular, by(M) = dim Hj (M) is the number of connected components of M.
In case when M = R?\{(0,0)}, we discussed that there is a closed 1-form
wo Y dx + xdy
X2 +y?

defined on M which is not exact. Therefore, w € ker (d: A'IT*M — A2T*M) yet
w ¢Im (d: A°T*M — A'T*M), and so in H}z (M) we have [w] # [0]. From here we
can conclude that Hlp (M) # {[0]} and by (M) > 1. We will later show that in fact
b1 (M) = 1 using some tools in later sections.

Exercise 5.3. If k > dim M, what can you say about by(M)?

5.1.3. Poincaré Lemma. A star-shaped open set U in R" is a region containing a
point p € U (call it a base point) such that any line segment connecting a point x € U
and the base point p must be contained inside U. Examples of star-shaped open sets
include convex open sets such an open ball {x € R" : |x| < 1}, and all of R". The
following Poincaré Lemma asserts that Hix (U) = {[0]}.

Theorem 5.4 (Poincaré Lemma for HéR). For any star-shaped open set U in R", we have

Hlx (U) = {[0]}. In other words, any closed 1-form defined on a star-shaped open set is exact
on that open set.

Proof. Given a closed 1-form w defined on U, given by w = ¥_; w; dx’, we need to find
a smooth function f : U — R such that w = df. In other words, we need % = w; for
any i. 1

Let p be the base point of U, then given any x € U, we define:

f)= | w

Ly
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where Ly is the line segment joining p and x, which can be parametrized by:
r(t) =(1—-t)p+tx, tel0,1]
Write p = (p1,...,Pn), x = (X1,...,Xy), then f(x) can be expressed in terms of ¢ by:

1 n
700 = [} Leilr0) - (= pi)

Using the chain rule, we can directly verify that:
d 9 [T
= 0 [ Y wile(t) - (i~ o)
j 0

=

wi(r(8)) - (xi — pi) + wile(1)) aij(aci - m)) dt

xgor()
R awia((l—t)pkqttxk; ' ' ' )
_Z/O (Zaxk ox (xi = pi) wilr(t) o5 | dt

Since w is closed, we have:

0=dw= i dw; _ I dxl A dx
i<i ax] ax,‘
]

dw; Owj R . .
and hence %~ 9x for any i,j. Using this to proceed our calculation:
j i

%(X) _ /01 (t?;’; (% — pi) +a)]-(r(t))) dt

ax]-
14
:/0 = (ty(r(1)))

= [tw;(r(1)] 1 = w;(r(1)) = wj(x).

In the second equality above, we have used the chain rule backward:

() = 150 (3~ ) + (1),

From this, we conclude that w = df on U, and hence [w] = [0] in H}(U). Since w
is an arbitrary closed 1-form on U, we have H} (U) = {[0]}. O

Remark 5.5. Poincaré Lemma also holds for H (’;R, meaning that if U is a star-shaped
open set in R”, then HX (U) = {[0]} for any k > 1. However, the proof involves
the use of Lie derivatives and a formula by Cartan, both of which are beyond the
scope of this course. Note also that HJ, (U) ~ R since a star-shaped open set must be
connected. O
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Remark 5.6. We have discussed that the 1-form
w— —ydx +xdy
x2 +y?
is closed but not exact. To be precise, it is not exact on R?\{(0,0)}. However, if we
regard the domain to be the first quadrant U := {(x,y) : x > 0 and y > 0}, which is

a star-shaped open set in IR?, then by Poinaré Lemma (Theorem 5.4), w is indeed an
exact 1-form on U. In fact, it is not difficult to verify that

w=d (’carf1 %) on U.

Note that the scalar function tan™! £ is smoothly defined on U. Whether a form is
exact or not depends on the choice of its domain! g

5.1.4. Diffeomorphic Invariance. By Proposition 3.57, we learned that the exte-
rior derivative d commutes with the pull-back of a smooth map between two manifolds.
An important consequence is that the de Rham cohomology group is invariant under
diffeomorphism.

Let ® : M — N be any smooth map between two smooth manifolds. The pull-back
map ®* : AKT*N — AFT*M induces a well-defined pull-back map (which is also
denoted by ®*) from HX(N) to HX, (M). Precisely, given any closed k-form w on N,
we define:

P w] := [@*w].
P*w is a k-form on M. It is closed since d(P*w) = ®*(dw) = ©*(0) = 0. To show it is
well-defined, we take another k-form «w’ on N such that [w'] = [w] in HX;(N). Then,
there exists a (k — 1)-form 5 on N such that:

w' —w=dny onN.
Using again d o ®* = ®* od, we get:
Q' — *w = ®*(dy) =d(®*y) on M
We conclude ®*w’ — ®*w is exact and so
[@*W'] = [®*w] in HEL (M).
This shows ®&* : HﬁR(N ) — HQR(M) is a well-defined map.

Theorem 5.7 (Diffeomorphism Invariance of HQR). If two smooth manifolds M and N
are diffeomorphic, then HX, (M) and HXy (N) are isomorphic for any k > 0.

Proof. Let ® : M — N be a diffeomorphism, then ®~! : N — M exists and we have
Pod ! =idyand @ 1o ® =idy,. By the chain rule for tensors (Theorem 3.54), we
have:

(@ 1 0@ =idipy and D o (@ H)* =id kg
Given any closed k-form w on M, then in HX, (M) we have:
o (@71 [w] = & [(® 1) w] = [0 o (&) w] = [w].

In other words, ®* o (®~1)* is also the identity map of HX,(M). Similarly, one can
also show (@71)* o @* is the identity map of HX, (N). Therefore, HX (M) and HX (N)
are isomorphic (as vector spaces). g
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Corollary 5.8. Given any smooth manifold M which is diffeomorphic to a star-shaped open
set in R", we have HYx (M) ~ {[0]}, or in other words, every closed 1-form w on such a
manifold M is exact.

Proof. Combine the results of the Poincaré Lemma (Theorem 5.4) and the diffeomor-
phism invariance of HéR (Theorem 5.7). O

Consequently, a large class of open sets in R” has trivial HcllR as long as it is
diffeomorphic to a star-shaped manifold. For open sets in R?, there is a celebrated result
called Riemann Mapping Theorem, which says any (non-empty) simply-connected
open bounded subset U in R? is diffeomorphic to the unit open ball in R?. In fact, the
diffeomorphism can be chosen so that angles are preserved, but we don’t need this
when dealing with de Rham cohomology.

Under the assumption of Riemann Mapping Theorem (whose proof can be found
in advanced Complex Analysis textbooks), we can establish that Hiz (U) = {[0]} for
any (non-empty) simply-connected subset U in IR?. Consequently, any closed 1-form
on such a domain U is exact on U. Using the language in Multivariable Calculus
(or Physics), this means any curl-zero vector field defined on a (non-empty) simply-
connected domain U in R? must be conservative on U. You might have learned this
fact without proof in MATH 2023.
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5.2. Deformation Retracts

In the previous section, we learned that two diffeomorphic manifolds have isomorphic
de Rham cohomology groups. In short, we say de Rham cohomology is a diffeomorphic
invariance. In this section, we will discuss another type of invariance: deformation
retracts.

Let M be a smooth manifold (with or without boundary), and X is a submanifold
of M. Note that X can have lower dimension than M. Roughly speaking, we say X is a
deformation retract of M if one can continuously contract M onto X. Let’s make it more
precise:

Definition 5.9 (Deformation Retract). Let M be a smooth manifold, and X is a
submanifold of M. If there exists a C! family of smooth maps {¥;: M — M} ieio]
satisfying all three conditions below:

e Yo(x) =xforany x € M, ie. Yo =idy;

o ¥i(x) eXforanyx € M,ie. ¥1: M — %;

e Yi(p)=pforany p € X, t € [0,1], i.e. ¥¢|y =idy forany t € [0,1],

then we say ¥ is a deformation retract of M. Equivalently, we can also say M
deformation retracts onto X.

One good way to think of a deformation retract is to regard ¢ as the time, and
Y; is a “movie” that demonstates how M collapses onto . The condition ¥y = id,
says initially (at t = 0), the “movie” starts with the image M. At the final scene (at
t = 1), the condition ¥; : M — X says that the image eventually becomes ¥ . The last
condition ¥¢(p) = p for any p € X means the points on £ do not move throughout the
movie. Before we talk about the relation between cohomology and deformation retract,
let’s first look at some examples:

Example 5.10. The unit circle S' defined by {(x,y) : x> + y*> = 1} is a deformation
retract of the annulus {(x,y) : § < x2+y? < 4}. To describe such a retract, it’s best to
use polar coordinates:
¥i(re) = (r+t(1—r))e?

For each t € [0,1], the map ¥; has image inside the annulus since r + t(1 —r) € (3,2)
whenever r € (%,2) and t € [0,1]. One can easily check that ¥o(re®) = re?, ¥ (re??) =
e® and ¥(e®) = ¢ for any (r,60) and t € [0,1]. Hence ¥; fulfills all three condition
stated in Definition 5.9.

Dm

Example 5.11. Intuitively, we can see the letters E, F, H, K, L, M and N all deformation
retract onto the letter I. Also, the letter Q deformation retracts onto the letter O. The
explicit ¥; for each deformation retract is not easy to write down. 0

Example 5.12. A two-dimensional torus with a point removed can deformation retract
onto two circles joined at one point. Try to visualize it! g

Exercise 5.4. Show that the unit circle x? + y? = 1 in IR? is a deformation retract

of R%\{(0,0)}.

Exercise 5.5. Show that any star-shaped open set U in R” deformation retracts
onto its base point.
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Exercise 5.6. Let M be a smooth manifold, and Xy be the zero section of the
tangent bundle, i.e. Xy consists of all pairs (p,0,) in TM where p € M and 0y, is
the zero vector in T, M. Show that the zero section ¥ is a deformation retract of
the tangent bundle TM.

Exercise 5.7. Define a relation ~ of manifolds by declaring that M; ~ M if and
only if M; is a deformation retract of M,. Is ~ an equivalence relation?

We next show an important result in de Rham theory, which asserts that deforma-
tion retracts preserve the first de Rham cohomology group.

Theorem 5.13 (Invariance under Deformation Retracts). Let M be a smooth manifold,
and X be a submanifold of M. If ¥ is a deformation retract of M, then Hlp (M) and Hi ()
are isomorphic.

Proof. Let:: X — M be the inclusion map, and {¥; : M = M},¢[o,1) be the family of
maps satisfying all conditions stated in Definition 5.9. Then, the pull-back map *
AT*M — AIT*Z induces a map ¢* : Hi (M) — H}: (2). Also, the map ¥1: M — X
induces a pull-back map ¥; : Hiz (£) — Hli(M). The key idea of the proof is to show
that ¥7 and /* are inverses of each other as maps between H}y (M) and H; (X).

Let w be an arbitrary closed 1-form defined on M. Similar to the proof of Poincaré
Lemma (Theorem 5.4), we consider the scalar function f : M — R defined by:

fx) = [w)w

Here, ¥ (x) is regarded as a curve with parameter ¢ joining ¥o(x) = x and ¥;(x) € X.
We will show the following result:

(5.1) Yi'w—w=df

which will imply [w] = ¥;:*[w], or in other words, ¥} o * = id on H}y (M).

To prove (5.1), we use local coordinates (uy,...,u,), and express w in terms of
local coordinates w = ¥; w;du’. For simplicity, let’s assume that such a local coordinate
chart can cover the whole curve ¥;(x) for t € [0,1]. We will fix this issue later. For
each t € [0,1], we write ¥i(x) to be the u;-coordinate of ¥;(x), i.e. ¥i = u; o ¥;. Then,
one can calculate df using local coordinates. The calculation is similar to the one we
did in the proof of Poincaré Lemma (Theorem 5.4):

a‘I”
f dt

f(x>=/ w—/sz‘Pt
Zafduf Z{/O (Zi;w,‘h W)d}duf

B dw; a¥} oY} o (oY
_;{/o szauk R i TR Bl ))a<a )

uj

dt} du/
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Next, recall that w is a closed 1-form, so we have g;ul = %C:k for any i, k. Using this on
f 4

the first term, and by switching indices of the second term in the integrand, we get:
1 dwy oYk o¥i o [oYf ;
= ]
@)x) ;{/o [Zk G |y, 0, a1+ k) g <a arp
=1

19 ok . avk]"™

; {/O : (;wk(‘i’t(x)) 3 ) dt} du ]Xk; [wk(‘ﬂ(x)) o 1 o

where the last equality follows from the (backward) chain rule.
Denote i; : ¥+(M) — M the inclusion map at time £, then one can check that

Fiifw(x) = (4o ¥e) w(x) = (110 ¥p)" ) wedu
k

LtO‘Pt d(ukotto‘I’t(x))

o
e

= (i o Pe(x d‘{”f
gk
Y wn(¥i(x)) T
. o
ik j
Therefore, we get:
(1t=1
oY}
af = Z wi(Fe(x )au dul = [¥;ifw]iZ O—Tltlw Yipw.
i Ji=o

Since ¥y = idps and ¢y = idps, we have proved (5.1). In case ¥ (x) cannot be covered by
one single local coordinate chart, one can then modify the above proof a bit by covering
the curve ¥ (x) by finitely many local coordinate charts. It can be done because ¥;(x)
is compact. Suppose 0 =ty < t; < ... < ty = 1 is a partition of [0, 1] such that for each
a, the curve ¥ (x) restricted to t € [t,_1, x| can be covered by a single local coordinate
chart, then we have:

fa EH”
Z/ Zwl ‘I{[ tdt
fy—1 i
Proceed as in the above proof, we can get:
N
df = ), (Yo = ¥i a4, w) = ¥ide — ¥,
=1

which completes the proof of (5.1) in the general case.

To complete the proof of the theorem, we consider an arbitrary 1-form 7 on X. We
claim that

(5.2) FYin = 1.
We prove by direct verification using local coordinates (i1, ..., u,) on M such that:

(ul,...,uk,O,...,O) €.
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Such a local coordinate system always exists near £ by Immersion Theorem (Theorem
2.42). Locally, denote = Zﬁ‘,l 1; du', then

(¥in)(x) = Z‘Yl 7i(x Zm ¥1(x)) d(u' 0 ¥1)
a¥! ;
BRI >>ﬁdw.
i=1j=1 Uuj
Since ¥1(x) = x whenever x € ¥, we have ¥i(x) = u;(x) where u;(x) is the i-th
oY ;
coordinate of x. Therefore, we get 1 (%) = 9u; = ¢;j and so:
ou; Ju;
(¥in)(x Z i (x) 8y du/ = Zm(X) du’ = 1)(x)
ij=1 =1

for any x € X. In other words, :*Y77 = 1 on X. This proves (5.2).

Combining (5.1) and (5.2), we get 1* o ¥; = id on H3(X), and ¥; o /* = id on
HéR(M). As a result, Y] and (* are inverses of each other in HéR. It completes the
proof that Hl (M) and H (X) are isomorphic. O

Using Theorem 5.13, we see that Hi (R*\{(0,0)}) and H(S!) are isomorphic,
and hence by (R?\{(0,0)}) = b;(S!). At this moment, we still don’t know the exact
value of by (S'), but we will figure it out in the next section.

Note that Theorem 5.13 holds for HSR for any k > 2 as well, but the proof again

uses some Lie derivatives and Cartan’s formula, which are beyond the scope of this
course.

Another nice consequence of Theorem 5.13 is the 2-dimensional case of the follow-
ing celebrated theorem in topology:

Theorem 5.14 (Brouwer’s Fixed-Point Theorem on IR?). Let B;(0) be the closed ball with
radius 1 centered at origin in R2. Suppose ® : B1(0) — B1(0) is a smooth map between
B1(0). Then, there exists a point x € B1(0) such that ®(x) = x.

Proof. We prove by contradiction. Suppose ®(x) # x for any x € B;(0). Then, we let
¥;(x) be a point in By (0) defined in the following way:
(1) Consider the vector x — ®(x) which is non-zero.
(2) Consider the straight ray emanating from x in the direction of x — ®(x). This ray
will intersect the unit circle S at a unique point py.
(38) We then define ¥;(x) := (1 — t)x + tpx
We leave it as an exercise for readers to write down the explicit formula for ¥;(x), and
show that it is smooth for each t € [0, 1].
Clearly, we have ¥((x) = x for any x € B1(0); ¥1(x) = px € S!; and if |x| = 1, then
px = x and so ¥¢(x) = x.
Therefore, it shows S! is a deformation retract of B;(0), and by Theorem 5.13,
their Hl;’s are isomorphic. However, we know Hl (B (0)) ~ {[0]}, while H}(S!) ~
IRR?\{(0,0)}) # {[0]}. It is a contradiction! It completes the proof that there is at
least a point x € B1(0) such that ®(x) = x. O



150 5. De Rham Cohomology

Exercise 5.8. Write down an explicit expression of py in the above proof, and hence
show that ¥; is smooth for each fixed .

Exercise 5.9. Generalize the Brouwer’s Fixed-Point Theorem in the following
way: given a manifold Q) which is diffeomorphic to B1(0), and a smooth map
@ : () — ). Using Theorem 5.14, show that there exists a point p € () such that

@(p) =p.

Exercise 5.10. What fact(s) are needed to be established in order to prove the
Brouwer’s Fixed-Point Theorem for general R” using a similar way as in the proof
of Theorem 5.14?
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5.3. Mayer-Vietoris Theorem

In the previous section, we showed that if ¥ is a deformation retract of M, then
Hlz(2) and H} (M) are isomorphic. For instance, this shows H}. (S!) is isomorphic
to Hz (R?\{(0,0)}). Although we have discussed that H3z (R*\{(0,0)}) is non-trivial,
we still haven’t figured out what this group is. In this section, we introduce a useful tool,
called Mayer-Vietoris sequence, that we can use to compute the de Rham cohomology
groups of R?\{(0,0)}, as well as many other spaces.

5.3.1. Exact Sequences. Consider a sequence of homomorphism between abelian
groups:
Ty T; T; G
"'L>Gk71—k>ckﬂ>ck+l Il N

We say it is an exact sequence if the image of each homomorphism is equal to the kernel
of the next one, i.e.

ImT;,_y =kerT; foreachi.

One can also talk about exact-ness for a finite sequence, say:

T T T T,— T
Go—=5G >G> 5 G, 5 Gy

However, such a T7 would not have a previous map, and such an T,, would not have
the next map. Therefore, whenever we talk about the exact-ness of a finite sequence of
maps, we will add two trivial maps at both ends, i.e.

(5.3) 036 e 265 6,6, %o

The first map 0 AN Go is the homomorphism taking the zero in the trivial group to the
zero in Gy. The last map Gy Y 0is the linear map that takes every element in G, to
the zero in the trivial group. We say the finite sequence (5.3) an exact sequence if

Im (0 LN Go) =kerT;, ImT, =ker(G, LN 0), and ImT; =kerT;;; for any i.

Note that Im (0 9, Go) = {0} and ker(G, 9, 0) = Gy, so if (5.3) is an exact sequence,
it is necessary that

kerTi) ={0} and ImT, =G,
or equivalently, Tj is injective and T, is surjective.

One classic example of a finite exact sequence is:

0-z45cda\for—o
where 1 : Z — C is the inclusion map taking n € Z to itself n € C. The map
f:C — C\{0} is the map taking z € C to ?™* € C\{0}.
It is clear that ¢ is injective and f is surjective (from Complex Analysis). Also,

we have Im: = Z and ker f = Z as well (note that the identity of C\{0} is 1, not 0).
Therefore, this is an exact sequence.

Exercise 5.11. Given an exact sequence of group homomorphisms:

0sALBSCcoo,

(a) If it is given that C = {0}, what can you say about A and B?
(b) If it is given that A = {0}, what can you say about B and C?
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5.3.2. Mayer-Vietoris Sequences. We talk about exact sequences because there
is such a sequence concerning de Rham cohomology groups. This exact sequence,
called the Mayer-Vietoris sequence, is particularly useful for computing HgR for many
manifolds.

The basic setup of a Mayer-Vietoris sequence is a smooth manifold (with or without
boundary) which can be expressed a union of two open sets U and V,ie. M =UU V.
Note that we do not require U and V are disjoint. The intersection U NV is a subset of
both U and V; and each of U and V is in turn a subset of M. To summarize, we have
the following relations of sets:

u

LN

unv M
1%

where iy, iy, jy and jy are inclusion maps. Each inclusion map, say jiy : U = M,
induces a pull-back map jj; : AFT*M — AFT*U which takes any k-form w on M, to the
k-form w|; restricted on U, i.e. jj;(w) = w| for any w € AKT*M. In terms of local
expressions, there is essentially no difference between w and w|;; since U is open. If
locally w = Y ; w; du' on M, then wly = Liw; du' as well. The only difference is the
domain: w(p) is defined for every p € M, while w|;; (p) is defined only when p € U.

To summarize, we have the following diagram:

‘ u
2N

unv M
1%

Using the pull-backs of these four inclusions iy, iy, jiy and jy, one can form a
sequence of linear maps for each integer k:
o it -
(5.4) 0 — AFT*M 1Y% ART* U @ ARTY A2 ART* (U A V) — 0

Here, AKT*U @& AKT*V is the direct sum of the vector spaces ART*U and AFT*V,
meaning that:

AT U@ AFT*V = {(w, 1) : w € AFT*U and 57 € AFT*V}.
The map ji; @ ji, : AFT*M — AFT*U @ AFT*V is defined by:
(i @ jv)(w) = (juw, jyw) = (wly, wly).
The map AFT*U @ AFT*V LA ART*(U NV) is given by:
(i — iy)(w, ) = ifw — iy = wlyay = 7yay -

We next show that the sequence (5.4) is exact. Let’s first try to understand the
image and kernel of each map involved.

Given (w,n) € ker(i}; —i},), we will have w|;~y = 7|y Therefore, ker(ij; — i})
consists of pairs (w, ) where w and 7 agree on the intersection U N V.
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Now consider Im (j;; @ jj,), which consists of pairs of the form (w|;, w|y,). Cer-
tainly, the restrictions of both w|;; and w|y, on the intersection U NV are the same, and
hence the pair is inside ker(i}; — i{;). Therefore, we have Im (ji; @ ji,) C ker(i}; — i},).

In order to show (5.4) is exact, we need further that:

(1) ji; @ jy is injective;
(2) i} — iy, is surjective; and
3 ker(ify — i) € Im (j5; & i)

We leave (1) as an exercises, and will give the proofs of (2) and (3).

Exercise 5.12. Show that j; @ jj, is injective in the sequence (5.4).

Proposition 5.15. Let M be a smooth manifold. Suppose there are two open subsets U and
V of M such that M = UUV, and U NV is non-empty, then the sequence of maps (5.4) is
exact.

Proof. So far we have proved that jj; @ jj, is injective, and Im (j; @ j,) C ker(ij; — if;).
We next claim that ker (i, — i},) C Im (jj; ® ji):

Let (w,n) € ker(if; — i{;), meaning that w is a k-form on U, 7 is a k-form on V,
and that w|;ny = 7|yny- Define a k-form o on M = U UV by:

w onlU
g =
{17 onV

Note that ¢ is well-defined on U NV since w and 7 agree on U N V. Then, we have:
(w, ) = (ely, oly) = (ue,jve) = (ju @ jv)o € Im (g © jy)-
Since (w, 17) is arbitrary in ker(i}; — ij,), this shows:
ker(iy; — i) C Im (ji7 © jy)-
Finally, we show ij; — i}, is surjective. Given any k-form § € AKT*(U NV), we need

to find a k-form w’ on U, and a k-form 7’ on V such that ' — 5’ =6 on UN V. Let
{pu, pv} be a partition of unity subordinate to {U, V}. We define:

W — oy onUNV
)0 on U\V

Note that ' is smooth: If p € supppy C V, then p € V (which is open) and so
w' = pyB in an open neighborhood of p. Note that py and 6 are smooth at p, so
w’ is also smooth at p. On the other hand, if p & supp py, then «w’ = 0 in an open
neighborhood of p. In particular, «w’ is smooth at p.

Similarly, we define:
;o {—pue onUnv
=0 on V\U
which can be shown to be smooth in a similar way.
Then, when restricted to U NV, we get:

“’/‘umv - 77,|U|’1V = pvb +pub = (pv +pu) b = 0.

In other words, we have (ij; —i},)(w', ") = 6. Since 6 is arbitrary, we proved i}; — i}, is
surjective. O
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Recall that a pull-back map on k-forms induces a well-defined pull-back map on
HgR. The sequence of maps (5.4) between space of wedge products induces a sequence
of maps between de Rham cohomology groups:

65 0 Hi (M) DY gE (1) e B (V) 0 B (un ) <o
Here, ji; @ ji; and ij; — i}, are defined by:

Uu @ jv)lw] = (ulwl jviw]) = (g, [jyw])
(ig —iv) ([w], [7]) = iglw] = iv[n] = [igw] = [H7].

However, the sequence (5.5) is not exact because jj; @ j;; may not be injective, and
if, — i}, may not be surjective. For example, take M = R?\{(0,0)}, and define using
polar coordinates the open sets U = {re?® : r > 0,0 € (0,2m)} and V = {re®® : r >
0,6 € (—m,m)}. Then, both U and V are star-shaped and hence both Hl; (U) and
H; (V) are trivial. Nonetheless we have exhibited that H!y (M) is non-trivial. The
map j;; @ ji, from a non-trivial group to the trivial group can never be injective!

Exercise 5.13. Find an example of M, U and V such that the map ij; — i}, in (5.5)
is not surjective.

Nonetheless, it is still true that ker(i}; — ij,) = Im (jj; @ ji;), and we will verify it in
the proof of Mayer-Vietoris Theorem (Theorem 5.16). Mayer-Vietoris Theorem asserts
that although (5.5) is not exact in general, but we can connect each short sequence

below:
Hig (M) =% il Hig (U) & Hig (V) lu—v> Hyx(UNV)
@
Hip(M) 225 B () @ HYp(v) 25 By unv)

=iy

(M) 5500 12 () @ H2p(v) 2 B2 unv)

to produce a long exact sequence.

Theorem 5.16 (Mayer-Vietoris Theorem). Let M be a smooth manifold, and U and V
be open sets of M such that M = U U V. Then, for each k > 0 there is a homomorphism

§:HE(UNV) — Hgﬁl(M) such that the following sequence is exact:

2y k(M) 85 g () @ He (V) 2 B (unv) S HEL (M) S -

This long exact sequence is called the Mayer-Vietoris sequence.

The proof of Theorem 5.16 is purely algebraic. We will learn the proof after looking
at some examples.

5.3.3. Using Mayer-Vietoris Sequences. The Mayer-Vietoris sequence is partic-
ularly useful for computing de Rham cohomology groups and Betti numbers using
linear algebraic methods. Suppose M can be expressed as a union U U V of two open
sets, such that the HgR’s of U, V and UNV can be computed easily, then HgR(M)
can be deduced by “playing around” the kernels and images in the Mayer-Vietoris
sequence. One useful result in Linear (or Abstract) Algebra is the following:
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Theorem 5.17 (First Isomorphism Theorem). Let T : V. — W be a linear map between
two vector spaces V and W. Then, we have:

ImT=V/kerT.
In particular, if V and W are finite dimensional, we have:
dimker T+ dimIm T = dim V.

Proof. Let ® : ImT — V/ ker T be the map defined by:

®(T(v)) = [v]
for any T(v) € ImT. This map is well-defined since if T(v) = T(w) in Im T, then
v —w € ker T, which implies [v] = [w] in the quotient vector space V/ ker T. It is easy

(hence omitted) to verify that & is linear.
® is injective since whenever T(v) € ker ®, we have ®(T(v)) = [0] which implies

[v] = [0] and hence v € ker T (i.e. T(v) = 0). Also, ® is surjective since given any
[v] € V/ker T, we have ®(T(v)) = [v] by the definition of ®.
These show @ is an isomorphism, hence completing the proof. O

Example 5.18. In this example, we use the Mayer-Vietoris sequence to compute Hp (S1).
Let:
M =8!, U= M\{north pole}, V = M\ {south pole}.

Then clearly M = UU YV, and U NV consists of two disjoint arcs (each of which
deformation retracts to a point). Here are facts which we know and which we haven't
yet known:

Hggr(M) =R Hir(U) =R Hg(V) =R Hgi(UNV)=R®R
Hlg(M) unknown Hip(U)=0 Hip(V)=0 HRUNV)=0

By Theorem 5.16, we know that the following sequence is exact:

Sk ok '*@'*
oo = HOR(U) @ HYR (V) 5% HOp(UN V) S Hig(M) 22% Hi (1) @ Hig(V)
RER RER ? 0

Therefore, ¢ is surjective.

By First Isomorphism Theorem (Theorem 5.17), we know:
H,(UNV)

kerés
Elements of HgR(LI N V) are locally constant functions of the form:

a on left arc
fa,b = {

Hig(M) =Im =

b onright arc

Since the Mayer-Vietoris sequence is exact, we have keré = Im (if; — ij,). The
space HY, (U), HiR(V) and Hx (U N V) consist of locally constant functions on U,
V and U NV respectively, and the maps ij; — i}, takes constant functions (ki,k2) €
HY: (U) & HYR (V) to the constant function fi, _k, x, —k, on U N V. Therefore, the first
de Rham cohomology group of M is given by:

ta,b € R} R2
Hl M) = {fa,b a, ~ ,
dR( ) {fafb,afb ta,be ]R} {(x,y) X = y}
and hence by (M) :dimH}iR(M) —2_1=1 -
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Example 5.19. Let’s discuss some consequences of the result proved in the previous
example. Recall that R?\{(0,0)} deformation retracts to S'. By Theorem 5.13, we know

Hig (R*\{(0,0)}) = Hig (S").

This tells us by (R?\{(0,0)}) = 1 as well. Recall that the following 1-form:

wo Y cix +xdy
x2 +y?
is closed but not exact. The class [w] is then trivial in Hiz(R*\{(0,0)}). In an
one-dimensional vector space, any non-zero vector spans that space. Therefore, we
conclude:
Har(R*\{(0,0)} = {c[w] : c € R}.

where w is defined as in above.

As a result, if ' is a closed 1-form on IR?\ {(0,0)}, then we must have

[w'] = clw]
for some ¢ € R, and so w’ = cw + df for some smooth function f : R?\{(0,0)} — R.

Using the language of vector fields, if V(x,y) : R*\{(0,0)} — R? is a smooth
vector field with V x V = 0, then there is a constant ¢ € R and a smooth function
f:R?\{(0,0)} — R such that:

V:c(W)Jer.

x2 + y2

Exercise 5.14. Let T? be the two-dimensional torus. Show that by (T?) = 2.

Exercise 5.15. Show that by (S?) = 0. Based on this result, show that any curl-zero
vector field defined on R\ {(0,0,0)} must be conservative.

One good technique of using the Mayer-Vietoris sequence (as demonstrated in the
examples and exercises above) is to consider a segment of the sequence that starts and
ends with the trivial space, i.e.

0O—-Vi—=Vo—=.-- =V, =0

If all vector spaces V;’s except one of them are known, then the remaining one (at least
its dimension) can be deduced using First Isomorphism Theorem. Below is a useful
lemma which is particularly useful for finding the Betti number of a manifold:

Lemma 5.20. Let the following be an exact sequence of finite dimensional vector spaces:

T T: T,
0V 5V, 3. . 2LV, —0.

Then, we have:

dimV; —dimV, +dim V3 — - -- 4 (=1)"1dimV,, = 0

Proof. By exact-ness, the map T;,_1 : V;,_1 — Vj, is surjective. By First Isomorphism
Theorem (Theorem 5.17), we get:

V, =Im Tn—l = Vn—l/ ker Tn—l = Vn_l/Im Tnfz.

As a result, we have:
dimV, =dimV,_1 —dimImT,_».
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Similarly, apply First Isomorphism Theorem on T),_, : V,,_p — V,,_1, we get:
dimImT, » =dimV, , —dimImT, 3,
and combine with the previous result, we get:
dimV, =dimV,_1 —dimV,,_, + dimIm T,_3.
Proceed similarly as the above, we finally get:
dimV, =dimV, ; —dimV, ,+...+ (=1)"dim V,
as desired. O
In Example 5.18 (about computing Hy (S')), the following exact sequence was
used:
0 — Har(S") = Hgg(U) ® Hgp (V) = Hgg(UNV) — Hig(S') — Hap(U) & Hg(V)
—— —_——

-
R R&R R&R ? 0

Using Lemma 5.20, the dimension of Hl; (S!) can be computed easily:
dimR — dimR &R + dimR @ R — dim Hiz(S!) =0

which implies dim H} (S') = 1 (or equivalently, by (S!) = 1). Although this method
does not give a precise description of HéR(Sl) in terms of inclusion maps, it is no
doubt much easier to adopt.

In the forthcoming examples, we will assume the following facts stated below
(which we have only proved the case k = 1):

° HgR(U) = 0, where k > 1, for any star-shaped region U C R".
e If T is a deformation retract of M, then HX, () = HX, (M) for any k > 1.

Example 5.21. Consider R?\{py,..., pu} where py,..., py are n distinct points in R?.
We want to find by of this open set.

Define U = R2\{p1,...,pu_1}, V = R?\{pn}, then UUV = RZ and UNV =
R2\{p1,...,pn}. Consider the Mayer-Vietoris sequence:

Hig(UUV) — Hip(U) & Hip(V) - Hig(UNV) — HR(UUV).
—_— —_—
Using Lemma 5.20, we know:
dim Hix (U) ® Hiz(V) —dim Hix(UNV) =0
We have already figured out that dim Hl (V) = 1. Therefore, we get:

dim Hgg (R*\{p1,..., pn}) = dim Hog (R*\{p1,..., pu-1}) + 1.

By induction, we conclude:

bi(R*\{p1, ..., pn}) = dim Hig(R*\{p1, ..., pu}) = n.
0

Example 5.22. Consider the n-sphere S"” (where n > 2). It can be written as U U
V where U := S§"\{north pole} and V := S"\{south pole}. Using stereographic
projections, one can show both U and V are diffeomorphic to R”. Furthermore, U NV
is diffeomorphic to R"\{0}, which deformation retracts to S" 1. Hence HX, (5" 1) =
HA.(UNV) for any k.
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Now consider the Mayer-Vietoris sequence with these U and V, we have for each
k > 2 an exact sequence:

HLH(U) @ HEH(V) — HE WU N V) — HER(S™) — HE(U) @ HER (V).

0 0
This shows HSEl(S"’l) ~ HK.(S") for any k > 2. By induction, we conclude that
H:(8") = Hig(S') = R for any n > 2. O

5.3.4. Proof of Mayer-Vietoris Theorem. To end this chapter (and this course),
we present the proof of the Mayer-Vietoris’s Theorem (Theorem 5.16). As mentioned
before, the proof is purely algebraic. The key ingredient of the proof applies to many
other kinds of cohomologies as well (de Rham cohomology is only one kind of many
types of cohomology).

For simplicity, we denote:
Xk .= AFT*M Yk .= AkT*U @ AFT*V 7k .= AfTH(UN V)
H"(X) := Hiz(M)  HNY):= Hig(U) @ Hz (V) HYZ):=HRUunV)

Furthermore, we denote the pull-back maps ij; — i}, and jj; @ j;, by simply 7 and j
respectively. We then have the following commutative diagram between all these X, Y
and Z:

i

0 Xk Yk L, 7k 0
Ja Js Js

0 k1 T yktl i gkl
d d d

0 Xl£2 i Yl£2 i Zgi‘rz ——

The maps in the diagram commute because the exterior derivative d commute with
any pull-back map. The map d : Y¥ — Y1 takes (w,7) to (dw,dn).

To give a proof of the Mayer-Vietoris Theorem, we first need to construct a linear
map 6 : H (Z) — Hﬁf{l (Z). Then, we need to check that the connected sequence:

LN Z) S Y x) L ER YY) S R Z) S

is exact. Most arguments involved are done by “chasing the commutative diagram”.
Step 1: Construction of Hk(Z) i> HkH(X)

Let [0] € H*(Z), where 8 € ZF is a closed k-form on U N V. Recall from Proposition
5.15 that the sequence

0x*LykLzk 50
is exact, and in particular i is surjective. As a result, there exists w € Y* such that
i(w)=0.
From the commutative diagram, we know idw = diw = df = 0, and hence
dw € keri. By exact-ness, Im j = ker i and so there exists 7 € X**1 such that j(17) = dw.

Next we argue that such 7 must be closed: since j(dy) = d(jy) = d(dw) =0, and j
is injective by exact-ness. We must have diy = 0, and so 7 represents a class in H**1(X).
To summarize, given [0] € H*(Z), w and 7 are elements such that

i(w)=0 and j(y)=dw.
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We then define 6[6] := [n] € H*1(X).
Step 2: Verify that 6 is a well-defined map

Suppose [0] = [0] in H5;(Z). Let ' € Y* and ' € X**! be the corresponding
elements associated with ¢, i.e.

i(W)=0 and j(n')=duo'
We need to show [5] = [] in H1(X).
From [0] = [6'], there exists a (k — 1)-form B in Z¥~1 such that 8 — ' = dB, which
implies:
i(w—w')=0-0 =dp.
By surjectivity of i : Y<=1 — ZK=1  there exists « € Y¥~! such that ix = B. Then we get:
i(w—«') =d(ia) = ida
which implies (w — w') — da € keri.
By exact-ness, keri = Im j and so there exists v € X* such that
v = (w— ') —da.
Differentiating both sides, we arrive at:
djy = d(w - ') = da = j(1 — 1)
Therefore, jdy = djy = j(n — 1"), and by injectivity of j, we get:
n—n' =dy
and so [y] = [1'] in H1(X).
Step 3: Verify that ¢ is a linear map

We leave this step as an exercise for readers.
Step 4: Check that H*(Y) EN H*(Z) KN HM1(X) is exact

To prove Imi C ker 6, we take an arbitrary [0] € Imi C H¥(Z), there is [w] € H¥(Y)
such that [0] = i[w], we will show 6[f] = 0. Recall that [iw] is the element [] in
H*1(X) such that jy = dw. Now that w is closed, the injectivity of j implies 7 = 0.
Therefore, §[0] = é[iw] = [0], proving [0] € ker d.

Next we show kerd C Imi. Suppose [0] € ker d, and let w and 5 be the forms such
that i(w) = 8 and j(17) = dw. Then [5] = 6[f] = [0], so there exists 7y € X~ such that
1 = dv, which implies j(dy) = dw, and so w — jv is closed. By exact-ness, i(jy) = 0,
and so:

0=i(w)=ilw—jy).
For w — j7 being closed, we conclude [8] = i[w — jvy] € Imi in H*(Z).
Step 5: Check that H¥(Z) < HF1(X) IR H¥1(Y) is exact
First show ImJ C kerj. Let [f] € H*1(Z), then 6[0] = [17] where
i(w)=0 andj(y)=dw.
As aresult, j6[] = j[] = [dw] = [0]. This shows §[6] € ker}.
Next we show kerj C Imé. Let j[w] = [0], then jw = da for some & € Y*. Since:

i(v) =ie and j(w)=da
We conclude éfin] = [w], or in other words, [w] € Im 4.

Step 6: Check that H*+1(X) L Hk1(Y) EN H*1(Z) is exact
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The inclusion Imj C keri follows from the fact that i(jy) = 0 for any closed
n € X¥1, and hence ij[5] = [0]. Finally, we show keri C Im j: suppose [w] € keri so
that icw = d for some B € ZF. By surjectivity of i : Y& — Z¥, there exists a € Y* such
that B = ix. As a result, we get:

iw=dix =—ide — w —dua € keri.

Since keri = Imj on the level of X*+1 — Y1 s 7k+1 there exists ¢ € X 1 such that
j¥ = w — da. One can easily show ¢ is closed by injectivity of

jdy=djy=d(w—da) =0 = dy=0
and so [y] € H*1(X). Finally, we conclude:
1] = [w — da] = []
and so [w] € Imj.

* End of the proof of the Mayer-Vietoris Theorem *
** End of MATH 4033 **
*** | hope you enjoy it. ***



Appendix A

Geometry of Curves

“Arc, amplitude, and curvature
sustain a similar relation to each other
as time, motion and velocity, or as
volume, mass and density.”

Carl Friedrich Gauss

The rest of this lecture notes is about geometry of curves and surfaces in R? and R®.
It will not be covered during lectures in MATH 4033 and is not essential to the course.
However, it is recommended for readers who want to acquire workable knowledge on
Differential Geometry.

A.1. Curvature and Torsion

A.1.1. Regular Curves. A curve in the Euclidean space R" is regarded as a
function r(t) from an interval I to R”. The interval I can be finite, infinite, open, closed
or half-open. Denote the coordinates of R" by (x1, 2, ..., ), then a curve r(t) in R"
can be written in coordinate form as:

() = (x1(£), x2(t), ..., xu(£)).

One easy way to make sense of a curve is to regard it as the trajectory of a particle.
At any time t, the functions x1(t), x2(t),..., x,(t) give the coordinates of the particle in
R". Assuming all x;(t), where 1 < i < n, are at least twice differentiable, then the first
derivative r'(t) represents the velocity of the particle, its magnitude |r'(t)| is the speed of
the particle, and the second derivative r”(t) represents the acceleration of the particle.

As a course on Differential Manifolds/Geometry, we will mostly study those curves
which are infinitely differentiable (i.e. C*). For some technical purposes as we will
explain later, we only study those C® curves r(t) whose velocity r'(t) is never zero. We
call those curves:

Definition A.1 (Regular Curves). A regular curve is a C* function r(t) : I — R" such
that r'(t) # 0 forany t € I.

Example A.2. The curve r(t) = (cos(e'), sin(e')), where t € (—o0,00), is a regular
curve since r'(t) = (—e' sin(e’), e’ cos(e')) and |r'(t)| = e # 0 for any ¢.

161
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However, T(t) = (cost?, sint?), where t € (—o0,00), is not a regular curve since
¥ (t) = (—2tsint?, 2t cos ?) and so ¥ (0) = 0.

Although both curves r(t) and ¥(t) represent the unit circle centered at the origin
in R?, one is regular but another is not. Therefore, the term regular refers to the
parametrization rather than the trajectory. g

A.1.2. Arc-Length Parametrization. From Calculus, the arc-length of a curve r(t)
from t = t( to t = t; is given by:

"ty
/ ¥’ ()| at.
to

Now suppose the curve r(t) starts at t = 0 (call it the initial time). Then the following
quantity:

t
s(t) == / IV (1) dr
0
measures the distance traveled by the particle after f unit time since its initial time.
Given a curve r(t) = (cos(ef — 1), sin(ef — 1)), we have
r'(t) = (—e'sin(e’ —1),e' cos(ef — 1)),
IF'(t)| =e" #0 foranyt € (—oo,00).
Therefore, r(t) is a regular curve. By an easy computation, one can show s(t) = e/ — 1

and so, regarding t as a function of s, we have t(s) = log(s + 1). By substituting
t =log(s + 1) into r(t), we get:

r(t(s)) =r(log(s+1)) = (cos(el"g(”l) — 1), sin(elos(+1) — 1)) = (coss, sins).

The curve r(f(s)) is ultimately a function of s. With abuse of notations, we denote
r(t(s)) simply by r(s). Then, this r(s) has the same trajectory as r(¢) and both curves
at C®. The difference is that the former travels at a unit speed. The curve r(s) is a
reparametrization of r(t), and is often called an arc-length parametrization of the curve.

However, if we attempt to do find a reparametrization on a non-regular curve
say 7(t) = (cos(#?), sin(#?)), in a similar way as the above, we can see that such the
reparametrization obtained will not be smooth. To see this, we first compute

t t 2 : > 0-
s(t):/ |?4(T)|d‘[:/ 2|tdt = {t - 520,
0 0 —

if t <O.

Therefore, regarding t as a function of s, we have

() = NG if s >0;
| —v=s ifs<o.
Then,
. s
Fs) 1= T(t(s)) = (cos(s), sm'(s)) %f s>0;
(cos(—s), sin(—s)) ifs <0,
or in short, ¥(s) = (cos(s), sin |s|), which is not differentiable at s = 0.

It turns out the reason why the reparametrization by s works well for r(t) but not
for ¥(t) is that the former is regular but the later is not. In general, one can always
reparametrize a regular curve by its arc-length s. Let’s state it as a theorem:
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Theorem A.3. Given any regular curve r(t) : I — R", one can always reparametrize it by
arc-length. Precisely, let to € I be a fixed number and consider the following function of t:

s(t) == /t: ¥ ()| dr.

Then, t can be regarded as a C* function of s, and the reparametrized curve r(s) := r(t(s)) is

a regular curve such that ‘%r(s)‘ =1 for anys.

Proof. The Fundamental Theorem of Calculus shows

d d [t
L2 )= )] >0
0

We have |r/(t)| > 0 since r(t) is a regular curve. Now s(t) is a strictly increasing
function of ¢, so one can regard t as a function of s by the Inverse Function Theorem.
Since s(t) is C* (because r(t) is C* and |r'(t)| # 0), by the Inverse Function Theorem
t(s) is C* too.

To verify that ’%r(s) ’ =1, we use the chain rule:

i(s)fﬂ.ﬂ
ds )T dt ds
1
:r,(t>E
dt
d 1

O

Exercise A.1. Determine whether each of the following is a regular curve. If so,
reparametrize the curve by arc-length:

(@) r(t) = (cost, sint, t), t€ (—o0,00)
(b) r(t) = (t—sint, 1 —cost), € (—o0,00)

A.1.3. Definition of Curvature. Curvature is quantity that measures the sharpness
of a curve, and is closely related to the acceleration. Imagine you are driving a car
along a curved road. On a sharp turn, the force exerted on your body is proportional to
the acceleration according to the Newton’s Second Law. Therefore, given a parametric
curve r(t), the magnitude of the acceleration |r”(t)| somewhat reflects the sharpness of
the path — the sharper the turn, the larger the | (t)].

However, the magnitude |r”(t)| is not only affected by the sharpness of the curve,
but also on how fast you drive. In order to give a fair and standardized measurement of
sharpness, we need to get an arc-length parametrization r(s) so that the “car” travels
at unit speed.

Definition A.4 (Curvature). Let r(s) : I — R" be an arc-length parametrization of a
path 7 in R". The curvature of v is a function x : I — IR defined by:

Kk(s) = |r"(s)|.

Remark A.5. Since an arc-length parametrization is required in the definition, we talk
about curvature for only for regular curves. O
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Another way (which is less physical) to understand curvature is to regard r”(s) as
%T(s) where T(s) := r'(s) is the unit tangent vector at r(s). The curvature x(s) is then

given by | 4£T(s)| which measures how fast the unit tangents T(s) move or turn along

the curve (see Figure A.1).

T'(s)

small curvature

Figure A.1. curvature measures how fast the unit tangents move

Example A.6. The circle of radius R centered at the origin (0,0) on the xy-plane can be
parametrized by r(t) = (Rcost, Rsint). It can be easily verified that |r'(¢)| = R and

so r(t) is not an arc-length parametrization.
To find an arc-length parametrization, we let:

s(t):/Ot|r’(T)| dT:/OthT:Rt.

Therefore, t(s) = % as a function of s and so an arc-length parametrization of the circle

" r(s) :=r(t(s)) = (R cos %, Rsin%) .

To find its curvature, we compute:

Thus the curvature of the circle is given by %, i.e. the larger the circle, the smaller the
curvature. O

Exercise A.2. Find an arc-length parametrization of the helix:
r(t) = (acost, asint, bt)

where a and b are positive constants. Hence compute its curvature.
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Exercise A.3. Prove that a regular curve r(t) is a straight line if and only if its
curvature « is identically zero.

A.1.4. Curvature Formula. Although the curvature is defined as x(s) = |r”(s)|
where r(s) is an arc-length parametrization of the curve, it is very often impractical to
compute the curvature this way. The main reason is that the arc-length parametrizations
of many paths are very difficult to find explicitly. A “notorious” example is the ellipse:

r(t) = (acost, bsint)

where a and b are positive constants with a # b. The arc-length function is given by:

ot
s(t) = / Va2 sin2 T 4 b2 cos? T dr.
0

While it is very easy to compute the integral when a = b, there is no closed form or
explicit anti-derivative for the integrand if 2 # b. Although the arc-length parametriza-
tion exists theoretically speaking (Theorem A.3), it cannot be written down explicitly
and so the curvature cannot be computed from the definition.

The purpose of this section is to derive a formula for computing curvature without
the need of finding its arc-length parametrization. To begin, we first prove the following
important observation:

Lemma A.7. Let r(s) : I — R" be a curve parametrized by arc-length, then the velocity
r'(s) and the acceleration ' (s) is always orthogonal for any s € 1.

Proof. Since r(s) is parametrized by arc-length, we have |r'(s)| = 1 for any s, and so:

d i, v2_d,
% r (S)‘ = %1 0
d gy ey
R (F'(s)-r'(s)) =0
r(s)-r(s)+r'(s)-r(s) =0
2r"(s) -¥'(s) =0
r’(s)-r'(s) =0
Therefore, r'(s) is orthogonal to r’/(s) for any s. O

Proposition A.8. Given any regular curve r(t) in R, the curvature as a function of t can

be computed by the following formula:
() < O]

I (6)1°

Proof. Since r(t) is a regular curve, there exists an arc-length parametrization r(t(s)),
dr(t)
dt 7

regarding t as the parameter of the curve, and r'(s) as d;(:) regarding s as the parameter
of the curve.

which for simplicity we denote it by r(s). From now on, we denote r'(t) as
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By the chain rule, we have:

dr_drds , . ds
d>c d (dr d (, .ds
_dr'(s) ds d?s

JR— / PR
= a0 e

By the chain rule again, we get:

dr'(s) dr'(s) ds ,, | ds
T e T T

Substitute this back to (A.2), we obtain:

a2, ds\? , . d%
(A3) ST (s) (dt) +r'(s) ¥
Taking the cross product of (A.1) and (A.3) yields:

e d’  [ds\® , Y d2%s ds . ds\°® , Y
(A4) dtxdtz—<dt> r(S)Xr(S)‘f—dtzdtr(s)xr(s)—<dt) r(S)Xr(S).
=0

Since r'(s) and r’/(s) are two orthogonal vectors by Lemma A.7, we have |r'(s) x r(s)| =
IF'(s)]|r"(s)| = x(s). Taking the magnitude on both sides of (A.4), we get:

dr | |ds
dt = dt? dt

3
=K

Therefore, we get:

() x ()]

3

ds
dr

The proof can be easily completed by the definition of s(f) and the Fundamental
Theorem of Calculus:
t
= '"(7)] dt
s= [ 1)l
ds

O]
O

Remark A.9. Since the cross product is involved, Proposition A.8 can only be used for
curves in IR? or IR3. To apply the result for curves in R?, say r(t) = (x(t), y(t)), one
may regard it as the curve r(t) = (x(t), y(t), 0) in R>. O

By Proposition A.8, the curvature of the ellipse can be computed easily. See the

example below:

Example A.10. Let r(t) = (acost, bsint, 0) be a parametrization of an ellipse on the
xy-plane where a and b are positive constants, then we have:

r'(t) = (—asint, bcost, 0)
r"'(t) = (—acost, —bsint, 0)
v'(t) x r'(t) = (absin® t + abcos® t) k = ab k
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Therefore, by Proposition A.8, it’s curvature function is given by:

K(t) = Ir'(t) <" ()] ab

I ()[? (a2sin® t + b2 cos? t)3/2
O

Exercise A.4. Consider the graph of a smooth function y = f(x). Regarding
the graph as a curve in R3, it can be parametrized using x as the parameter by
r(x) = (x, f(x), 0). Show that the curvature of the graph is given by:

__ ™l
"

Exercise A.5. For each of the following curves: (i) compute the curvature x(t)
using Proposition A.8; (ii) If it is easy to find an explicit arc-length parametrization
of the curve, compute also the curvature from the definition; (iii) find the (x,y, z)-
coordinates of the point(s) on the curve at which the curvature is the maximum.

(@) r(t) = (3cost, 4cost, 5t).
(b) r(t) = (t3, 0, t).
(©) r(t) = <2t, £, —%t3).

A.1.5. Frenet-Serret Frame. For now on, we will concentrate on regular curves
in R3. Furthermore, we consider mostly those curves whose curvature function  is
nowhere vanishing. Therefore, straight-lines in IR?, or paths such as the graph of y = 3,

are excluded in our discussion.

Definition A.11 (Non-degenerate Curves). A regular curve r(t) : [ — R is said to be
non-degenerate if its curvature satisfies «(t) # 0 for any ¢ € I.

We now introduce an important basis of R® in the studies of space curves, the
Frenet-Serret Frame, or the TNB-frame. It is an orthonormal basis of IR? associated to
each point of a regular curve in R®.

Definition A.12 (Frenet-Serret Frame). Given a non-degenerate curve r(s) : [ — R3
parametrized by arc-length, we define:

T(s) :=1r'(s) (tangent)
N(s) := |:::Ez% (normal)
B(s) := T(s) x N(s) (binormal)

The triple {T(s), N(s), B(s)} is called the Frenet-Serret Frame of R® at the point r(s)
of the curve. See Figure A.2.

Remark A.13. Note that T is a unit vector since r(s) is arc-length parametrized. Recall
that x(s) := |r’(s)| and the curve r(s) is assumed to be non-degenerate. Therefore, N is
well-defined for any s € I and is a unit vector by its definition. From Lemma A.7, T
and N are orthogonal to each other for any s € I. Therefore, by the definition of cross
product, B is also a unit vector and is orthogonal to both T and N. To conclude, for
each fixed s € I, the Frenet-Serret Frame is an orthonormal basis of R3. O
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4
R/ osculating plane
N
N T
_/

Figure A.2. Frenet-Serret frame

Example A.14. Let r(s) = (cos \iﬁ, sin %, \%) where s € R. It can be verified easily

that it is arc-length parametrized, i.e. |[f'(s)| = 1 for any s € R. The Frenet-Serret
Frame of this curve is given by:

19 =70 = (- Jpsin > Tcos o )
r'(s) = <—;cos iz, —;sin\%, 0)

i j k

_ 1 gnas L s 1
— \/Esmsﬁ \/Ec'osgﬁ 7
—cosﬁ —sm% 0

O

Definition A.15 (Osculating Plane). Given a non-degenerate arc-length parametrized
curve r(s) : I — RR3, the osculating plane T1(s) of the curve is a plane in R3 containing
the point represented by r(s) and parallel to both T(s) and N, i.e.

I1(s) :=r(s) +span{T(s), N(s)}.
(See Figure A.2)

Remark A.16. By the definition of the Frenet-Serret Frame, the binormal vector B(s) is
a unit normal vector to the osculating plane I1(s). O

Exercise A.6. Consider the curve r(t) = (acost, asint, bt) where a and b positive
constants. First find its arc-length parametrization r(s) := r(t(s)), and then
compute its Frenet-Serret Frame.
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Exercise A.7. Show thatif r(s) : I — R is a non-degenerate arc-length parametrized
curve contained in the plane Ax + By 4+ Cz = D where A, B, C and D are constants,
then T(s) and N(s) are parallel to the plane Ax + By + Cz =0 for any s € I, and
B(s) is a constant vector which is normal to the plane Ax + By + Cz = 0.

Exercise A.8. [dC76, P23] Let r(s) be an arc-length parametrized curve in R>. The
normal line at r(s) is the infinite straight line parallel to N(s) passing through the
point represented by r(s). Suppose the normal line at every r(s) pass through a
fixed point p € IR3. Show that r(s) is a part of a circle.

A.1.6. Torsion. If the curve r(s) : [ — R3 is contained in a plane IT in IR3, then the
osculating plane I1(s) coincides the plane IT for any s € I, and hence the binormal
vector B(s) is a unit normal vector to IT for any s € I. By continuity, B(s) is a constant
vector.

On the other hand, the helix considered in Example A.14 is not planar since B(s) is
changing over s. As s increases, the osculating plane Il(s) not only translates but also
rotates. The magnitude of ‘fi—E is therefore a measurement of how much the osculating
plane rotates and how non-planar the curve r(s) looks. It motivates the introduction of
torsion.

However, instead of defining the torsion of a curve to be ‘ZI—E’

a sign for the torsion. Before we state the definition of torsion, we first prove the
following fact:

, we hope to give

Lemma A.17. Given any non-degenerate, arc-length parametrized curve r(s) : I — R3, the
vector B must be parallel to the normal N(s) for any s € L.

Proof. First note that {T(s), N(s), B(s)} is an orthonormal basis of R® for any s € I.

Hence, we have:
dB
) 4(s)T(s) + BN(S) + €(5)B(6)
where a(s) = digs) -T(s), b(s) = d%gs) “N(s) and ¢c(s) = digs) - B(s). It suffices to show
a(s) =c(s) =0foranys € I.

Since B(s) is unit, one can easily see that ¢(s) = 0 by considering % B (c.f.
Lemma A.7). To show a(s) = 0, we consider the fact that:
T(s)-B(s) =0 foranys € I.
Differentiate both sides with respect to s, we get:
dT dB
A. ZoetT - =0,
(A-5) is o s 0
Since 4T = 4¢/(s) = r"'(s) = xN, we get 4T - B = 0 by the definition of B.
Combining this result with (A.5), we get a(s) = T- % = 0. Hence we have

48 — b(s)N and it completes the proof. 0

Definition A.18 (Torsion). Let r(s) : I — R® be an arc-length parametrized, non-
degenerate curve. The torsion of the curve is a function 7 : I — R defined by:

dB
T(s) := s N
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Remark A.19. By Lemma A.17, the vector ‘Z—E and N are parallel. Combining with the
fact that N is unit, one can see easily that:

aB dB
|T(s)| = ‘ds’ IN| cos 0 = ds‘

Therefore, the torsion can be regarded as a signed “Z,—?’ which measures the rate that

the osculating plane rotates as s increases (see Figure A.3). The negative sign appeared
in the definition is a historical convention.

T

Figure A.3. Torsion measures how fast the osculating plane changes along a curve

Example A.20. Consider the curve r(s) = (COS \%, sin %, %) which is the helix
appeared in Example A.14. The normal and binormal were already computed:

e
1 . s 1 s 1

B(s) = — SN ——, ——=C0S——, ——=
) (2 2" V2 V2T V2

Taking the derivative, we get:

B _ (1 S 1.5 4
ds — \2 2 27 2 )
Therefore, the torsion of the curve is:

dB 1
T(S):_ENZE

Exercise A.9. Consider the curve r(t) = (acost, asint, bt) where a and b are
positive constants. Find its torsion 7(s) as a function of the arc-length parameter s.

Exercise A.10. Let r(s) : I — RR® be a non-degenerate, arc-length parametrized
curve. Prove that 7(s) = 0 for any s € I if and only if r(s) is contained in a plane.
[Hint: for the “only if” part, consider the dot product B - T.]
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Exercise A.11. [dC76, P.25] Suppose r(s) : I — R is a non-degenerate, arc-length
parametrized curve such that 7(s) # 0 and «’(s) # 0 for any s € I. Show that the

: . L1 (d1\ 1
curve lies on a sphere if and only if — + () — is a constant.
K dsx/) T
The torsion of a non-degenerate curve r(t) can be difficult to compute from the
definition since it involves finding an explicit arc-length parametrization. Fortunately,
just like the curvature, there is a formula for computing torsion.

Proposition A.21. Let r(t) : I — R3 be a non-degenerate curve, then the torsion of the
curve is given by:

('(t) x (1) - "'(t)
ORI ALGI.

T(t) =

Proof. See Exercise #2?. O

Exercise A.12. The purpose of this exercise is to give a proof of Proposition A.21.
As r(t) is a (regular) non-degenerate curve, there exist an arc-length parametriza-
tion r(s) := r(t(s)) and a Frenet-Serret Frame {T(s), N(s), B(s)} at every point
on the curve. With a little abuse of notations, we denote x(s) := x(t(s)) and

T(s) := T(t(s)).
(a) Show that

(r'(s) x r"(s)) - "(s)

T(s) = ()2
(b) Using (A.3) in the proof of Proposition A.8, show that

3
' (t) = <Zi> " (s) +v(s)
where v(s) is a linear combination of r'(s) and r”(s) for any s.

(c) Hence, show that
7(s) x 1 (s)) - i (s) = (r(t) xr"(t)) - rm(t)'
(r'(s) x r'(s)) - r"(s) T

[Hint: use (A.4) in the proof of Proposition A.8.]

(d) Finally, complete the proof of Proposition A.21. You may use the curvature
formula proved in Proposition A.8.

Exercise A.13. Compute the torsion 7(t) for the ellipsoidal helix:
r(t) = (acost, bsint, ct)

where a and b are positive and c is non-zero.
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A.2. Fundamental Theorem of Space Curves

In this section, we discuss a deep result about non-degenerate curves in IR3. Given an
arc-length parametrized, non-degenerate curve r(s), one can define its curvature x(s)
and torsion 7(s) as discussed in the previous section. They are scalar-valued functions
of s. The former must be positive-valued, while the latter can take any real value. Both
functions are smooth.

Now we ask the following questions:

Existence: If we are given a pair of smooth real-valued functions
a(s) and B(s) defined on s € I where a(s) > 0 for any s € I, does
there exist a regular curve r(s) : [ — R3 such that its curvature
K(s) is identically equal to a(s), and its torsion 7(s) is identically
equal to B(s)?

Uniqueness: Furthermore, if there are two curves r(s) and 7(s) in
R3 whose curvature are both identical to a(s), and torsion are
both identical to B(s), then is it necessary that r(s) = 7(s)?

The Fundamental Theorem of Space Curves answers both questions above. Using the
classic existence and uniqueness theorems in Ordinary Differential Equations (ODEs),
one can give an affirmative answer to the above existence question — yes, such a
curve exists — and an “almost” affirmative answer to the uniqueness question — that is,
although the curves r(s) and 7(s) may not be identical, one can be transformed from
another by a rigid body motion in R3. The proof of this theorem is a good illustration
of how Differential Equations interact with Differential Geometry — nowadays a field called
Geometric Analysis.

FYI: Geometric Analysis

Geometric Analysis is a modern field in mathematics which uses Differential Equations
to study Differential Geometry. In the past few decades, there are several crowning
achievements in this area. Just to name a few, these include Yau'’s solution to the Calabi
Conjecture (1976), and Hamilton-Perelman’s solution to the Poincaré Conjecture (2003),
and Brendle-Schoen’s solution to the Differentiable Sphere Theorem (2007).

A.2.1. Existence and Uniqueness of ODEs. A system of ODEs (or ODE system)
is a set of one or more ODEs. The general form of an ODE system is:

fl(xlr X2, ooy Xn, t)

fZ(xlr X2, ooy Xn, t)

= =
N~ b~
—~
~-~ e
~— —
o

2, (8) = fulx, x2, o, Xn, )

where ¢ is the independent variable, x;(t)’s are unknown functions, and f;’s are
prescribed functions of (x1, ..., xu, t) from R" x I — R.

An ODE system with a given initial condition, such as (x1(0), ..., x,(0)) =
(a1, ..., an) where a;’s are constants, is called an initial-value problem (IVP).

We first state a fundamental existence and uniqueness theorem for ODE systems:
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Theorem A.22 (Existence and Uniqueness Theorem of ODEs). Given functions f;’s
(1 <i < n)defined on R" x I, we consider the initial-value problem:

xXj(t) = fi(x1, ..., xu, t) forl1<i<n
with initial condition (x1(0), ..., x,(0)) = (a1, ..., an). Suppose for every 1 <i, j <mn,
the first partial derivative % exists and is continuous on R™ x I, then there exists a unique
]

solution (x1(t), ..., x,(t)), defined at least on a short-time interval t € (—¢,¢), to the
initial-value problem. Furthermore, as long as the solution remains bounded, the solution
exists for all t € I.

Proof. MATH 4051. (]

A.2.2. Frenet-Serret System. Given an arc-length parametrized and non-degenerate
curve r(s) : I — RR3, recall that tangent and binormal satisfy:

T'(s) = x(s)N(s)
B'(s) = —1(s)N(s).
Using the fact that N = B x T, one can also compute:
N'(s) = B'(s) x T(s) + B(s) x T'(s)
= —1(s)N(s) x T(s) + B(s) x x(s)N(s)
= —«(s)T(s) +7(s)B(s).

The Frenet-Serret System is an ODE system for the Frenet-Serret Frame of a non-
degenerate curve r(s):

T = xN
N = —«T +7B
B = —7N

or equivalently in matrix form:

/

T 0 «x O0][T
(A.6) N| =|-x 0 =[N
B 0 -t 0| |B

Since each vector of the {T, N, B} frame has three components, therefore the Frenet-
Serret System (A.6) is an ODE system of 9 equations with 9 unknown functions.

A.2.3. Fundamental Theorem. We now state the main theorem of this section:

Theorem A.23 (Fundamental Theorem of Space Curves). Given any smooth positive
function a(s) : I — (0,00), and a smooth real-valued function B(s) : I — R, there exists
an arc-length parametrized, non-degenerate curve r(s) : I — R3 such that its curvature
k(s) = a(s) and its torsion T(s) = B(s).

Moreover, if ¥(s) : I — R3 is another arc-length parametrized, non-degenerate curve
whose curvature %(s) = a(s) and torsion T(s) = P(s), then there exists a 3 x 3 constant
matrix A with ATA = 1, and a constant vector p, such that ¥(s) = Ar(s) +p forany s € L.

Proof. The existence part consists of three major steps.

Step 1: Use the existence theorem of ODEs (Theorem A.22) to show there exists a
moving orthonormal frame {e(s), ex(s) e3(s)} which satisfies an ODE system
(see (A.7) below) analogous to the Frenet-Serret System (A.6).
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Step 2: Show that there exists a curve r(s) whose Frenet-Serret Frame is given by
T(s) = e1(s), N(s) = ex(s) and B(s) = e3(s). Consequently, from the system (A.7),
one can claim r(s) is a curve that satisfies the required conditions.

Step 3: Prove the uniqueness part of the theorem.

Step 1: To begin, let’s consider the ODE system with unknowns e, e; and ej3:

!/

0 a(s) 0 e1(s
(A7) es)| = |-als) 0  B(s)| |eals
e3(s) 0 —B(s) 0 | [es(s

)

)
which is an analogous system to the Frenet-Serret System (A.6). Impose the initial
conditions:

e1(0) =1, ep(0) =j, e3(0) = k.

Recall that a(s) and B(s) are given to be smooth (in particular, continuously
differentiable). By Theorem A.22, there exists a solution {e1(s), ex(s), e3(s)} defined
on a maximal interval s € (T_, T, ) that satisfies the system with the above initial
conditions.

Note that {e;(s), ex(s), e3(s)} is orthonormal initially at s = 0, we claim it remains
so as long as solution exists. To prove this, we first derive (see Exercise A.14):

e -e1 0 0 0 20 0 0 €] -€e1

€ - € 0 0 0 —2«a 2[3 0 € - €

d €3-€e3| 0 0 0 0 —2[3 0 €3-€e3

(A.8) ds |le1-ex|  |—a &« 0 O 0 B e1-e
e - e3 0 - B O 0 —a| |ep-e3

€3 - €1 0 0 0 —ﬁ o 0 €3 - €1

Exercise A.14. Verify (A.8).

Regarding e; - ¢;’s are unknowns, (A.8) is a linear ODE system of 6 equations with
initial conditions:
(e1-e1, ex-e, e3-e3, e1-e, ex-e3, e3-¢€1),_o=(1,1,1,0,0,0)

It can be verified easily that the constant solution (1,1, 1, 0, 0, 0) is indeed a solution
to (A.8). Therefore, by the uniqueness part of Theorem A.22, we must have

(e1-e1, &2 e, e3-€3, €1-€, e2°€3, e3-€1) = (1, 1,1, 0,0, 0)
for any s € (T—, T4 ). In other words, the frame {e;(s), ex(s), e3(s)} is orthonormal as
long as solution exists.

Consequently, each of {e;(s), ex(s), e3(s)} remains bounded, and by last statement
of Theorem A.22, this orthonormal frame can be extended so that it is defined for all
sel

Step 2: Using the frame e (s) : I — IR® obtained in Step 1, we define:
S
r(s) :/ e1(s) ds.
0

Evidently, r(s) is a curve starting from the origin at s = 0. Since e;(s) is continuous,
r(s) is well-defined on I and by the Fundamental Theorem of Calculus, we get:

T(s) :=r'(s) = er(s)

which is a unit vector for any s € I. Therefore, r(s) is arc-length parametrized.
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Next we verify that r(s) is the curve require by computing its curvature and torsion.
By (A.8),

r"(s) = e1(s) = a(s)ea(s)

By the fact that e;(s) is unit, we conclude that:
Kk(s) = |r"(s)| = a(s)

and so N(s) = %r”(s) = ey(s). For the binormal, we observe that e3 = e; X e
initially at s = 0 and that the frame {e;(s), ex(s), e3(s)} remains to be orthonormal
for all s € I, we must have e3 = e; X e; for all s € I by continuity. Therefore,

B(s) = T(s) x N(s) = e1(s) x ex(s) = e3(s) for any s € I. By (A.8), we have:

B'(s) = e3(s) = —B(s)ea(s) = —B(s)N.
Therefore, T(s) = —B/(s) - N(s) = B(s).
Step 3: Now suppose there exists another curve ¥(s) : I — R® with the same curvature

and torsion as r(s). Let {T(s), N(s), B(s)} be the Frenet-Serret Frame of 7(s). We
define the matrix:

A=[T(0) N(0) B(0)].
By orthonormality, one can check that ATA = I. We claim that ¥(s) = Ar(s) +(0) for
any s € I using again the uniqueness theorem of ODEs (Theorem A.22).

First note that A is an orthogonal matrix, so the Frenet-Serret Frame of the trans-
formed curve Ar(s) +7(0) is given by {AT(s), AN(s), AB(s)} and the frame satisfies
the ODE system:

AT(s)]’ 0 a(s) 0 ] [AT(s)
AN(s)| = [—IX(S) 0 B(s)| [AN(s)
AB(s) 0 —B(s) 0 AB(s)

since the Frenet-Serret Frame {T(s), N(s), B(s)} does.

Furthermore, the curve ¥(s) also has curvature a(s) and torsion B(s), so its Frenet-
Serret Frame {T(s), N(s), B(s)} also satisfies the ODE system:

()]’ 0 a(s) 07T
- [ ] ]
B(s) 0  —B(s) 0 ] [B(s)

Initially at s = 0, the two Frenet-Serret Frames are equal by the definition of A and
choice of €;(0)’s in Step 1:

NN
=2 —
—~
RS

|
—
— —
o O
N— S—
21 21
= o
SN— S—
oo ol
— —
o O
=, =

Il

—i

e

i
(0) B(0)] k=B(0)

SN
X
©

|
i
©

=21\

By the uniqueness part of Theorem A.22, the two frames are equal for all s € I. In
particular, we have:

AT(s) = T(s).

Finally, to show that 7(s) = Ar(s) +7(0), we consider the function

f(s) = [F(s) = (Ar(s) = 7(0)) .
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Taking its derivative, we get:
fi(s) =2 (F(s) = Ar'(s)) - (7(s) — (Ar(s) = F(0)))
=2 (T(s) ~ AT(s)) - (F(s) — (
N————

=0
=0
for any s € I. Since f(0) = 0 initially by the fact that r(0) = 0, we have f(s) = 0 and so
7(s) = Ar(s) +7(0), completing the proof of the theorem. O

The existence part of Theorem A.23 only shows a curve with prescribed curvature
and torsion exists, but it is in general difficult to find such a curve explicitly. While the
existence part does not have much practical use, the uniqueness part has some nice
corollaries.

First recall that a helix is a curve of the form r,,(t) = (acost, asint, bt) where
a # 0 and b can be any real number. It’s arc-length parametrization is given by:

s ) s bs
r.p(s) = [ 4cos ——, asin , .
() ( Va2 + b2 Va2 +b? \/a2+b2)

It can be computed that its curvature and torsion are both constants:
a

Kap(8) = 5—
u,b( ) a2 + b2
b

Tap(5) = e

Conversely, given two constants ko > 0 and 79 € R, by taking a = ﬁ and

0"
b= 1(217%2, the helix r, ,(s) with this pair of 2 and b has curvature «; and torsion 1.
0'"0

Hence, the uniqueness part of Theorem A.23 asserts that:

Corollary A.24. A non-degenerate curve r(s) has constant curvature and torsion if and only
if r(s) is congruent to one of the helices r; j(s).

Remark A.25. Two space curves r(s) and ¥(s) are said to be congruent if there exists a
3 x 3 orthogonal matrix A and a constant vector p € R3 such that 7(s) = Ar(s) + p. In
simpler terms, one can obtain ¥(s) by rotating and translating r(s). O
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A.3. Plane Curves

A plane curve r(s) is an arc-length parametrized curve in R?. While it can be considered
as a space curve by identifying R? and the xy-plane in IR?, there are several aspects of
plane curves that make them distinguished from space curves.

A.3.1. Signed Curvature. Given an arc-length parametrized curve r(s) : [ — R?,
we define the tangent frame T(s) as in space curves, i.e.

T(s) = r'(s).

However, instead of defining the normal frame N(s) = K(l—s)T’ (s), we use the frame

JT(s) where J is the counter-clockwise rotation by 7, i.e.
0 -1
st
One can easily check that {T(s), JT(s)} is an orthonormal frame of R? for any
s € I. Let’s call this the TN-Frame of the curve. We will work with the TN-Frame
in place of the Frenet-Serret Frame for plane curves. The reasons for doing so are
two-folded. For one thing, the normal frame. JT(s) is well-defined for any s € I

even though «(s) is zero for some s € I. Hence, one can relax the non-degeneracy
assumption here. For another, we can introduce the signed curvature k(s):

Definition A.26 (Signed Curvature). Given an arc-length parametrized plane curve
r(s) : I — R?, the signed curvature k(s) : I — R is defined as:

k(s) :=T'(s) - JT(s).

Note that T(s) is unit, so by Lemma A.7 we know T(s) and T'(s) are always
orthogonal and hence it is either in or against the direction of JT(s). Therefore, we
have

k()| = [T'(s)[ IT(s)] = [ (s)| = x(s).
The sign of k(s) is determined by whether T' and JT are along or against each other
(see Figure A.4).

k<0
IT k>0

JT T

Figure A.4. Signed curvature

Example A.27. Let’s compute the signed curvature of the unit circle

r(s) = (coses, sines)
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where ¢ = 1. The curve is counter-clockwise orientable when ¢ = 1, and is clockwise
orientable when ¢ = —1. Clearly it is arc-length parametrized, and

T(s) = r'(s) = (—esines, ecoses)
JT(s) = (—ecoses, —esines)
k(s) =T'(s) - JT(s)
= (—€?coses, —¢

283:8.

Zsines) - (—ecoses, —esines)

O

Exercise A.15. Consider a plane curve r(s) parametrized by arc-length. Let 6(s)
be the angle between the x-axis and the unit tangent vector T(s). Show that:

T'(s) =6'(s)JT(s) and k(s) =0/(s).

Exercise A.16. [dC76, P.25] Consider a plane curve r(s) parametrized by arc-length.
Suppose [r(s)| is maximum at s = sy. Show that:

1

Ir(s0)|

Given a regular plane curve r(t) : I — IR?, not necessarily arc-length parametrized.
Denote the components of the curve by r(t) = (xq(¢), x2(t)).

[k(so)| =

(a) Show that its signed curvature (as a function of t) is given by:

ARG G I AGE O REGEAC)

P ()2 + x(1)2) Y

(b) Hence, show that the graph of a smooth function y = f(x), when considered as a
curve parametrized by x, has signed curvature given by:

1
x
ko= L&
A+ (327
The signed curvature characterizes regular plane curves, as like curvature and
torsion characterize non-degenerate space curves.

Theorem A.28 (Fundamental Theorem of Plane Curves). Given any smooth real-valued
function a(s) : I — R, there exists a reqular plane curve r(s) : I — R? such that its signed
curvature k(s) = a(s). Moreover, if ¥(s) : I — R? is another regular plane curve such
that its signed curvature k(s) = a(s), then there exists a 2 x 2 orthogonal matrix A and a
constant vector p € R? such that ¥(s) = Ar(s) + p.

Proof. See Exercise #A.17. O

Exercise A.17. Prove Theorem A.28. Although the proof is similar to that of
Theorem A.23 for non-degenerate space curves, please do not use the latter to
prove the former in this exercise. Here is a hint on how to begin the proof:
Consider the initial-value problem

e'(s) = a(s) Je(s)
e(0) =i
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Exercise A.18. Using Theorem A.28, show that a regular plane curve has constant
signed curvature if and only if it is a straight line or a circle

Exercise A.19. [Kiih05, P.50] Find an explicit plane curve r(s) such that the signed

curvature is given by k(s) = %

A.3.2. Total Curvature. In this subsection, we explore an interesting result con-
cerning the signed curvature of a plane curve. We first introduce:

Definition A.29 (Closed Curves). An arc-length parametrized plane curve r(s) :
[0,L] — R? is said to be closed if r(0) = r(L). It is said to be simple closed if r(s) is
closed and if r(s1) = r(sp) for some s; € [0, L] then one must have s1, s, =0 or L.

The following is a celebrated result that relates the local property (i.e. signed
curvature) to the global property (topology) of simple closed curves:

Theorem A.30 (Hopf). For any arc-length parametrized, simple closed curve r(s) : [0, L] —
R? such that v’ (0) = r'(L), we must have:

L
/0 k(s) ds = £27.

The original proof was due to Hopf. We will not discuss Hopf’s original proof in
this course, but we will prove a weaker result, under the same assumption as Theorem
A.30, that

L
/o k(s) ds = 2mn

for some integer .

Let {T(s), JT(s)} be the TN-frame of r(s). Since T(s) is unit for any s € [0, L], one
can find a smooth function 6(s) : [0, L] — R such that

T(s) = (cosB(s), sinf(s))

for any s € [0, L]. Here 6(s) can be regarded as 2k + angle between T(s) and i. In
order to ensure continuity, we allow 6(s) to take values beyond [0, 271].

Then JT(s) = (—sinf(s), cosf(s)), and so by the definition of k(s), we get:
k(s) = T'(s) - JT(s)
= (—0'(s)sin0(s), 0'(s) cosB(s)) - (—sinb(s), cosO(s))
=0'(s).

Therefore, the total curvature is given by:

L L
/ k(s) ds = / 0'(s) ds = 6(L) — 6(0).
0 0
Since it is assumed that T(0) = T(L) in Theorem A.30, we have
6(L) =6(0) (mod 271)
and so we have: L
/ k(s) ds = 2mtn
0

for some integer .
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Appendix B

Geomelry of Surfaces

“If you can’t explain it simply, you
don’t understand it well enough.”

Albert Einstein

Throughout this chapter, unless otherwise is stated, M is a regular surface in R3, p
is a point on M and F(u,v) is a smooth local parametrization around p.

B.1. First Fundamental Form

B.1.1. First Fundamental Form: basic notions. In this subsection, we introduce
an important concept in differential geometry — the first fundamental form. Loosely
speaking, it is the dot product of the tangent vectors of a regular surface. It captures
and encodes intrinsic geometric information (such as curvature) about the surface M.
Precisely, it is defined as follows:

Definition B.1 (First Fundamental Form). The first fundamental form of a regular
surface M is a bilinear map g, : Ty;M X T,M — R on each T, M defined as:

& (4500 + BS (D) 15 (1) + 051
= (o500 + 850 ) (15000405 1)

where the “dot” on the right hand side is the usual dot product on R3. Whenever
the point p is clear from the context, we can omit the subscript p and denote the first
fundamental form simply by g.

A bilinear map is completely determined by its action on basis vectors {3—5, 3—5 }
In other words, once we know these four values:

OF 9F\ oF oF 9F 9F\ oF oF
<au'au)—au'au (au'av>—au'av
9F 9F\ OoF oF OF 9F\ OoF oF
(av'au>av'au (87)67})608@
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then we know how the bilinear map ¢ acts on other tangent vectors in T, M.

Example B.2. Let M be the unit sphere and F be the following smooth local parametriza-
tion:

F(u,v) = (sinucosv, sinusinv, cosu), (u,v) € (0,7) x (0,2m7)

By direct computations, we have:

oF . .

3= (cosucosv, cosusinv, —sinu)

oF . . .

3 = (—sinusinv, sinucosv, 0)
oF oF\ oF aF_1 oF oF\ oF aF_O
ou' ou)  ou ou ou' 9v)  ou v
oF oF\ _oF oF oF oF\ _oF oF _ .,
' ou) 9o ou o ) oo g o

Therefore, the action of ¢ on other tangent vectors in T, M is given by:
aaj + aj aj + 5aj
S\ %u P 00" Tou " oo
L (JOF G (O OF
= "o TP Tou "%
= a7y + Bdsin® u.
O

B.1.2. Matrix Representation of g. One elegant way to represent the first funda-
mental form is by the matrix:

9F oF 9F oF
8= |7 o g S o o
T oF OF oF oF
8\oorau) &\ o0
It is a symmetric matrix since g (g—i, 3—5) =g (g—g, 3—5) since the dot product in R? is

commutative.

By identifying (u,v) with (u1,u3), and so 2F 3—5 and 897':2 = g—g, we can further

aul
denote

oF oF .
Sij =8 (E)ui' 8u]> fori=1,2

so that the matrix [g] can be further written as

_ |811 812
8] {821 gzz}
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Given two tangent vectors Y = Y2, 1xl Fand Z = Z 1 ,B] u; On TyM, the value
of g(Y,Z) is related to the matrix [g] in the followmg way:

=8 (ia;z éﬁj?j}.)
a(22)
113;81]

“G s [ 83 R
= [m ] [g] [gj

Therefore, the matrix [g] “encodes” the most crucial data of the first fundamental form
g, in a sense that if you know all the components of the matrix [g], you can write down
g(Y,Z) for any pair of tangent vectors Y and Z on T, M.

I
g

I
—

I
™

I
—

wmmmw

As computed in Example B.2, the matrix [¢] of the unit sphere (with respect the
parametrization F used in the example) is given by:

5= o simal

Evidently, it is a diagonal matrix. Try to think about the geometric significance of [g]
being diagonal!

B.1.3. Tensor Representation of g. The first fundamental form is sometimes
(quite common in physics) represented using tensor notations. Again we identify (1, v)
with (u1,up). The first fundamental form g can be represented as:

g =gndu @ du+ gpdu @ dv + g21dv ® du + grodv ® dv

2 . .
=) gijdu' @ du
ij=1
As gij = gji, the tensor ¢ is symmetric. As such the tensor notation du’ @ du/ is often
written simply as du’ du/. For instance, the first fundamental form of the unit sphere in
Example B.2 can be expressed as:
g = du? + sin® u dv?

where du? is interpreted as (du)? (not d(u?)).

B.1.4. Geometric Significance of g. We will see in subsequent sections that g
“encodes” crucial geometric information such as curvatures of the surface. There are
also some familiar geometric quantities, such as length and area, which are related to
the first fundamental form g.

Consider a curve 7 on a regular surface M parametrized by F(u,v). Suppose
the curve can be parametrized by r(t), a < t < b, then from calculus we know the
arc-length of the curve is given by:

b
= / ()| dt
a

In fact one can express this above in terms of g. The argument is as follows:
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Since the curve <y is assumed to be on the surface M, on every point r(f) on
the curve there is a corresponding coordinates (u(t),v(t)) on the uv-plane such that
F(u(t),v(t)) = r(t). Using the chain rule, we then have:

2
0= 5 o = L
Therefore, the tangent vector r'(t) of the curve v is in the span of {3—5, 3—5 }
Recall that |r/(t)| = /¥(t) - r'(t) and that r'(t) lies on T, M, we then have:
@] = H,r'(t))

We can first express it in terms of the matrix components g;;’s. We first recall that
2 JoF
v(t) = Limg ui(t) 5., so

2
(B.) (10,7 () =g <2u;<t>§;, Y (o )
1 ]7
2
= Y D) (aaF ;’i)

2 i (1) () gij

i,j=1

where g;;’s are evaluated at the point r(t). Therefore, the arc-length can be expressed
in terms of the first fundamental form by:

0= [ Vaworma- [ J i (1)

Another familiar geometric quantity which is also related to g is the area of a
surface. Given a regular surface M (almost everywhere) parametrized by F(u,v) with
(u,v) € D C R? where D is a bounded domain, the area of this surface is given by:

// JF BF

- . 9F ., OF
It is also possible to express |5 X 5=

dudv

in terms of the first fundamental form g.

Let 8 be the angle between the two vectors g—z and g—g, then from elementary vector
geometry, we have:

AN L L O

au 9| |ou| |oo| °
oF | |9F [* |oF |2 |oF >
=== |==| — |5 cos” 6
Ju| |dv Ju| |dv
_|oFPP|aF?  (9F 9F\?
" |ou| |ov ou dv

_ (9F 9F\ (OF 9F\ (9F oF\?
~ \Ju du ov v ou Jv
= g11822 — (812)°

= detg].
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Therefore,

(B.2) AM) = //D \/ det|g] dudv

Example B.3. Let I'; be the graph of a smooth function f(u,v) : Y — R defined on an
open subset U/ of the uv-plane, then I' has a globally defined smooth parametrization:

F(u,v) = (u, v, f(u,v)).

By straight-forward computations, we can get:

oF Bf oF %
ou <10 ou > av<0'1'av>
af af _ . 9f9f
gu =1+ uou 8 =0+37 ou dv
f of of of
8n =0+ 00 Ju g2 =1+ 0v 0v

Therefore, the matrix representation of g is given by:

9f of of

[g]:[(l) ﬂ%— gjgj gigﬂzlzxz—l— g [% %}
dvdu  Jv dv ov

(S5
"~

where Iy is the 2 x 2 identity matrix. By further defining Vf = [gj}] , we have:

gl
<

8] = bxa + (V) (VAT

By identifying (u1,uz) = (u,v), we can write the first fundamental form in a more
concise way:

af of

8ij 75”4_814 ou;

where
1 ifi=j
dij = o
0 ifisj
Using tensor notations, the first fundamental form can be written as:
— (14 (¥ 2 a2 28 Y gy 1 (14 (YL 2 do*
§= ou ! audn Y ov ¢

2

_ of of

7,.2_" (51]+au 5 )d du
i,j=1

Therefore, to compute the length the curve r(t) := F(t,vg), where vy is a constant

and t € [a,b], on the surface I'r, we may first write down the uv-coordinates of this
curve, namely:

u(t) =t, v(t) = vo,
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and so u/(t) = 1 and ¢/(t) = 0. Hence, according to (B.1), we have:

g (F(1),F' (1)) = guuf () + grouf ()uy(t) + garun (H)uf () + goous (t)?

=0 since u)(t) =v'(t) =0

_ f o))
- <1+ (Zoa) )

b

Length of the curve = / \/ g (r'(t),r'(t)) dt

a

b of 2
f/a \/1+<au(t,vo)> dt

To compute the surface area of a region F(Q)) C I'r where Q) is a bounded domain
on the uv-plane, we first compute that:

det[g] = 11822 — §12821
(&) (+(2)) - (22
) ()

and according to (B.2), we have:

A(F(Q)) = //Q \/1+ <£>2+ (gﬁj)z dudv

which is exactly the same as what you have seen in multivariable calculus. O
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B.2. Second Fundamental Form

In this section we introduce another important inner product on T, M, the second
fundamental form /. While the first fundamental form g encodes information about
angle, length and area of a regular surface, the second fundamental form encodes
information about various curvatures of a surface.

We will first present some preliminaries, discuss the motivation and define the
second fundamental form. In the next section, we will see how the second fundamental
form is related to the curvatures of a surface.

B.2.1. Gauss Map. We will see in subsequent sections that curvature of a regular
surface is, roughly speaking, determined by the interaction between tangent and
normal just like the case for regular curves. While the first fundamental form concerns
only the tangent vectors, the second fundamental form involves both tangent and
normal. Now let’s talk about the normal vector — or in differential geometry jargon —
the Gauss Map.

Given a regular surface M in R3 with F(u,v) : U C R> — M as one of its smooth

local parametrization, and let p € M, the vectors: g—Z(p) and g—z( p) are two linearly

independent tangents of M at p. Therefore, their cross product 3 (p) x 5 (p) is a

normal vector to M at p, and so a unit normal vector at p is given by:

N(p) = 3u(P) X & ()
E(p) < Ep)|
Naturally, the opposite vector
g 9F oF oF
——g:;@) . gz(p) ,  or equivalently, —az(p) . gﬁ(p)
5:(P) % 5(p) 5 (P) % 5 (P)

is another unit normal vector at p.
Example B.4. Consider the unit sphere S?(1) with smooth local parametrization:
F(u,v) = (sinucosv, sinusinv, cosu), (u,v) € (0,7) x (0,27)

It is straight-forward to compute that:

— X — = (sin“u cos v, sin“ usinv, sinu cos u
Ju dv

oF o oF -

— X —| =sin

Ju dv

N(u,v) = (sinucosv, sinusinv, cosu) = F(u,v)

This unit normal vector N is outward point. O

Given a smooth local parametrization F, there are always two choices of normal
vector. For a sphere, once the normal vector direction is chosen, it is always consistent
with your choice when we move the normal vector across the sphere. That is, when
you draw a closed path on the sphere and see how the unit normal vector varies along
the path, you will find that the unit normal remains the same when you come back to
the original point. We call it an orientable surface.

Most surfaces we have encountered so far are orientable. A celebrated example of
a non-orientable surface is the Mobius strip as discussed in Chapter 4.
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When M is an orientable regular surface, the unit normal vector N can then be
regarded as a map. The domain of N is M. Since N is unit, the codomain can be taken
to be the unit sphere S*. Let’s summarize our discussion by stating the definition of:

Definition B.5 (Gauss Map). Suppose M is an orientable regular surface. The Gauss
map of M is a smooth function N : M — S? such that for any p € M, the output N(p)
is a unit normal vector of M at p. Here S? is the unit sphere in R%:

2 ={(x,y,2): >+ +22 =1}

As computed in Example B.4, the Gauss map N for the unit sphere $?(1) is given
by F (assuming the outward-pointing convention is observed). It is not difficult to see
that the Gauss map N for a sphere with radius R centered the origin in R? is given by
%F. Readers should verify this as an exercise.

For a plane I1, the unit normal vector at each point is the same. Therefore, the
Gauss map N(p) is a constant vector independent of p.

A unit cylinder with z-axis as its central axis can be parametrized by:
F(u,v) = (cosu, sinu, v), (u,v) € (0,27r) x R.
By straight-forward computations, one can get:

oF OF :
30 X 30 = (cosu, sinu, 0)

which is already unit. Therefore, the Gauss map of the cylinder is given by:
N(u,v) = (cosu, sinu, 0).
The image of N in S? is the equator.

It is not difficult to see that the image of the Gauss map N, which is a subset of 52,
is related to how “spherical” or “planar” the surface looks. The smaller the image, the
more planar it is.

B.2.2. Normal Curvature. The curvature of a regular curve is a scalar function
«(p). Since a curve is one dimensional, we can simply use one single value to measure
the curvature at each point. However, a regular surface is two dimensional and has
higher degree of freedom than curves, and hence may bend in a different way along
different direction. As such, there are various notions of curvatures for regular surfaces.
In this subsection, we talk about the normal curvature, which is fundamental to many
other notions of curvatures.

Let M be an orientable regular surface with its Gauss map denoted by N. At
each point p € M, we pick a unit tangent vector T in T, M. Heuristically, the normal
curvature at p measures the curvature of the surface along a direction T. Precisely, we
define:

Definition B.6 (Normal Curvature). Let M be an orientable regular surface with
Gauss map N. For each point p € M, and any unit tangent vector T € T, M, we let
I1(p, T) be the plane in R? spanned by N(p) and T (see Figure B.1).

Let y be the curve of intersection of M and II(p, T). The normal curvature at p in
the direction of T of the surface M, denoted by k,(p, T), is defined to be the signed
curvature k(p) of the curve -y at p with normal vector taken to be the Gauss map N.

Remark B.7. We can talk about the signed curvature of 7 because it is on the plane
I1(p, T). For curves in IR?, the normal vector N is always taken to be JT, where J is the
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counter-clockwise rotation by ¥ in R%. However, as a plane in R®, I1(p, T) does not
have a natural notion of counter-clockwise rotation. Therefore, when computing the
signed curvature k(p) stated in the definition above, we always pick N(p) to be the
chosen Gauss map.

Remark B.8. Since k,(p, T) is defined using the Gauss map N, which always comes
with two possible choice for any orientable regular surface, the normal curvature
depends on the choice of the Gauss map N. If the opposite unit normal is chosen to be
the Gauss map, the normal curvature will differ by a sign.

Figure B.1. normal curvature at p in a given direction T

We will first make sense of normal curvatures through elementary examples, then
we will prove a general formula for computing normal curvatures.

Example B.9. Let P be any plane in R®. For any point p € P and unit tangent T € T,,P,
the plane II(p, T) must cut through P along a straight-line 7. Since 7 has curvature 0,
we have:

kn (p, T) - 0
forany p € Pand T € T,P. See Figure B.2a. U

Example B.10. Let S?(R) be the sphere with radius R centered at the origin in R® with
Gauss map N taken to be inward-pointing. For any point p € 5* and T € T,5*(R), the
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(a) plane (b) sphere

(c) cylinder

Figure B.2. Normal curvatures of various surfaces

plane I1(p, T) cuts $?(R) along a great circle (with radius R). Since a circle with radius
R has constant curvature %, we have:

1
ku(p, T) = R
for any p € $*(R) and T € T,S*(R). See Figure B.2b. O

Example B.11. Let M be the (infinite) cylinder of radius R with x-axis as the central axis
with outward-pointing Gauss map N. Given any p € M, if Ty is the unit tangent vector
at p parallel to the x-axis, then the IT(p, Ty) cuts the cylinder M along a straight-line.
Therefore, we have:

kn(p, Tx) =0
for any p € M. See the blue curve in Figure B.2c.
On the other hand, if T, is a horizontal unit tangent vector at p, then I(p, Tyz)
cuts M along a circle with radius R. Therefore, we have:

1
kn(Pr Tyz) = -7

R

for any p € M. See the red curve in Figure B.2c. Note that the tangent vector of the

curve is moving away from the outward-pointing N. It explains the negative sign above.
For any other choice of unit tangent T at p, the plane II(p, T) cuts the cylinder

along an ellipse, so the normal curvature along T may vary between 0 and —%. O
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In the above examples, the normal curvatures k,(p, T) are easy to find since the
curve of intersection between II(p, T) and the surface M is either a straight line or a
circle. Generally speaking, the curve of intersection may be of arbitrary shape such as
an ellipse, and sometimes it is not even easy to identify what curve it is. Fortunately,
it is possible to compute k; (p, T) for any given unit tangent T € T, M in a systematic
way.

Under a smooth local parametrization F(uy,u3) of M, the tangent plane T, M is

spanned by {E?TFl (p), aaTZ( p) } Then, any tangent vector T € T, M is a linear combina-

tion of {837':1 (p), 837':2 (r) } The following proposition proves a formula for computing

the normal curvature along T in terms of local coordinates:

Proposition B.12. Consider a smooth local parametrization F(uy,uy) of an orientable regular
surface M with Gauss map N. Let p € M, and the pick a unit tangent vector T € T, M given
by:
oF oF 2 F
T frg P — _— = e .
P (p) + 25, () LGy, ()

Then, the normal curvature k,,(p, T) at p along T is given by:

P’F 2 9°F o°F 2
(B3) k”(pIT) - (au%N> a1+2<aulauz|\|> a1a; + (aMZN ay

2
2 2
- ¥ (aji;j@)w(p)) oy

ij=1

Proof. Recall that k,(p, T) is the signed curvature of the intersection curve y between
the plane II(p, T) and the surface M. Since 7 is on M, one can arc-length parametrize
7 by:

(B.4) r(s) = F(uq(s),u2(s)), s € (—¢e).

We may assume r(0) = p. Here (u1(s),uz(s)) is the pre-image of v under the map
F. It represents a curve on the (uy, u)-plane. Note that although s is an arc-length
parameter for r(s), i.e. |r'(s)| =1, it may not be an arc-length parameter for the curve

(u1(s), ua(s)).

Since the curve r(s) is a planar curve in I'l(p, T), its signed curvature at p (with
respect to the Gauss map N) is given by:

K(p) =" (0) -N(p).
By applying the chain rule on (B.4), we get:
() = Fln(
() = - Fur(s),12(5))

_ OF dwy | OF du,
" Quy ds  dup ds
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Since the curve 7y has a unit tangent T at p, we must have r'(0) = T. Therefore,

dul & OF
Z aul 2”1371-(”)'
=1
r'(0) T

By equating the coefficients, we get du; L(0) =a;fori=1,2.

Then we apply the chain rule again for the second derivative:
i oF du;
= ds ou; ds
d oF dul oF d%u;
+
ds ou; ou; ds?

( 92F du1 9%F duz) dul 2 OF d%u;

Z * Ju; d52

r'(s) =

M

e I

ou10u; ds augauz ds

Il
_

i

o PF dujdu; o OF du;
u;ou; ds ds ’

|
MN

Il
-

i ]:l

Therefore, using the fact that u}(0) = a;, we get:

Z;Zauau, il Zau =

Note that the second term is tangential. Finally, we have:

k(p) = r"(0) - N(p)

2 2 9%F OF d2u;
N ;;Buau] Zaud Np)

= ]_

%,_/
tangential

2 2 3F )

- aia; | -N(p)
(;Jg du;ou; '
as desired. O

B.2.3. Second Fundqmentql Form. When computing the normal curvature k, (p, T)
where T = Zl 14 au E (p), we can make use of Proposition B.12. The dot products

0°F .
auiauj (P) ’ N(p)/ 1= 1/2

are crucial quantities when applying (B.3). These quantities are determined by the
smooth local parametrization F and are independent of the unit tangent T. Therefore,
when we regard k,(p, T) as a function of T with p fixed, then k;, (p, T) can be regarded
as a function of (a1,a;), and the dot products %(p) -N(p) can be considered as

constants (when p is fixed). Due to the fundamental importance of these quantities
when it comes to computing curvatures, they are coined with a name:
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Definition B.13 (Second Fundamental Form). Given an orientable regular surface M
with Gauss map N, then for each p € M with smooth local parametrization F(u1, u),
we define:
h:: — azF N
z](p> = W(P) “N(p).
The second fundamental form is the bilinear map hy, : T,M x T,M — R at each p € M
defined by:

oF oF
— Y — | :==hy; <ij<2.
hy (E)ui' auj> hlj(p) for1<i,j<2

When the point p is clear from the context, one can omit the subscript p and simply
write h and ;.

Remark B.14. Now (B.3) in Proposition B.12 can be restated as:

2 2
oF
kn(p,T) = Z hij(p) - ajaj = hp(T,T) where T = Zaiw(p).
ij=1 i=1 i
O
Example B.15. Let I'r be the graph of a smooth function f(u1,u2) : Y — R defined on
an open subset U of R?, then T £ has a globally defined smooth parametrization:
Flur,u2) = (u1, uz, f(ur,u2)).

By straight-forward computations, we can get:

F ? F af
auf(“' a) auz—(‘“' )
2 2 2 2
R = (00 2L
ou? ou? ou10uy 01191y
2 2 2 2
a F = (O/ O/ a f ) LE = 0/ 0/ %
8u28u1 8u28u1 auz 8u2

In short, we have

2 2
oF _ 0,0, o f ‘
aul»auj auiauj

Let’s take the Gauss map N to be:

oF _ oF _of of )

_ o ou N ouy ( i dig L
oF _ oF 2 2
B

Then, the second fundamental form is given by:

o2 (on 2 ) L)
Y u;ou; " ouou; \/1+(aaf>z+<aaf)2 \/1+|Vf|2.
Uy 1y

- 8u1 4 Buz’
2

The matrix whose (i, j)-th entry given by %afu]- is commonly called the Hessian of
f, denoted by V'V f or Hess(f). Using this notation, the matrix of second fundamental
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form of I'y is given by:
Hess(f)

1+

[h] =

O

B.2.4. Principal Curvatures. Given an orientable regular surface M with Gauss
map N and again pick a fixed p € M, the normal curvature k,(p, T) measures the
how curved the surface is at p in the direction T. As T is unit, we can regard k,(p, )
as a function defined on the unit circle S'(1). Since S'(1) is closed and bounded,
Extreme Value Theorem asserts that k, (p, T) must achieve its maximum and minimum
at certain unit tangents T. In this subsection, we are going to investigate the maximum
and minimum normal curvatures k,(p, T).

Definition B.16 (Principal Curvatures). Given an orientable regular surface M with
Gauss map N, then for each p € M we define the principal curvatures at p to be:

ki(p) := min{k,(p,T): T € TyMand |T| =1};
ko(p) := max{ku(p,T): T € T;Mand |T| = 1}.

Furthermore, the unit tangents T € T, M which realize the principal curvatures are
called principal directions.

Recall that when given a smooth local parametrization F(u,u;), the normal
curvatures are given by k,(p, T) = Zz%j:l hija;a; where T = 212:1 ai%. Moreover, the
tangent T is unit and so we have:

2 9F & OF 2 oF OF 2
1—T|2—g<T,T>—g< Gz X hig, | = L oang | 5 | = L i
i; laui ]; ]au]' i,jgl " aui au] =1 R,

Therefore, the problem of maximizing and minimizing k,(p, T) with a fixed p can be
reformulated as:

maximize and minimize: Z%jzl hij(p)a;a;
. . . 2 _
subject to constraint: Y, , gij(p)aa; =1

The unknown variables in this optimization problem are (a;,a;). To solve this opti-
mization problem, one can use the Lagrange’s Multiplier from MATH 2023, which will
result in the following:

Proposition B.17. Let M be an orientable reqular surface with Gauss map N. At a point
p € M with smooth local parametrization F(uq,uy), if a unit vector T = 212:1 ai% € T,M

T

is a principal direction at p, then the vector [ay ao)" is an eigenvector of the matrix [g] 1 [h]

with eigenvalue exactly equal to k,(p, T).

Proof. The unit tangent vector T = 212:1 a,«% is one that maximizes or minimizes
1

Ziz/j:l hij(p)a;a; subject to constraint Zzz,jzl gij(p)aia; = 1. The method of Lagrange’s
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Multiplier asserts that the pair (a1,4;) is a solution to the following system:

. 0 & 0 &
*) Fr ir}; hij(p)aia; = Aa i,j2:1 gij(p)aia;
» P} 2 L p) 2
(**) o0, ZJZ:1 U(P)“l”] = AT(ZZ 112:1 gz](p)azﬂ]
2
() Y &ij(p)aa; =1
=1

Note that both g;;(p) and h;;(p) are independent of the choice of unit tangents T, and

that:
o s f1 =k
dag KT o ifi£k

Therefore, (*) in the above system can be simplified as:

2 2
Y hij(p)(S1iaj+ a;idy;) = A Y, &ij(p) (6ria; + a;éj)

ij=1 ij=1
2 2 2 2
— ) mj(p)aj+ ) ha(plai=A <Z g1j(p)aj + Z&’l(P)%‘)
j=1 i=1 j=1 i=1
same terms!

2 2
= 2 Z hj(p)a; =24 Zglj(p)aj
=1 =1
= hpay +hipao = A(gniar + g12a2)

Similarly, (**) can be simplified as:
2 2
Y hj(p)aj =AY goi(p)a;
j=1 j=1

= hy1a1 + hapay = A(g2101 + §2202)
Note that one can rewrite the system
hy1a1 + hi2ay = A(g1101 + g1242)
hp1a1 + hopay = A(g21a1 + §2042)

[hn h12:| {ﬂl] ) [gll gu] [ﬂl}
hy1 hap| a2 g1 82| |42
(1] (8] ]

As a regular surface, [¢] must be invertible and so we have:

RCIEIEPY A

is an eigenvector of [¢]~![k] with certain eigenvalue A.

in matrix form:

which shows [a; a;]T

We are left to show that the eigenvalue A is exactly the normal curvature at p along
T. Recall that ¥ gija;iaj =1, or in other words:

ij=1
o e2lg] |o1] =1
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Since we have
) (2] =2t |21]

o ] ] 2] = 2o ] 5] 2] =

as

we get

and it implies
2
a
bop,T) = 1 () = [on ] (] [2] =
ij=1
It completes the proof. O

B.2.5. Shape Operator. Proposition B.17 asserts that the principal curvatures
and directions are the eigenvalues and eigenvectors of the matrix [¢] ~![}] respectively.
Since the matrix [¢]~![k] encodes the principal curvatures of the regular surface, we
are going to study this matrix in more detail in this subsection.

Given a smooth local parametrization F(u1,u;) of an orientable regular surface
M, gij is the (i,j)-th entry of the first fundamental form matrix [g]. From now on, we

denote g'/ to be the (i, j)-th component of the inverse [¢] .

Given two square matrices A and B with their (i, j)-th entries denoted by A;; and
Bj; respectively, then the (i, j)-th entry of the matrix product AB is given by:

[AB];j = ) AiByj.
k
Therefore, the (i, j)-th entry of the matrix [¢]~![h] is given by:
2 .
Z glkhkj'
k=1

Regarding [¢]![K] as a linear map on T, M, we define the following important operator
in Differential Geometry:

Definition B.18 (Shape Operator). Let M be an orientable regular surface with Gauss
map N, and F(u1,up) be a smooth local parametrization of M. The shape operator is a
linear map S, : TyM — T,M at each p € M defined by:

2 2

In other words, the matrix representation of S with respect to the basis {aa—': B—F} is

uq 4 auz
given by [g]*l [K].

If the point p is clear from the context, we may omit the subscript p when writing
Sp. We may write the (i, j)-th component of the matrix representation [S] as S; The
lower index j refers to the column number, and the upper index i refers to the row
number. We use this convention partly because S; =Yk gikhkj and such a convention
will preserve the positions of 7 and j on both sides. According to Proposition B.17, the
eigenvalues of [S;] are the principal curvatures of M at p.
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B.3. Curvatures

B.3.1. Gauss Curvature and Mean Curvature. Let’s first summarize the def-
initions and results presented in the previous section. We first define the normal
curvature ky, (p, T) which measures the curvedness of the surface in a given direction
T. Under a smooth local parametrization F(uy,1;), we showed in Proposition B.12
that k,(p, T) = Y hija;a; where T = }; ”iaaTE-' Then, we define principal curvatures
ki(p) and ky(p) as the minimum and maximum possible normal curvatures, and using
Lagrange’s Multiplier we showed in Proposition B.17 that they are the eigenvalues of
the matrix [g]~![h]. Due to this connection, we define the shape operator S, whose
matrix representation is given by [¢] ~![h].

In this section, we discuss two important types of curvatures in Differential Geom-
etry, namely the Guass curvature and mean curvature. They are curvatures which are
generated by the principal curvatures k; and k.

The Gauss curvature is defined to be the product kik; of the two principal curvatures.
Since k;’s are eigenvalues of the matrix representation [¢]~1[l] of the shape operator,
from Linear Algebra the product kik; is given by the determinant of [¢]~![h]. Since

_ det[h]
 detg]’

the Gauss curvature of a regular surface can be defined as follows:

det[g] "1[h] = det[g] ! det[A]

Definition B.19 (Gauss Curvature). Given an orientable regular surface M with Gauss
map N, and a point p € M with smooth local parametrization F(u1, 1), then the
Gauss curvature K(p) at the point p is equivalently defined as:

det[h] huhy — 1,
K(p) := ki (p)ka(p) = det[S,] = = o o2 )
(p) 1(p)ka(p) [Sp] det|g] P 811822 — &%

Although the Gauss curvature is defined using both first and second fundamental
forms, we will later on show that it depends only on the first fundamental form. This is
a remarkable and surprising result, proved by Gauss, and is commonly called Theorema
Egregium (in Latin).

The mean curvature, as the name suggests, is the average 1 (k; + k2) of principal
curvatures’. Since k;’s are eigenvalues of [g] ~1[k], the sum ki + k; is in fact the trace of
[¢]~1[h]. Let’s give the precise definition:

Definition B.20 (Mean Curvature). Given an orientable regular surface M with Gauss
map N, and a point p € M with smooth local parametrization F(u,u,), the mean
curvature H(p) at the point p is equivalently defined as:
ki(p) +ka(p) 1 1 _ 1 &
Hp) 1= B0 = Sgsy) = e (1) = 5 1 & 0s(o)
ij=

The mean curvature is important in Differential Geometry since it is related to
surfaces that minimize area.

B.3.2. Invariance under Rigid-Body Motion. A rigid-body motion in R3 is a
map that preserves distance between any two points in R3. Precisely,

1Some textbooks define the mean curvature as the sum k; + k2 of principal curvatures.
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Definition B.21 (Rigid-Body Motion). A map ® : R® — RR? is said to be a rigid body
motion if ®(r) = Ar+rg for any r € R3, where A is a 3 x 3-matrix satisfying ATA = I
and ry is a fixed point in R3.

It is expected that principal curvatures, and hence Gauss and mean curvatures, are
invariant under any rigid-body motion (up to signs). The following proposition shows
that it is indeed the case:

Proposition B.22. Let M be an orientable regular surface with Gauss map N, and ® : R3 —
R3 be a rigid-body motion. Denote kn, ki, K and H to be the normal, principal, Gauss and
mean curvatures of the surface M := ®(M), then we have for any p € M and i,j € {1,2}:

Zi(@(p)) = &ij(p) and  hi(D(p)) = £hij(p),
and hence for any p € M and unit tangent T € T, M:
kn(®(p), ®(T)) = £ku(p, T) ki(®(p)) = £ki(p)
K(®(p)) = K(p) H(®(p)) = +H(p)

Proof. Let F(uy,17) be a smooth local parametrization of M, then ® o F is a smooth
local parametrization of M. As a rigid-body motion in R3, ® can be expressed as
®(r) = Ar+rq for some ry € R3 and some 3 x 3 matrix A satisfying ATA = I. We will
use the fact that ATA = I to prove that F and ® o F have the same first and second
fundamental forms at each pair of corresponding points p and ®(p).

Under the smooth local parametrization ® o F for M, the induced basis for the

tangent plane at is given by {ai(QD o F)} . Denote A;; to be the (i, j)-th entry of
i

u=1,2
A which are constants, we can show for any i,j = 1,2, we have
d(PoF) 0 oF
o ous (AF +rg) = Aa—ui
T
d©oF) AGF) O o _( oF\T(,oF
ou; ou; du;  du; du; Ju;
T
_ i AT40F oF oF ai
ou; E)u/ u; du;
_OFoF
© Ju; Juj

Therefore, we get:
g‘l] = gl] for any l,] = 1/2

Next, we claim that the Gauss map N for M is related to that of M at the corre-
sponding point by the relation:

N(@(p)) = £AN(p).
To prove this, we first show that AN is orthogonal to the basis {aa

the tangent Tg( ) M:

9 (@oF) aN= A" AN = <A8F>T(AN) = <§F>TATAN B <8F>T

du; ou; ou; U; ou;
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Here we use again the fact that ATA = I. Since

T
CW>N:%-N =0,

ou; u;  ~~
“~~~ hormal
tangent

we have proven that % (®oF)is orthogonal to AN for each i = 1,2. In other words,

AN is orthogonal to the tangent plane Tg p)]\71, and hence must be a normal vector at
®(p). Furthermore, AN is unit since

|AN|? = AN - AN = (AN)T(AN) = NTATAN = NTN = [NJ* = 1.

Therefore, either AN or —AN can be taken to be the Gauss map N for M.
Using the fact that a%i(dD oF) = Ag—;, N = +AN (at corresponding points) and
ATA = I, one can show:
oo _P(oF) & FF
v auiau]- N Buiau]-

N = £h;

for any i,j = 1,2 at corresponding points. This is left as an exercise for readers.

Since all of the quantities k;, k;, K and H are uniquely determined by the first and
second fundamental forms, it follows easily that they are the same (up to signs) for
both M and M at each pair of corresponding points. O

B.3.3. Curvatures of Graphs. In Examples B.3 and B.15, we computed the first
and second fundamental forms of the graph I'y of a function f. Using these, it is not
difficult to compute various curvatures of the graph. In this subsection, we are going
to discuss the geometric meaning of each curvature in this context, especially at the
point where the tangent plane is horizontal.

Proposition B.23. Let Ty be the graph of a function f(uy,uz). Suppose p is a point on Ty
such that the tangent plane T, I s is horizontal, i.e. p is a critical point of f. Suppose the
Gauss map N is taken to be upward-pointing, then

e K(p) > 0and H(p) >0 = p is a local minimum of f

e K(p) >0and H(p) <0 = pis a local maximum of f

e K(p) <0 = pisasaddleof f

Proof. At a critical p of f, we have Vf(p) = 0. From Examples B.3 and B.15, we have
computed:

of .\ of
gij(p) = dij + aTli(P) 87]«( ) = Jij
=0
a2
Wafuj(i?) 2f

hii(p) = = p
] . ]
1+ |VF(p)P %%

Note that the Gauss map N was taken to be upward-pointing in Example B.15, as
required in this proposition.
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Therefore, we have:

2
K(p) = i () = et [aiafuj@)] = (fufz~13) ()
1 i 1 & i Pf 1
H(p) = Ei,jZ::lg](P)hij(P) = Eigléjauiauj (p) = 3 (fu + f22) (p)

From the second derivative test in multivariable calculus, given a critical point p, if
fi1fo — f122 > 0and fi1 + fo2 > 0 at p, then p is a local minimum of f. The other cases
can be proved similarly using the second derivative test. 0

Given any regular surface M (not necessarily the graph of a function) and any point
p € M, one can apply a rigid-motion motion ® : R* — R3 so that T,M is transformed
into a horizontal plane. Then, the new surface ®(M) will becomes locally a graph of
a function f near the point ®(p). Recall that the Gauss curvatures of p and ®(p) are
the same as given by Proposition B.22. If K(p) > 0 (and hence K(®(p)) > 0), then
Proposition B.23 asserts that ®(p) is a local maximum or minimum of the function f
and so the surface (M) is locally above or below the tangent plane at ®(p). In other
words, near p the surface M is locally on one side of the the tangent plane T, M. On the
other hand, if K(p) < 0 then no matter how close to p the surface M would intersect
Ty M at points other than p.

B.3.4. Surfaces of Revolution. Surfaces of revolution are surfaces obtained by
revolving a plane curve about a central axis. They are important class of surfaces,
examples of which include spheres, torus, and many others. In this subsection, we will
study the fundamental forms and curvatures of these surfaces.

For simplicity, we assume that the z-axis is the central axis. A surface of revolution
(about the z-axis) is defined as follows.

Definition B.24 (Surfaces of Revolution). Consider the curve (t) = (x(t), 0, z(t)),
where t € (a,b), on the xz-plane such that x(t) > 0 for any ¢ € (a,b). The surface of
revolution generated by 7 is obtained by revolving v about the z-axis, and it can be
parametrized by:

F(t,0) = (x(t) cos b, x(t)sin®, z(t)), (t,8) € (a,b) x [0,27].

It is a straight-forward computation to verify that:

oF

(B.5) i (x'(t) cos B, x'(t) sin@, 2'(t))
(B.6) ?Tg — (—x(t)sin®, x(t) cos, 0)

oF oF / / . p
(B.7) 5 X35 = (—x(t)2'(t) cos 0, —x(t)2'(t)sin6, x(t) x'(t))

Exercise B.1. Verify (B.5)-(B.7) and show that:
oF OoF
= [x(t) 7' (t)]-

at " o0
Under what condition(s) will F be a smooth local parametrization when (t,0) is
restricted to (a,b) x (0,27)?
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Under the condition on (t) = (x(t), 0, z(t)) that its surface of revolution is
smooth, one can easily compute that the first fundamental form is given by:

"2 "2
(B.8) g] = [(x ) z)r () 9?2] (matrix notation)
g= [(x’)z + (z’)z} dt* 4 x2d6? (tensor notation)
9F (OF
and the second fundamental form with respect to the Gauss map N := | o2 i o | is given
of X 98
by:
P )
(B.9) [h] = S [x ‘ 0 . xozl] (matrix notation)
()% + (2/)?
h= I [(x’ 2 —x"Z)dr* + xz’dﬂz} (tensor notation)

() + ()

Exercise B.2. Verify that the first and second fundamental forms of a surface of
revolution with parametrization

F(t,0) = (x(t)cos®, x(t)sinb, z(t)), (t,6) € (a,b) x [0,27]
are given as in (B.8) and (B.9).

As both [g] and [h] are diagonal matrices, it is evident that the principal curvatures,
i.e. the eigenvalues of [g]~![h], are:

xlz" ! X2yl

- [(x/)2 4 (21)2}3/2 - v

z! z!

¥ (x’)2+ (Z’)2 B x ||

Note that here we are not using the convention that k; < k; as in before, since there is
no clear way to tell which eigenvalue is larger.

ky =

Therefore, the Gauss and mean curvatures are given by:

(B.10) K = kiky = (2" —x"2) 2
x|y [*
1 1 x/z// _ x’/Z/ Z/
B.11 H=>(ki+k)=2=
(B.11) 2(14_2> 2( I'[? x|’Y’|>
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B.4. Covariant Derivatives

B.4.1. Vector Fields. A vector field X on a regular surface M is an assignment
of a tangent vector X(p) to each point p € M. Given a smooth local parametrization
F(u1,uz), there is a natural basis {367':], 5’7';} for the tangent plane T, M. A vector field X
is often expressed as a linear combination of this basis instead of the standard basis in
R3:

;. OF
X(p) = L X' (p)5.-(p)-
i 1

As a convention set by geometers, the upper index i is used for the coefficient X. There
is an important reason of doing so but we will not discuss it in this course. However,
readers should not be confused X' with “X to the power of i”.

Under the local parametriation F(u1,u;), we can regard X, X' and % to be func-

tions of (u1,up). While X is a function of p € M, we can pre-compose it by F so that
XoF is a function of (uy, u). With abuse of notations, we will write:

oX d(XoF)

a0, 1) = " )

where (11, uy) is the point corresponding to p, i.e. F(u1,uz) = p. Likewise, we can also
denote
oX! (X' oF)

auj (p) = T(“L“Z)-

As in Multivariable Calculus, other than partial derivatives, one can also talk about
directional derivatives:

Definition B.25 (Directional Derivatives: along curves). Let M be a regular surface,
and y(t) : (a,b) — M be a smooth curve on M. Given a vector field X on M, we
define the directional derivative of X at p € M along <y to be

DyX(p) 1= GX(1(0)|

where ) is a time such that y(f) = p.

Example B.26. When (t) is a uq-coordinate curve 7 (t) = F(,0) and X is any vector
field, then X(7(t)) = X(F(t,0)) and so

d d X
In particular, if X = 597':2, then we have:
o oF  o%F

DX =299 _ _
v ouy dup  Ouqduy
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Suppose X =} ; XZ and given any curve 7y(t) = F(uy(t), u(t)) on M, then by

the chain rule we have:

(B.12) D/x—5x< 7o)~ & (X F)(ur (1), m2(1)

dt
oX du;

dul B
- Z au Eaul dt
_ JoF \ du;
T (e au]) i
2
_ 2 X/ oF X 0°F %
ou; au] du;ou; | dt
oXx/ oF +

Note that when fixing the smooth local parametrization F, the quantities Fu; u;

Xi au au are uniquely determined by the vector field X whereas % are uniquely

determmed by the tangent vector 7/ of the curve. Now given another vector field
Y=Y, Yl%. The Existence Theorem of ODEs guarantees there is a curve -y that flows

along Y, or precisely 7/(t) = Y(y(t)) for all t. Since D./X depends on the tangent
vector 7/ but not on the curve vy, we can also define directional derivatives along a

vector field:

Definition B.27 (Directional Derivatives: along vector fields). Let M be a regular
surface, and X and Y be two vector fields on M. The directional derivative of X at

p € M along Y is defined to be:
DyX(p) = D"r’X(P)
where 7 is a curve on M which solves the ODE +/(t) = Y(v(t)) and 7(0) = p.

Express 7 in the above definition as F(u1(t), u(t)), then by the chain rule we get:
dF du;

):Zau, dt

If Y is expressed Y; Y' guF ,then 7/ (t) = Y(v(t)) = (Y oF)(u1(t), uz(t)) is equivalent to
saying:
dui
T
From (B.12), we get the local expression for Dy X:
0X/ oF - 9%F ;
(B.13) DyX = Z <8u, o + X]auiauj> Y

i

Definition B.28 (Covariant Derivatives). Let M be a regular surface with Gauss map
N, and 7 (t) be a smooth curve on M. Given two vector fields X : M — TM and
Y : M — TM, we define the covariant derivative of X at p € M along Y to be

VyX(p) == (DyX(p))" "8 = DyX(p) — (DyX(p) - N(p)) N(p)-
Here (DyX(p))™"8™ represents the projection of DyX(p) onto the tangent plane
T,M
P

By (B.13), we can derive the local expression for VyX:
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Proposition B.29. Let M be a regular surface parametrized by F(uy,u) with Gauss map
N, and X and Y be two vector fields on M with local expressions: X = ) XigTFi and
Y =YY gT';' Then, the covariant derivative VyX can be expressed in terms of local
coordinates (uq,uy) as:

oX/ oF . O%F - o
— - J_- 1 A%
(B.14) VyX IZ]; <8ui o, +X Buiau]-> Y <;h1]x Y ) N
DyX (DyX-N)N
where hj; is the second fundamental form defined as h;; := h (gTi’ E%Fj).
Proof. It suffices to show that (DyX-N)N = (Ei,j hinin> N O

Exercise B.3. Suppose X, )~(, Y and Y are vector fields on a regular surface M, and
@ is a smooth scalar functions defined on M. Verify that:

(a) quyx = (prX
(b) Dy (¢X) = (Dy@) X + ¢DyX
(0 DY—',—\?X = DyX + DQX

(d) Dy (X +X) = DyX + DyX
Verify that (a)-(d) also hold if all D’s are replaced by V’s.

B.4.2. Christoffel Symbols. The second derivatives ag?a':l[, play two very important
ot

roles in these derivatives. For one thing, they are directional derivatives DyX with
X = % and Y = %. For another, they are important quantities in both (B.13) and

(B.14) since both Dy X and VyX are in terms of them. At each p € M, there is a natural

basis {%:1, aBTFZ/ N} of IR3. It is a much better basis than the standard one when dealing

the surface M since the first two basis vectors are tangents and the last basis vector
is the normal. When projecting a vector onto the tangent plane T, M, we may simply
0%F

drop the N-component. In this connection, we are going to express o in terms of

this tangent-normal basis.
Suppose we have:

PP b o
duiou;  Juy  Oup '

It is not difficult to show that ¢ = h;; (Exercise). We denote the coefficients a and b by
the following symbols:

Definition B.30 (Christoffel Symbols). Given a smooth local parametrization F(u1, u5)
of a regular surface M, we define the Christoffel symbols Fi-‘j to be the tangent

. . 92 . .
coefficients of Jusdn; Precisely, we have:

0°F . OF
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2
Since o°F =D (aF>,we have:

OF
auiauj au; aui

oF a2F ) oF
AT R =y
v e (au ) <8ui8u]-> ;FU ouy

For simplicity, from now on we will denote D 3 X and V o X simply by:

ou;

j

DiX:=Da X
814]

ViX:=VaeX
311]

The Christoffel symbols can be shown to be depending only on the first fundamen-
tal form g. We will use it to prove that Gauss curvature depends also only on g but not
on h.

Lemma B.31. Let M be a regular surface with smooth local parametrization F(uy, uy). Then
for any i,j and k, the Christoffel symbols l"i-‘j’s can be locally expressed in terms of the first
fundamental form as:

kL (981 9ga 98
(B16) FZ] N 2 Xl:g aui + 8u] 8u, ’

Proof. First recall that g;; = g; - - au By differentiating both sides respect to u;, we get:

dgij  9°F .87F+ o’F ~oF
aul _E)ulaui auj E)ulauj aui'

Using (B.15), we get:

. 9gij . OF oF . oOF oF
* E ;ra + h;N a—uj+ Zr,]a + hyiN Em
o ol
au,au,- au,auj
=) (rﬁgkj + rﬁgkz)
k
By cyclic permutation of indices {i,,1}, we also get:
ogi1
(**) aiul] = ; (ri'(jgkl + r;'(lgki)
9g;i
(***) au]i =) (r;'(igkl + ri'(lgkj)
k

Recall that Ff?j = l";‘i and hj; = hj; for any i,j and k. By considering (**)+(***)-(*), we get:

agil ag]l gl]
(B17) ou; oy oy — 2T

Finally, consider the sum Y, gx1¢'7 which is the (k, q)-entry of the matrix [¢][¢] ™! = L.
Therefore, we have:

1 ifk=
lq:(sq: q
kI .
2.8ug" = {0 itk #q
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Multiplying g7 on both sides of (B.17) and summing up over all [, we get:
dgir , 98t 98i
Y i 1 TG U lapk
;g (all] + au,‘ 8ul 2;;‘07 rl]gkl
= 2;r§.‘j;gk1g’@ = 2;r{§5,‘j

— 11
= Zrij'

The last equality follows from the fact when summing up over all k, the only “survivor”
is the only one that has k = g. By rearranging terms and relabelling the index g by k,
we complete the proof of (B.16). O
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B.5. Theorema Egregium

In this section we will introduce and prove an important theorem in Differential
Geometry — the Gauss’s Theorema Egregium. This surprising theorem asserts that
even though the definition of Gauss curvature involves both the first and second
fundamental form, it in fact depends only on the first fundamental form! We will
dissect this complicated proof into several components. First we will show that the
derivative of the Gauss map is the negative of the shape operator. Using this, we derive
the Gauss-Codazzi’s equations, and from there we can show the Gauss curvature K
depends only on g;;’s.

B.5.1. Shape Operator Revisited. Let N be the Gauss map of an orientable reg-
ular surface M and F(uq,up) : U — M be a smooth local parametrization. With a bit
abuse of notations, we abbreviate the map NoF : i — S? simply by N and so it makes
sense to denote 2 au In this subsection, we will find out what this partial derivative
exactly is.

Since N is unit, we have |N|*> = 1. Therefore, g N s orthogonal to N for any j, and so
one can write a as a linear combination of tangent vectors aa Frs. Let A; be functions
of (u1,uy) such that.

oN ; OF

- = 1‘7
ou; ;Afau,-'

]

Taking dot product with g—;{ on both sides, we get

oN oF oF OoF .
(B.18) a—u] i Zl:A] S o, ;A]glk for any j,k=1,2
On the other hand, as N - = 0, by differentiation we get:

0 oF oN oF 0%F
O—ablj(“"auk)—aw‘auk”'aujauk-
N—

hjk

Hence gl':' aa—F = —hjy. Substitute it back to (B.18), we get:
—hy; = ng,»Aj- forany j,k=1,2.
i

In matrix form, it is equivalent to saying that:
— (1] = [8][A] = [A] = —[g]7'[1] = -[$]

where [S] is the shape operator. To summarize, we have proved:

Lemma B.32. Let M be a regular surface with Gauss map N and smooth local parametrization
F(uq, up). Then, we have:

oN ; OF &, OF
(B.19) o, Xi;sja—ui gg hy e
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B.5.2. Gauss-Codazzi’'s Equations. We derive the Gauss-Codazzi’s equations
in this subsection. The Gauss equation is important in Differential Geometry not

only because it leads to the proof of the Theoerma Egregium, but also motivated the
development of Riemannian Geometry.

Theorem B.33 (Gauss-Codazzi’s Equations).
k .
B k) T - Y TR = Yo" <h]-khll- - hikhlj) (Gauss)
ou; au] ; - -
] k 1 1 _ .
ou; aul], Zl: (rjkhil - Fikhjl) =0 (Codazzi)

Proof. The key step of the proof is to start with the fact that:

PF  OF
Ou;ououy  Ououduy

for any i,j,k, and then rewrite both sides in terms of the tangent-normal basis

{a%':]' 5’7';, N} of R3. The Gauss’s equation follows from equating the tangent coef-

ficients, and the Codazzi’s equation is obtained by equating the normal coefficient.
By (B.15), we have:

Differentiating both sides with respect to u;, we get:

o3F 0 ; OF
o~ o (erkaul +hfk“>

R:

ort 2 oh:
]kai 1 0-F ik ) oN
r g N g

(aui aul + fkau,-aul ou;
or’ oF on; AN
_ kO ! A ik ,

<8ui 3 + T (;Rz aug +hl,N>> +ta N +hf"aui

1
or? oh;
jk oF I 14 oF jk 1 oN
_ o OF T By | N+ 1y 2
; ou; g +grﬂ‘r” dug + ou; +Zl; ji + *du;

/!

or ol
_ j e | 9F i I N
Now every except the last term is in terms of the tangent-normal basis. To handle the

last term, recall from (B.19) that:

AN g OF , oF
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Here we relabelled the indices to avoid repetitions. Finally, we showed:

&F T Lpa ) OF (O ! oF
oududuy L ( ou; +Zl;rjkril @+ e +Zl;rjkhil Zh]kg hlza

q Lg

f oF ohijy
=) ( E 4+ Zflkf,z - Zh]kgq hh> = + (aul + Z km,) N
By switching i and j, we get:
o°F

or? OF -
EC ik Ir q oF ik
oujou;ou )y ( du; +lefzk thkg hn) o T ( +Zr )

q

The Gauss-Codazzi’s equations can be obtained by equating the coefficients of each
tangent and normal component. O

B.5.3. Gauss Curvature is Intrinsic! In the previous subsection, we derived the
Gauss-Codazzi’s equations (Theorem B.33). It is worthwhile the note that the LHS of
the Gauss's equation involves only Christoffel’s symbols and their derivatives:

or?
— W= LTI =Y 8" (hjkhli - hikhlj)
1 1

ou;
depends only on Fifj’s

From (B.16) we also know that the Christoffel symbols depend only on the first
fundamental form g but not on /. In this connection, we denote:

q al—'q )
Rkl] = auz u ZF Zrzkr

The lower and upper indices for R/ kij are chosen so as to preserve their positions in the

RHS expression (g being upper, and i, j, k being lower). However, different authors may
use different conventions for the order of the lower indices when writing Ry;;.

We are now in a position to give a proof of Gauss’s Theorema Egregium, a
very important result in Differential Geometry which leads to the development of
Riemannian Geometry later on.

Theorem B.34 (Theorema Egregium). The Gauss curvature K of any a reqular surface M
depends only on its first fundamental form g. In other words, K is intrinsic.

Proof. Consider the Gauss’s equation, which asserts that for any i, j, k and g:
RZZ] = qul (hjkhli - hikhl]‘> .
Multiply both sides by gy, and sum up all 4’s, we get:
Y 8pRY; = Y 8&pg (qul (hjkhli - hikhlj)> =) gpeg” (hjkhli - hikhlj> :
q q ! I q
Note that } gy, g is the (p,1)-entry of [g][g] !, which is simply the identity matrix.

Therefore,

1 ifp=1I
gl _ 51 — p
;gpqg p {0 if p 75 1
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Substitute this back in, we get:
Y gpoREy = 220, (hiehi — )
q I
When summing over /, the fact 5%, is non-zero only when I = p. Therefore, we get:

ngqRZij = hjchpi — highy; -
! the only survivor
The above result is true for any 7, j,k and p. In particular, when (i, k, p) = (1,2,2,1),
we get:
Y g14R%,, = hoohyy — hf, = det]h].
q

This shows det[h] depends only on g since R}, is so.
Finally, recall that the Gauss curvature is given by:

_ det[h]

det[g]’
Therefore, we have completed the proof that K depends only g. 0

B.5.4. Isometric Surfaces. Let M and M be two regular surfaces. They are con-
sidered to be topologically the same if there exists a bijective map ® : M — M such that
both ® and ®~! are continuous. This map @ is said to be a homeomorphism, and M
and M are said to be homeomorphic. If furthermore such a map ® and its inverse &~
are smooth (see Definition 1.17), we say @ is a diffeomorphism, and the two surfaces are
said to be diffeomorphic. In Differential Geometry, we deal with diffeomorphisms much
more often than homeomorphisms.

Consider two diffeomorphic regular surfaces M and M via a diffeomorphism
®: M — M. M and M are then topologically equal to each other in a smooth way. In this
subsection, we will discuss a condition on ® under which M and M are geometrically
equal, i.e. same area, same curvature, etc.

Exercise B.4. Let M and M be two diffeomorphic regular surfaces via the diffeo-
morphism ® : M — M. Suppose F(u1,uy) is a smooth local parametrization of M,
show that (® o F)(uy, up) is a smooth local parametrization of M.

If F(uy,up) is a smooth local parametrization of M, then (® o F)(uq,up) is a
smooth local parametrization of M (see Exercise B.4). Under this pair of smooth
local parametrizations, the corresponding points p and ®(p) will have the same
(11, up)-coordinates. Since many geometric quantities including surface area and Gauss
curvature are uniquely determined by the first fundamental form, we want to seek
a condition on ® under which the first fundamental forms of M and M are equal at
corresponding points.

Recall that their first fundamental forms are defined by:

oF oF .
8ij = - E)Tt] (first fundamental form of M)
~ 9(PoF) 9(DoF) ! _
Sij = oL 5L (first fundamental form of M)

]

Should they be equal, the two surfaces M and M will have the same surface area and
Gauss’s curvature. In this connection, we define:
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Definition B.35 (Isometric Surfaces). Let M and M be two orientable regular surfaces.
Then M and M are said to be isometric if there exists a diffeomorphism ® : M — M
such that when F(u1, u) is a smooth local parametrization of M, we have:

d(PoF) o(PoF) oF oF

aui aLl] aul- 8714]

In such case, ® is called an isometry between M and M.

for any i, .

Example B.36. Let IT = {(x,1,0) : 0 < x < 27t and y € R} be an open subset of the
xy-plane in R3. It can be parametrized by

F(u1,u2) = (u1,12,0), (u1,u2) € (0,27) x R.

Then, clearly we have:

oF oF

aui . aM] S
Let & = {(x,y,z) : x¥* + y* = 1} be the infinite cylinder with radius 1 centered at the
z-axis. Then, we remove the straight-line L = {(1,0,z) : z € R} from %, and define the
map ¢ : IT — X\ L by:

®(x,y,0) = (cosx,sinx, y)

It is easy to show that @ is one-to-one and onto (left as an exercise for readers).

Then, we have:
(®oF)(uy,up) = D(uy, up,0) = (cosuy,sinuy, uz).
By direct computations, we can verify that:
B(CD O F) . a(q) e} F) — 51] fOI' any l,]

aui au]

Therefore, IT and X\ L are isometric.

Hence, by Theorema Egregium, the Gauss’s curvature of I1 at p is the same as that
of X\L at ®(p), i.e. they are both zero. Of course, one can also find out the second
fundamental form of X\ L and compute the Gauss curvature directly. O

B.6. Geodesics and Minimal Surfaces (work in progress)
B.6.1. Parallel Transport.
B.6.2. Geodesic Equation.
B.6.3. Geodesic Curvature.

B.6.4. Constant Mean Curvature Surfaces.

B.7. Gauss-Bonnet’s Theorem (work in progress)
B.7.1. A Beautiful Theorem.

B.7.2. Applications and Significance.
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